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#Ǽ "EEJUJPOBM FNQJSJDBM SFTVMUT                          ǹȁǸ
WJJJ
%ĖĕĚĔĒĥĖĕ ĥĠ 1ĒĦĝĒ
JY
"ĦĥęĠģ -ĚĤĥ
ɥF BVUIPST GPS $IBQUFS ǹ BSF "MFYBOEFS 8 #MPDLFS BOE &EPBSEP . "JSPMEJ
ɥF BVUIPST GPS $IBQUFS Ǻ BSF "MFYBOEFS8 #MPDLFS &SJD + 4PMÓT BOE &EPBSEP."JSPMEJ
ɥF BVUIPST GPS $IBQUFS ǻ BSF "MFYBOEFS 8 #MPDLFS BOE 9JBP-J .FOH
Y
"ĔĜğĠĨĝĖĕĘĞĖğĥĤ
* XPVME MJLF UP UIBOL NZ BEWJTPST 1SPGFTTPS 9JBP-J .FOH BOE 1SPGFTTPS &EPBSEP
"JSPMEJ mSTU BOE GPSFNPTU #PUI IBWF CFFO JODSFEJCMZ TVQQPSUJWF NFOUPST BOE DPMMBCPSB
UPST UISPVHIPVU NZ HSBEVBUF TUVEJFT * IBWF CFFO DPOUJOVBMMZ BNB[FE CZ UIF EFQUI BOE
CSFBEUI PG 9JBP-JT LOPXMFEHF BOE TDIPMBSTIJQ BOE JU IBT CFFO B XPOEFSGVM QSJWJMFHF UP
XPSL XJUI IJN PWFS UIF QBTU mWF ZFBST * XJMM FOEFBWPS UP LFFQ TFFLJOH PVU UIF TVCUMFUJFT
PG TUBUJTUJDT BT IF IBT TIPXO NF &EP IBT CFFO BO JOWBMVBCMF HVJEF UP UIF XPSMET PG OFU
XPSLT NBDIJOF MFBSOJOH BOE DPNQVUBUJPOBM CJPMPHZ BT XFMM BT B DPBVUIPS B DPMMBCPSBUPS
BOE B GSJFOE
* XPVME BMTP MJLF UP UIBOL UIF FOUJSF GBDVMUZ PG UIF %FQBSUNFOU PG 4UBUJTUJDT GPS UIFJS
TVQQPSU BOE XJTEPN ɥFZ DSFBUFE B XPOEFSGVM JOUFMMFDUVBM FOWJSPONFOU CPUI JOTJEF BOE
PVUTJEF PG UIF DMBTTSPPN UIBU * XBT WFSZ MVDLZ CF B QBSU PG GPS B GFX ZFBST ɥF DPVSTFT
* UPPL XJUI +PF #MJU[TUFJO $BSM .PSSJT +VO -JV BOE %PO 3VCJO PQFOFE NZ FZFT UP UIF
XPSME PG TUBUJTUJDT CFZPOE NZ PSJHJOBM USBJOJOH JO FDPOPNFUSJDT &WFSZPOF * IBWF UBVHIU
XJUI PWFS UIF QBTU mWF ZFBST IBT BMTP IFMQFE NF UP HSPX BOE UBLF PO DIBMMFOHFT * OFWFS
FYQFDUFE UP GPS XIJDI * UIBOL UIFN * XPVME BMTP MJLF UP QBSUJDVMBSMZ UIBOL +VO -JV GPS
CFDPNJOH B SFBEFS GPS UIJT EJTTFSUBUJPO MBUF JO UIF QSPDFTT
$PMMBCPSBUJWF SFTFBSDI IBT CFFO BU UIF IFBSU PG NZ HSBEVBUF DBSFFS BOE * XPVME MJLF
UP FYUFOE NZ UIBOLT FWFSZPOF * IBWF XPSLFE XJUI 9V ;IPV BOE &SJO 04IFB IBWF QSP
WJEFE JOWBMVBCMF TDJFOUJmD HVJEBODF BOE QFSTQFDUJWF PO NZ OVDMFPTPNF SFTFBSDI 0O NZ
QSPUFPNJDT SFTFBSDI &SJD 4PMÓT %BWJE "MMBO %SVNNPOE BOE #PHEBO #VEOJL IBWF CFFO
FYDFMMFOU HVJEFT UP UIF UFDIOJDBMMZ DIBMMFOHJOH XPSME PG NBTT TQFDUSPNFUSZ ɥSPVHIPVU
NZ UJNF BU )BSWBSE UIF $)"4$ HSPVQ IBT QSPWJEFE B TUJNVMBUJOH SFTFBSDI FOWJSPONFOU
BOE WBMVBCMF GFFECBDL
YJ
.Z DPMMFBHVFT IBWF CFFO B TPVSDF PG BEWJDF BOE JOTQJSBUJPO UISPVHIPVU NZ UJNF BU )BS
WBSE * UIBOL BMM PG ZPV GPS ZPVS QBUJFODF BT XF XPSLFE UISPVHI UIFPSFUJDBM BOE DPNQV
UBUJPOBM QSPCMFNT BOE GPS BMM PG UIF XPOEFSGVM UJNFT XF IBE UISPVHIQVU NZ TUVEJFT BU
)BSWBSE
* XPVME BMTP MJLF UP UIBOL NZ NPUIFS ,FMMFZ 8FBWFS GPS IFS TVQQPSU UISPVHI FWFSZ
UIJOH -BTU CVU DFSUBJOMZ OPU MFBTU UIBOL ZPV UP NZ XPOEFSGVM mBODÏF 1BVMB (SJċO ɥJT
EJTTFSUBUJPO XPVME OPU IBWF CFFO QPTTJCMF XJUIPVU IFS QBUJFODF BOE TVQQPSU
YJJ
1
5FNQMBUFCBTFE FTUJNBUJPO PG HFOPNFXJEF
OVDMFPTPNF QPTJUJPOJOH WJB EJTUSJCVUFE ).$
ǹǹ *ğĥģĠĕĦĔĥĚĠğ
ɥF PSHBOJ[BUJPO PG HFOFUJD NBUFSJBM XJUIJO DFMMT QMBZT B NBKPS SPMF JO UIF SFHVMBUJPO PG
CJPMPHJDBM BDUJWJUJFT *O UIF DFMM %/" JT XSBQQFE BSPVOE IJTUPOF QSPUFJOT UP GPSN OVDMFP
TPNFT XIJDI DPOTUJUVUF UIF TNBMMFTU VOJUT PG TVDI PSHBOJ[BUJPO %/" NVTU CF BDDFTTJCMF
GPS USBOTDSJQUJPO UP PDDVS UIVT UIF QSFTFODF PG OVDMFPTPNFT QIZTJDBMMZ DPOTUSBJOT SFHV
ǹ
MBUJPO )JHIUISPVHIQVU TFRVFODJOH UFDIOPMPHZ QSPEVDFT JOEJSFDU OPJTZ FWJEFODF BCPVU
UIF QPTJUJPOT PG OVDMFPTPNFT BDSPTT BO FOUJSF HFOPNF XJUI BO VOQSFDFEFOUFE SFTPMVUJPO
*O UIJT QBQFS XF EFWFMPQ NFUIPET UP QSPWJEF BDDVSBUF SFQSPEVDJCMF FTUJNBUFT PG OVDMF
PTPNF QPTJUJPOT BDSPTT B HFOPNF GSPN IJHIUISPVHIQVU TFRVFODJOH EBUB FOBCMJOH UIF
JOWFTUJHBUJPO PG mOFHSBJOFE TUSVDUVSF JO OVDMFPTPNF QPTJUJPOJOH BOE JUT SFHVMBUPSZ SPMF
8F DPOTJEFS IJHIUISPVHIQVU TFRVFODJOH EBUB EFSJWFE GSPN NJDSPDPDDBM OVDMFBTF EJ
HFTUJPO 	5JSPTI ǺǸǹǺ
 #SJFnZ UIJT UFDIOJRVF JOWPMWFT MJOLJOH IJTUPOF QSPUFJOT UP UIF
UBSHFU %/" XSBQQFE BSPVOE UIFN EJHFTUJOH UIF SFNBJOJOH %/" VTJOH BO FO[ZNF UIFO
EJHFTUJOH UIF IJTUPOF QSPUFJOT UP NBLF UIF UBSHFU %/" BDDFTTJCMF GPS GVSUIFS QSPDFTTJOH
	FH TFF 5TBOLPW FU BM ǺǸǹǸ
 " HFM JT VTFE UP TFMFDU %/" GSBHNFOUT XJUI BO BQQSPY
JNBUF MFOHUI PG ǹǽǸ CBTF QBJSTUIF MFOHUI PG %/" XSBQQFE BSPVOE FBDI OVDMFPTPNF
ɥFTF GSBHNFOUT BSF BNQMJmFE WJB 1$3 BOE TFRVFODFE 	"MCFSU FU BM ǺǸǸǿB
 ɥF SFTVMUJOH
TFRVFODFT PS SFBET BSF BMJHOFE UP B SFGFSFODF HFOPNF GPS UIF PSHBOJTN PG JOUFSFTU VTJOH
TUBOEBSE TPGUXBSF 	#PXUJF -BOHNFBE FU BM ǺǸǸȁ
 ɥF EBUB DPOTJTUT PG UIF OVNCFS PG
SFBE DFOUFST UIBU BMJHO UP FBDI CBTF QBJS BMPOH UIF HFOPNF 8F BOBMZ[F EBUB PCUBJOFE XJUI
QBJSFEFOE TFRVFODJOH UFDIOPMPHZ UIBU JT FBDI %/" GSBHNFOU JT TFRVFODFE TJNVMUBOF
PVTMZ GSPN CPUI FOET BOE UIF UXP SFBET BSF SFDPSEFE BT B QBJS ɥJT UFDIOPMPHZ QSPWJEFT
UIF MFOHUI PG FBDI GSBHNFOU JO BEEJUJPO UP JUT MPDBUJPO GPMMPXJOH BMJHONFOU PG UIF QBJSFE
SFBET 'JHVSF ǹǹ JMMVTUSBUFT TPNF FYBNQMF EBUB
ǹǹǹ 3ĖĝĒĥĖĕ ĨĠģĜ
ɥF QPTJUJPOJOH PG OVDMFPTPNFT BMPOH UIF HFOPNF XBT mSTU TUVEJFE XJUI UJMJOH NJDSPBS
SBZT 	:VBO FU BM ǺǸǸǽ 4FHBM FU BM ǺǸǸǾ -FF FU BM ǺǸǸǿ
 )JHIUISPVHIQVU TFRVFODJOH
EBUB BMMPXT GPS UIF BOBMZTJT OVDMFPTPNF QPTJUJPOJOH JO BOZ PSHBOJTN BOE PWFSDPNFTNBOZ
UFDIOJDBM MJNJUBUJPOT PG UJMJOH NJDSPBSSBZT 	+BOTFO BOE 7FSTUSFQFO ǺǸǹǹ
 ɥF mSTU XBWF
Ǻ
PG TUVEJFT VTJOH IJHIUISPVHIQVU TFRVFODJOH UP JOGFS OVDMFPTPNF QPTJUJPOJOH VTFE TJOHMF
FOE TFRVFODJOH UFDIOPMPHZ 	"MCFSU FU BM ǺǸǸǿC 4IJWBTXBNZ FU BM ǺǸǸȀ 5TBOLPW FU BM
ǺǸǹǸ
 .PSF SFDFOU TUVEJFT IBWF VTFE QBJSFEFOE TFRVFODJOH UFDIOPMPHZ 	(LJLPQPVMPT
FU BM ǺǸǹǹ

ɥF TUBUJTUJDBM BQQSPBDI UP JEFOUJGZJOHOVDMFPTPNFQPTJUJPOT GPSN UJMJOHNJDSPBSSBZ EBUB
DPOTJTUFE MBSHFMZ PG IJEEFO .BSLPW NPEFMT BOE UIFJS WBSJBOUT 	(VQUB ǺǸǸǿ :VBO BOE
-JV ǺǸǸȀ :BTTPVS FU BM ǺǸǸȀ 4VO FU BM ǺǸǸȁC .JUSB BOE (VQUB ǺǸǹǹ
 XJUI TPNF
NJYUVSF NPEFM BQQSPBDIFT BMTP JO VTF 	4VO FU BM ǺǸǸȁB
 .PTU BOBMZTFT PG TFRVFODJOH
EBUB IBWF BEPQUFE 1BS[FOXJOEPX CBTFE FTUJNBUPST XIJDI DPOWPMWF UIF PCTFSWFE SFBE
DPVOUT XJUIJO B XJOEPX FYUSBDU MPDBM NBYJNB BOE QFSGPSN TVCTFRVFOU DPNQVUBUJPOT
CBTFE PO UBLJOH UIFTF NBYJNB BT OVDMFPTPNF QPTJUJPOT 7BSJBOUT PG UIJT UFDIOJRVF JO
DMVEF UIF VTF PG NVMUJQMF XJOEPXT 	8FJOFS FU BM ǺǸǹǸ
 GSFRVFODZCBTFE mMUFSJOH VTJOH
GBTU 'PVSJFS USBOTGPSNBUJPO 	''5
 	'MPSFT BOE 0SP[DP ǺǸǹǹ
 BOE B ,PMNPHPSPW4NJSOPW
CBTFE NFUIPE GPS EFUFDUJOH EJĊFSFODFT JO OVDMFPTPNF QPTJUJPOJOH CFUXFFO TBNQMFT 	'V
FU BM ǺǸǹǺ
 0UIFST IBWF BEBQUFE)..T UP UIJT DMBTT PG EBUB 	$BJSOT FU BM ǺǸǹǹ
 .PEFM
CBTFE BOBMZTFT PG TFRVFODJOH EBUB IBWF GPDVTFE PO NJYUVSF NPEFMT 	1PMJTILP FU BM ǺǸǹǺ
3BTIJE FU BM ǺǸǹǹ ;IBOH FU BM ǺǸǹǺ
 3FDFOU XPSL DPNCJOFT B OFX CJPDIFNJDBM QSPUPDPM
XJUI B #BZFTJBO EFDPOWPMVUJPO NFUIPE 	#SPHBBSE FU BM ǺǸǹǺ
 IPXFWFS UIFJS JOGFSFODF
bp (from TSS)
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ǻ
QSPDFEVSF UBSHFUT EJĊFSFOU FTUJNBOET
.FUIPEPMPHZ SFMFWBOU UP UIFQSPCMFNXF DPOTJEFS IBT CFFOEFWFMPQFE UP JOGFS USBOTDSJQUJPO
GBDUPS 	5'
 CJOEJOH TJUFT GSPN IJHIUISPVHIQVU $I*1TFR EBUB 	1BSL ǺǸǸȁ
 "OBMZTFT PG
$I*1TFR EBUB PGUFO DPNCJOF WBSJBOUT PG 1BS[FO XJOEPX FTUJNBUJPO 	4DIXBSU[NBO FU BM
ǺǸǹǹ
 B 1PJTTPO NPEFM GPS TFRVFODF DPVOUT 	;IBOH FU BM ǺǸǸȀ
 BOE EFUFDUJPO NFUI
PET GPS QFBL mOEJOH 	1FQLF FU BM ǺǸǸȁ
 'SPN B TUBUJTUJDBM QFSTQFDUJWF B LFZ GFBUVSF PG
$I*1TFR EBUB JT UIBU UIF 5' CJOEJOH TJUFT BSF OPOPWFSMBQQJOH ɥJT BMMPXT GPS JOEFQFO
EFODF BTTVNQUJPOT JO NPEFMT GPS $I*1TFR EBUB 	#BSTLJ BOE ;IBP ǺǸǸȁ
 UIBU DBOOPU CF
EFGFOEFE JO NPEFMT PG OVDMFPTPNFT XIJDI BSF MJLFMZ UP PWFSMBQ XIFO DFMM QPQVMBUJPOT BSF
TFRVFODFE
ǹǹǺ $ĠğĥģĚēĦĥĚĠğĤ Ġė ĥęĚĤ ĒģĥĚĔĝĖ
8F EFWFMPQ B UFNQMBUFCBTFE BQQSPBDI GPS FTUJNBUJOH UIF HFOPNFXJEF EJTUSJCVUJPO PG OV
DMFPTPNF QPTJUJPOT GSPN QBJSFEFOE TFRVFODJOH EBUB ɥJT BQQSPBDI VTFT JOGPSNBUJPO PO
GSBHNFOU MFOHUIT QSPWJEFE CZ QBJSFEFOE TFRVFODJOH UP FTUJNBUF UIF BNPVOU PG WBSJBUJPO
EVF UP FO[ZNBUJD EJHFTUJPO JO FBDI MBOF PG TFRVFODJOH EBUB 6TJOH UIJT JOGPSNBUJPO XF
QPTJU B NPEFM UIBU DBQUVSFT CPUI UIF WBSJBUJPO PG SFBE QPTJUJPOT EVF UP FO[ZNBUJD EJHFT
UJPO BOE UIF WBSJBUJPO EVF PUIFS TPVSDFT PG FYQFSJNFOUBM FSSPS JO 4FDUJPO ǹǺ ɥJT NPEFM
JODPSQPSBUFT B IJFSBSDIJDBM TUSVDUVSF XJUIJO EJTDSFUF TFHNFOUT PG UIF HFOPNF UP QSPWJEF
MPDBM SFHVMBSJ[BUJPO 8F BMTP JOUSPEVDF B TFU PG OPWFM FTUJNBOET UIBU QSPWJEF JOUFSQSFUBCMF
TVNNBSJFT PG UIF HFOPNFXJEF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT
8F EFWFMPQ B QBSBMMFM )BNJMUPOJBO .BSLPW $IBJO .POUF $BSMP TBNQMFS UP ESBX GSPN
UIF QPTUFSJPS EJTUSJCVUJPO PG UIF RVBOUJUJFT PG JOUFSFTU VOEFS PVS NPEFM JO 4FDUJPO ǹǻ
ɥJT TBNQMFS JT IJHIMZ BNFOBCMF UP EJTUSJCVUFE DPNQVUBUJPO BOE TDBMFT MJOFBSMZ XJUI UIF
MFOHUI PG UIF HFOPNFCFJOH BOBMZ[FE 8FQSPWJEF BOPOQBSBNFUSJD FTUJNBUPS PG UIF EJTUSJ
CVUJPO PG EJHFTUJPO FSSPST BOE QSPQPTF B TFHNFOUBUJPO BMHPSJUIN UIBU TQMJUT UIF HFOPNF
Ǽ
JO SFHJPOT PG TJNJMBS DPWFSBHF SFTQFDUJOH CJPMPHJDBM GFBUVSFT 8F JOUSPEVDF B DBMJCSBUFE
#BZFTJBO NFUIPE XJUI GSFRVFOUJTU FSSPS HVBSBOUFFT UP EFUFDU MPDBM DPODFOUSBUJPOT PG OV
DMFPTPNF QPTJUJPOT
8F EFNPOTUSBUF UIF QSPQPTFE NFUIPET PO SFBM BOE TJNVMBUFE EBUB JO 4FDUJPO ǹǼ BT
TFTTJOH UIF BDDVSBDZ BOE SFQSPEVDJCJMJUZ PG UIF JOGFSFODFT 8F BMTP DPNQBSF UIF QFSGPS
NBODF PG PVS NFUIPET UP UIF QPQVMBS 1BS[FOXJOEPX BOE SFBECBTFE FTUJNBUPST
ǹǺ .ĠĕĖĝ
)FSF XF EFWFMPQ B NPEFM GPS QBJSFEFOE SFBET PCUBJOFE VTJOH 4PMFYB IJHIUISPVHIQVU
TFRVFODJOH UFDIOPMPHZ ɥF EBUB DPOTJTU PG JOUFHFS DPVOUT ZL PG UIF GSBHNFOU DFOUFST
PCTFSWFE BU FBDI CBTF QBJS L BMPOH BO /CBTF QBJS MPOH DISPNPTPNF UPHFUIFS XJUI UIF
DPSSFTQPOEJOH GSBHNFOU MFOHUIT MK GPS FBDI PG UIF . PCTFSWFE GSBHNFOUT XIJDI QSPWJEF
JOGPSNBUJPO BCPVU IPX GBS BQBSU UIF QBJSFE SFBET BSF
ɥF QSPQPTFENPEFM DPOTJTUT PG UXP EJTUJODU DPNQPOFOUT BO PCTFSWBUJPONPEFM Q(!Z|!β)
XIJDI QSPWJEFT UIF EJTUSJCVUJPO PG UIF PCTFSWFE SFBE DPVOUT HJWFO UIF VOEFSMZJOH EJTUSJ
CVUJPO PG OVDMFPTPNF QPTJUJPOT !β BOE B QPTJUJPOJOH NPEFM Q(!β|!,!σñ) XIJDI EFTDSJCFT
UIF TUSVDUVSF PG UIF OVDMFPTPNF QPTJUJPO EJTUSJCVUJPO (JWFO B TFHNFOUBUJPO GVODUJPO
T : {ð . . ./} → {ð . . . 4} XIJDI NBQT UIF / CBTF QBJS MPDBUJPOT UP 4 SFHJPOT JO XIJDI
DPFċDJFOUT βL DBO CF BTTVNFE UP CF JEFOUJDBMMZ EJTUSJCVUFE XF QPTJU
ZL|λL ∼ 1PJTTPO (λL) 	ǹǹ

!λ(/×ð) ≡ 9(/×(/−ñ#!ï/ñ$)) !β((/−ñ#!ï/ñ$)×ð), 	ǹǺ

βL > ï GPS L = $&ï/ñ%+ ð . . ./− $&ï/ñ%
MPH βL ∼ /PSNBM (TL , σñTL) 	ǹǻ

ǽ
XIFSF 9 TQFDJmFT UIF DPOUSJCVUJPO PG B OVDMFPTPNF QPTJUJPOFE BU CBTF QBJS L UP UIF FY
QFDUFE OVNCFS PG SFBET BU CBTF QBJS N EVF UP EJHFTUJPO WBSJBCJMJUZ BOE T(L) JT EFOPUFE BT
TL GPS DPNQBDUOFTT 	ɥF DPOTUSVDUJPO PG UIF NBUSJY 9 JT EFUBJMFE JO 4FDUJPO ǹǺǹ
 ɥF
MPHMJLFMJIPPE GPS UIF QSPQPTFE NPEFM JT BT GPMMPXT TVCKFDU UP UIF QPTJUJWJUZ DPOTUSBJOU PO
!β
MPH Q(!Z|!θ,!,!σñ) = −
∑
L
!Y5L !β +
∑
L
ZL MPH
(
!Y5L !β
)
	ǹǼ

−ð
ñ
∑
L
MPHσñTL −
ð
ñ
∑
L
(θL − TL)ñ
σñTL
+ DPOTU.
5P DPNQMFUF UIFNPEFM TQFDJmDBUJPOT XF QMBDF QSJPST PO T BOE σñT  8F VTF JOEFQFOEFOU
DPOKVHBUF QSJPST GPS σñT  BTTVNJOH σñT ∼ *OW(BNNB(αï, γï) 0VS QSJPST GPS T BSF GVMMZ
DPOKVHBUF BOE JOEFQFOEFOU BDSPTT TFHNFOUT XF BTTVNF Q(T|σñT ) ∼ /(ï, σ
ñ
T
OTτï )XIFSF OT JT
UIF MFOHUI PG TFHNFOU T ɥFTF TUBCJMJ[F PVS JOGFSFODFT BOE SFnFDU WBHVF QSJPS JOGPSNBUJPO
PO UIF EJTUSJCVUJPO PG !β ɥJT JT QBSUJDVMBSMZ USVF GPS PVS QSJPS PO σñT  XIJDI SFHVMBUFT UIF
VOJGPSNJUZ PG OVDMFPTPNF QPTJUJPOJOH ɥFJS GPSN BMTP BMMPXT GPS FċDJFOU DPNQVUBUJPO
BT PVUMJOFE JO 4FDUJPO ǹǻ 8F BOBMZ[F UIF TFOTJUJWJUZ PG UIF JOGFSFODFT UP UIF DIPJDF PG 	ï
τï αï γï
 JO 4FDUJPO ǹǼ
ɥF QSPQPTFENPEFM EFQFOET VQPO UXP UFDIOJDBM DPOTUSVDUT EJHFTUJPOWBSJBCJMJUZ UFN
QMBUFT BOE B TFHNFOUBUJPO PG UIF %/" TFRVFODF 8F EJTDVTT UIFN GVSUIFS JO UIF OFYU UXP
TVCTFDUJPOT CFGPSF JOUSPEVDJOH UIF FTUJNBOET PG JOUFSFTU JO 4FDUJPO ǹǺǻ
ǹǺǹ %ĚĘĖĤĥĚĠğ ħĒģĚĒēĚĝĚĥĪ ĥĖĞġĝĒĥĖ
" UFNQMBUF TVNNBSJ[FT WBSJBUJPO EVF UP FO[ZNBUJD EJHFTUJPO JO B TJOHMF MBOF PG TFRVFODJOH
BOE JU JT VTFE UP CVJME UIF 9NBUSJY JO &RVBUJPO ǹǺ 8F DPWFS UIF QBJSFEFOE DBTF IFSF BOE
EJTDVTT FYUFOTJPOT UP TJOHMFFOE TFRVFODJOH JO 4FDUJPO ǹǽ $POTJEFS B TJNQMF NPEFM GPS
Ǿ
UIF WBSJBCJMJUZ PG FO[ZNBUJD EJHFTUJPO 8F EFOPUF UIF MFOHUI PG FBDI GSBHNFOU K BT &K BOE
BTTVNF
&K = &ï + FðK + FñK, FðK, FñK ∼ **% . 	ǹǽ

&ï JT UIF CBTF MFOHUI PG FBDI GSBHNFOU BOE UIF F·K UFSNT BSF UIF EJHFTUJPO FSSPST BU FBDI
FOE PG UIF GSBHNFOU 8F BTTVNF UIFTF FSSPST BSF CPVOEFE BOE TZNNFUSJD CFUXFFO UIF
FOET PG FBDI GSBHNFOU QIZTJDBMMZ UIJT NFBOT UIBU UIF FO[ZNF IBT UIF TBNF QSPQFOTJUZ
UPXBSET PWFSPS VOEFSEJHFTUJPO BU FBDI FOE 6OEFS UIJT NPEFM FBDI GSBHNFOUT DFOUFS
WBSJFT BCPVU JUT OVDMFPTPNFT USVF DFOUFS BDDPSEJOH UP UIF EJTUSJCVUJPO PG EK ≡ ðñ(FðK− FñK)
0VS UFNQMBUF JT UIJT EJTUSJCVUJPO FYQSFTTFE JO WFDUPS GPSN BOE USBOTGPSNFE UP BDDPVOU
GPS UIF SBOEPN SPVOEJOH PG GSBHNFOU DFOUFST UP JOUFHFS QPTJUJPOT )FODF
UL = 1(EK = L) +
ð
ñ
(
1(EK = L− ðñ) + 1(EK = L+
ð
ñ
)
)
	ǹǾ

GPS L = −X, . . . ,X ZJFMEJOH B WFDUPS!U PG MFOHUI ñX+ð 8F FTUJNBUF UIF UFNQMBUF GSPN UIF
FNQJSJDBM GSBHNFOU MFOHUI EJTUSJCVUJPO DPSSFTQPOEJOH UP B MBOF PG QBJSFEFOE TFRVFODJOH
EBUB BT EFUBJMFE JO 4FDUJPO ǹǻǹ &YBNQMF FYBDU BOE BQQSPYJNBUF UFNQMBUFT GPS UIF TBNF
EBUB BSF TIPXO JO 'JHVSF ǹǺ
ɥF NBUSJY 9 JO &RVBUJPO ǹǺ JT DPOTUSVDUFE VTJOH B UFNQMBUF!U CZ MFWFSBHJOH BO FRVJW
BMFODF CFUXFFO B SFBMJTUJD EBUBHFOFSBUJOH QSPDFTT BOE UIF NBSHJOBM TQFDJmDBUJPO HJWFO
JO &RVBUJPOT ǹǹoǹǺ #SJFnZ BO FYQMJDJU NPEFM XPVME DPNCJOF B 1PJTTPO EJTUSJCVUJPO
GPS UIF VOPCTFSWBCMF OVNCFS PG SFBET UIBU BSF HFOFSBUFE GSPN B HJWFO OVDMFPTPNF MPDB
UJPO XJUI BNVMUJOPNJBM EJTUSJCVUJPO UIBU DPOUSPMT UIF PĊTFUT PG UIF PCTFSWFE SFBE DFOUFST
GSPN UIF DFOUFS PG UIBU OVDMFPTPNF XIJDI JT XIFSF UIFZ XPVME BMM CF PCTFSWFE JO UIF BC
TFODF PG EJHFTUJPO WBSJBCJMJUZ ɥJT 1PJTTPONVMUJOPNJBM TUSVDUVSF GPS UIF PCTFSWFE SFBET
JT NBSHJOBMMZ FRVJWBMFOU UP UIF NPSF DPOWFOJFOU 1PJTTPO (-. XJUI BO JEFOUJUZ MJOL GVOD
ǿ
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! Exact
! Gaussian
6B;m`2 RXk, 1tKTH2 i2KTHi2b 7Q` v2bi ;`QrBM; BM ?B;?@T?QbT?i2X
UJPO TQFDJmFE JO &RVBUJPOT ǹǹoǹǺ
*O EFUBJM EFOPUF UIF MFOHUI PG UIF TFRVFODF PG JOUFSFTU/ BOE UIF XJEUI PG UIF UFNQMBUF
ñX + ð BT BCPWF ɥFO XF DBO EFmOF UIF EJHFTUJPO 	PS CBTJT
 NBUSJY 9 BT BO (/ × / −
ñ$&ï/ñ%) NBUSJY XIFSF FBDI SPX DPSSFTQPOET UP B TIJGUFE WFSTJPO PG UIF UFNQMBUF ɥF
NBUSJY 9 JT GVMMZ TQFDJmFE BT GPMMPXT
9 =

!U
!U
  
!U
!U

	ǹǿ

6TJOH UIF (/− ñ$&ï/ñ%)EJNFOTJPOBM DPOTUSBJOFE WFDUPS PG DPFċDJFOUT !β ≥ ï XF PCUBJO
BO /EJNFOTJPOBM WFDUPS PG FYQFDUFE DPVOUT !λ VTJOH &RVBUJPO ǹǺ &BDI DPFċDJFOU βL
QSPWJEFT UIF OVNCFS PG GSBHNFOUT XF FYQFDU UP TFRVFODF GSPN OVDMFPTPNFT DFOUFSFE BU
Ȁ
QPTJUJPO L "OBMPHPVTMZ !λ QSPWJEFT UIF OVNCFS PG GSBHNFOU DFOUFST XF FYQFDU UP PCTFSWF
BU FBDI QPTJUJPO 'PSNBMMZ !λ JT B DPOWPMVUJPO PG !β XJUI!U ɥJT TUSVDUVSF NPEFMT UIF FĊFDU
PG EJHFTUJPO WBSJBCJMJUZ PO UIF PCTFSWBUJPOT
%JHFTUJPO WBSJBCJMJUZ BĊFDUT UIF TUBUJTUJDBM QSPQFSUJFT PG PVS EBUB JO UXP JNQPSUBOU XBZT
VOEFS UIJT NPEFM 'JSTU UIF FYQFDUFE DPVOUT PG GSBHNFOU DFOUFST BSF DPOWPMWFE XJUI UIF
EJHFTUJPO WBSJBCJMJUZ UFNQMBUF ɥJT SFEVDFT UIF DPODFOUSBUJPO PG DPVOUT BU FBDI OVDMFP
TPNF QPTJUJPO PCTDVSJOH UIF USVF DFOUFS PG UIF OVDMFPTPNF 4FDPOE BT EJHFTUJPO WBSJ
BCJMJUZ DPOWPMWFT UIF FYQFDUFE GSBHNFOU DPVOUT PWFS B CSPBEFS TUSFUDI PG UIF HFOPNF UIF
FYQFDUFE OVNCFS PG DPVOUT BU FBDI CBTF QBJS EFDSFBTFT ESJWJOH EPXO UIF TJHOBMUPOPJTF
SBUJP ɥJT QIFOPNFOPO JT OPU VOJRVF UP 1PJTTPO OPJTF CVU JU JT QBSUJDVMBSMZ BDVUF JO UIJT
TFUUJOH CFDBVTF UIF TJHOBMUPOPJTF SBUJP PG B 1PJTTPO SBOEPN WBSJBCMF JT FRVBM UP JUT FY
QFDUBUJPO ɥF DPNCJOBUJPO PG UIFTF FĊFDUT NBLFT JOGFSSJOH OVDMFPTPNF QPTJUJPOT WFSZ
DIBMMFOHJOH JO UIJT TFUUJOH FWFO JO IJHIDPWFSBHF FYQFSJNFOUT ɥF SFTVMUJOH DPNCJOBUJPO
PG iWFSUJDBMw OPJTF 	GSPN1PJTTPOMPHOPSNBM WBSJBUJPO
 BOE iIPSJ[POUBMw DPOWPMVUJPO BDSPTT
UIF TFRVFODF 	GSPN EJHFTUJPO WBSJBCJMJUZ
 DSFBUFT B DIBMMFOHJOH EFDPOWPMVUJPO QSPCMFN
ǹǺǺ 4ĖĘĞĖğĥĒĥĚĠğ
0VS TFHNFOUBUJPO PG UIF %/" TFRVFODF BDDPVOUT GPS WBSJBUJPO JO PDDVQBODZ DPWFSBHF
BOE TUSVDUVSF ɥF HPBM JT UP TQMJU DISPNPTPNFT JOUP MPDBM SFHJPOT XIFSF UIF **% BTTVNQ
UJPO PO UIF DPFċDJFOUT βL BQQFBS TFOTJCMF ɥF TFHNFOUBUJPO GVODUJPO T EFmOFE BCPWF
NVTU GVMmMM B NPOPUPOJDJUZ DPOEJUJPO T(L + ð) − T(L) ∈ {ï, ð} TP UIBU TFHNFOUT BSF JO
EFYFE DPOUJHVPVTMZ BOE JO TUSJDUMZ JODSFBTJOH PSEFS "O FYBNQMF TFHNFOUBUJPO PG ZFBTU
DISPNPTPNF * JT TIPXO JO 'JHVSF ǹǻ
4UBUJTUJDBMMZ UIF TFHNFOUBUJPO FOBCMFT MPDBM SFHVMBSJ[BUJPO JO UIF FTUJNBUJPO PG !β ɥFTF
DPFċDJFOUT BSF XFBLMZ JEFOUJmFE JO B NPEFM TQFDJmFE CZ &RVBUJPOT ǹǹoǹǺ BMPOF 4VDI B
ȁ
6B;m`2 RXj, 1tKTH2 b2;K2MiiBQM Q7 v2bi +?`QKQbQK2 AX a22 a2+iBQM RXj 7Q` 2biBKiBQM
/2iBHbX
NPEFMXPVME JOWPMWF/−&ï QBSBNFUFST BOE/ PCTFSWBUJPOT BOE UIF)FTTJBONBUSJY GPS UIF
JNQMJFE MPHMJLFMJIPPE PG !β XPVME CF ) = −9589 XIFSF 8 = EJBH
(
Zð/!λñð, . . . , ZO/!λñO
)

ɥJT JT OFHBUJWFEFmOJUF JG!Z DPOUBJOT OP BMM[FSP TVCWFDUPS PG MFOHUI ñX+ ð PS NPSF PUI
FSXJTF JU JT POMZ OFHBUJWF TFNJEFmOJUF 'VSUIFSNPSF ) JT UZQJDBMMZ WFSZ JMMDPOEJUJPOFE
EVF UP UIF DPOWPMVUJPO TUSVDUVSF PG9 &TUJNBUFT PG βL GSPN UIJTNPEFM XPVME CF FYUSFNFMZ
VOTUBCMF 8F SFHVMBSJ[F UIF FTUJNBUFT PG βL CZ NPEFMJOH UIF EJTUSJCVUJPO PG OVDMFPTPNF
QPTJUJPOT XJUI &RVBUJPO ǹǻ *O UIJT DPNQMFUF NPEFM XF QPPM JOGPSNBUJPO MPDBMMZ XJUIJO
FBDI DISPNPTPNF BT βK JT JOEFQFOEFOU PG βL JG TK *= TL XIFSF TL JT UIF TFHNFOU UP XIJDI
CBTF QBJS L CFMPOHT
4FHNFOUT EJWJEF FBDI DISPNPTPNF JOUP MPDBM TUSFUDIFT PWFS XIJDI B DPOTJTUFOU EJTUSJ
CVUJPO PG OVDMFPTPNF QPTJUJPOT JT QMBVTJCMF 8F QPTJU B MPHOPSNBM EJTUSJCVUJPO GPS UIF
NBHOJUVEFT PG UIF DPFċDJFOUT βL ɥF JEFB JT UIBU NPTU MPDBUJPOT PO UIF TFRVFODF BSF FY
QFDUFE IBWF B WFSZ MPX DPODFOUSBUJPO PG OVDMFPTPNF QPTJUJPOT 4VDI MPDBUJPOT DPSSFTQPOE
UP TNBMM OPO[FSP WBMVFT PG βL " GFX MPDBUJPOT IBWF B SFMBUJWFMZ IJHI DPODFOUSBUJPO PG OV
ǹǸ
DMFPTPNFT BDSPTT B QPQVMBUJPO PG DFMMT ɥFTF BSF UIF QPTJUJPOT PG JOUFSFTU DPSSFTQPOEJOH
UP MBSHF WBMVFT PG βL ɥF MPH/PSNBM EJTUSJCVUJPO DBQUVSFT TVDI CFIBWJPS JU BMMPXT UIF
NBKPSJUZ PG WBMVFT JO !β UP DPODFOUSBUF BSPVOE B MPX CBTFMJOF SBUF XJUI B GFX WBMVFT NBOZ
PSEFST PGNBHOJUVEF MBSHFS UIBO UIF CBTFMJOF ɥF QBSBNFUFST TL BOE σ
ñ
TL DPOUSPM UIJT CBTF
MJOF BOE UIF QSFWBMFODF PG FYUSFNF WBMVFT JO !β QSPWJEJOH VT XJUI B nFYJCMF QBSTJNPOJPVT
XBZ UP SFHVMBSJ[F PVS FTUJNBUJPO BOE QSPWJEF NPSF SFMJBCMF JOGFSFODFT
ɥF TFHNFOUBUJPO BMTP QSPWJEFT B XBZ UP DPOUSPM UIF CJBTWBSJBODF USBEFPĊ PG PVS SFHV
MBSJ[BUJPO 6TJOH B MBSHF OVNCFS PG TIPSU TFHNFOUT SFTVMUT JO MPX CJBT BT UIFZ DBO DBQUVSF
TFRVFODF GFBUVSFT BU B mOF TDBMF IPXFWFS UIJT BMTP MFBET UP HSFBUFS VODFSUBJOUZ BT NPSF
QBSBNFUFST BSF JOUSPEVDFE BOE MFTT PCTFSWBUJPOT BSF BWBJMBCMF GPS SFHVMBSJ[BUJPO XJUIJO
FBDI TFHNFOU 6TJOH B TNBMMFS OVNCFS PG MPOHFS TFHNFOUT QSPEVDFT UIF PQQPTJUF FĊFDU
8F EJTDVTT B TUSBUFHZ UP NBOBHJOH UIJT USBEFPĊ JO 4FDUJPO ǹǻǺ
ǹǺǻ &ĤĥĚĞĒğĕĤ
8F DBO FYQSFTT UIF TDJFOUJmD FTUJNBOET PG JOUFSFTU BT GVODUJPOT PG !β ɥF QBSBNFUFS !β
JUTFMG JT PG JOUFSFTU BT JU DBQUVSFT UIF QBUUFSO PG OVDMFPTPNF QPTJUJPOJOH BDSPTT FBDI DISP
NPTPNF )PXFWFS !β JT IJHIEJNFOTJPOBM BOE VOTVJUBCMF GPS IVNBO JOUFSQSFUBUJPO ɥF
QPTUFSJPS FYQFDUBUJPO TUBOEBSE EFWJBUJPO BOE RVBOUJMFT PG !β BSF VTFGVM GPS WJTVBMJ[BUJPO
BOE FYQMPSBUPSZ BOBMZTJT #FMPX XF EFWFMPQ TFWFSBM NPSF SFmOFE FTUJNBOET UP RVBOUJGZ
UIF TUSVDUVSF PG UIF OVDMFPTPNF QPTJUJPO EJTUSJCVUJPO ɥFTF OFX FTUJNBOET GBMM JOUP UXP
CSPBE DBUFHPSJFT 	ǹ
 MPDBM NFBTVSFT PG DPODFOUSBUJPO BOE 	Ǻ
 DMVTUFSMFWFM TVNNBSJFT PG
TUSVDUVSF
ɥF mSTU GBNJMZ PG FTUJNBOET BJNT UP RVBOUJGZ UIF SFMBUJWF DPODFOUSBUJPO PG OVDMFPTPNF
DFOUFST XJUIJO B MPDBM XJOEPX 'PSNBMMZ GPS FBDI CBTF QBJS MPDBUJPO L JO !β XF DPOTJEFS UIF
ǹǹ
SBUJP
$Q,M(L) =
∑Q
J=−Q βL+J∑M
J=−M βM+J
, 	ǹȀ

XIFSF ñM + ð JT UIF XJEUI PG B MPDBM XJOEPX BOE ñQ + ð JT UIF XJEUI PG UIF SFHJPO PG JO
UFSFTU 8F UZQJDBMMZ DIPPTF M = öò ZJFMEJOH B MPDBM XJOEPX PG XJEUI ǹǼǿ 'PS M ≤ öò
UIF TUSVDUVSF PG !β XJUIJO ñM + ð CQ XJOEPXT DBO CF UBLFO BT NFBTVSF PG UIF EJTUSJCVUJPO
PG OVDMFPTPNF QPTJUJPOT BDSPTT UIF QPQVMBUJPO PG DFMMT 1IZTJDBMMZ B OVDMFPTPNF DPOTJTUT
PG ǹǼǿCQ PG %/" XSBQQFE BSPVOE IJTUPOF QSPUFJOT TP XJUIJO B TJOHMF DFMM OVDMFPTPNFT
NVTU CF TQBDFE CZ BU MFBTU ǹǼǿCQ "T B SFTVMU FBDI DFMM DBO DPOUSJCVUF BU NPTU POF OVDMFP
TPNF DFOUFS XJUIJO B XJOEPX PG XJEUI ǹǼǿCQ PS MFTT ɥVT UIF SFMBUJWF NBHOJUVEFT PG UIF
FOUSJFT PG !β XJUIJO TVDI B XJOEPX SFnFDU POMZ UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT
BDSPTT DFMMT OPU UIF BSSBOHFNFOU PG NVMUJQMF OVDMFPTPNFT XJUIJO BOZ JOEJWJEVBM DFMM
$IPPTJOH Q = ï ZJFMET B NFBTVSF PG SFMBUJWF DPODFOUSBUJPO BU FBDI CBTF QBJS JO UIF
DISPNPTPNF )PXFWFS DIPPTJOH Q > ï JT HFOFSBMMZ QSFGFSSFE UP BDDPVOU GPS CJPMPHJDBM
WBSJBUJPO JO OVDMFPTPNF QPTJUJPOT ɥFTF FTUJNBOET DPNF XJUI B VTFGVM CBTFMJOF "TTVN
JOH B VOJGPSN MPDBM EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT BDSPTT DFMMT JO UIF QPQVMBUJPO
XPVME JNQMZ $Q,M(L) = (ñQ+ð)(ñM+ð)  %FWJBUJPOT GSPN UIJT CBTFMJOF QSPWJEF B OPSNBMJ[FE NFB
TVSF PG MPDBM DPODFOUSBUJPO 8F QSFTFOU TUSBUFHJFT GPS UIF EFUFDUJPO PG MPDBM OVDMFPTPNF
DPODFOUSBUJPOT CBTFE PO UIFTF FTUJNBOET JO 4FDUJPO ǹǻǼ
ɥF TFDPOE GBNJMZ PG FTUJNBOET QSPWJEFT TVNNBSJFT PG TNBMM DMVTUFST PG OVDMFPTPNF QP
TJUJPOT #Z EFmOJUJPO UIFTF FTUJNBOET SFMZ PO B QSPDFEVSF UP JEFOUJGZ MPDBM DMVTUFST TVDI
BT 1BS[FO XJOEPX mMUFSJOH BQQMJFE UP UIF FTUJNBUFE WFDUPS PG !β DPFċDJFOUT #FDBVTF PG
UIJT UIFTF FTUJNBOET NBZ JOIFSJU JTTVFT GSPN UIJT DMVTUFSJOH QSPDFEVSFT IPXFWFS UIFZ
BSF VTFGVM GPS DPNQBSBUJWF BOBMZTJT BOE DBO DBQUVSF JOUFSFTUJOH QBUUFSOT 8F EFmOF UIF
FTUJNBOE !κ UP CF UIF DMVTUFS DFOUFST PCUBJOFE CZ SVOOJOH UIF TFMFDUFE DMVTUFSJOH NFUIPE
PO !β !κ JT B DMVTUFSMFWFM FTUJNBOE JUTFMG CVU JU JT QSJNBSJMZ PG JOUFSFTU BT BNFBOT UP PCUBJO
ǹǺ
TVNNBSJFT PG !β XJUIJO JOEJWJEVBM DMVTUFST 8F DPOTJEFS NFBTVSFT PG TUSVDUVSF MPDBMJ[B
UJPO BOE TQBSTJUZ XJUIJO UIF DMVTUFS EFmOFE BT UIF OPSNBMJ[FE FOUSPQZ NFBO BCTPMVUF
EFWJBUJPO BOE RVBOUJMFT PG UIF FOUSJFT PG !β UBLFO BT BO VOOPSNBMJ[FE EJTDSFUF EJTUSJCV
UJPO PWFS UIF CBTF QBJST JO UIF DMVTUFS 'PSNBMMZ DPOTJEFSJOH DMVTUFS !β[J:K] BOE EFmOJOH
Q[J,K](L) = βL/
∑K
N=J βN PVS MPDBMJ[BUJPO TUSVDUVSF BOE TQBSTJUZ NFBTVSFT BSF EFmOFE BT
-J,K = ð− óK− J+ ð
K∑
L=J
Q[J,K](L)|L− NJ,K|, NJ,K =
K∑
L=J
LQ[J,K](L) 	ǹȁ

4J,K = ð+
ð
MPH(K− J+ ð)
K∑
L=J
MPH Q[J,K](L) 	ǹǹǸ

3J,K,R = ð− OJ,K,R − ðR(K− J+ ð) , OJ,K,R = NJO
(
O :
J+O∑
L=J
Q˜[J,K](L)
)
, 	ǹǹǹ

SFTQFDUJWFMZ XIFSF Q˜[J,K](L) JT Q[J,K](L) TPSUFE JO EFTDFOEJOH PSEFS "MM NFBTVSFT BSF OPSNBM
J[FE TP -J,K = 4J,K = 3J,K,R = ï JG !β[J:K] JT DPOTUBOU BOE -J,K = 4J,K = 3J,K,R = ð JG !β[J:K] DPOUBJOT
POMZ POF OPO[FSP FOUSZ
6TJOH UIF NFUIPET EFTDSJCFE JO 4FDUJPO ǹǻ XF DBO PCUBJO ESBXT GSPN UIF QPTUFSJPS
EJTUSJCVUJPO PG BMM PG UIFTF FTUJNBOET ɥJT BMMPXT VT UP DMFBOMZ TFQBSBUF UIF NPEFMJOH
PG UIF NFBTVSFNFOU QSPDFTT BOE CSPBE QSPQFSUJFT PG OVDMFPTPNF QPTJUJPOJOH GSPN UIF
GFBUVSFT PG JOUFSFTU
ǹǻ *ğėĖģĖğĔĖ ĖĤĥĚĞĒĥĚĠğ Ēğĕ ĔĠĞġĦĥĒĥĚĠğ
5P FYUSBDU VTFGVM JOGFSFODFT GSPN UIF NPEFM PG 4FDUJPO ǹǺ XF NVTU BEESFTT UISFF TFUT
PG VOLOPXO RVBOUJUJFT UIF EJHFTUJPO UFNQMBUF!U UIF TFHNFOUBUJPO PG FBDI DISPNPTPNF
T BOE UIF QBSBNFUFST BOE MBUFOU WBSJBCMFT PG UIF QPTJUJPOJOH NPEFM !β ! BOE !σñ ɥF
QBSBNFUFS !β BOE RVBOUJUJFT EFSJWFE GSPN JU BSF PG UIF HSFBUFTU TDJFOUJmD JOUFSFTU BT UIFZ
DPSSFTQPOE EJSFDUMZ UP UIF DISPNBUJO TUSVDUVSF )PXFWFS CFGPSF JOGFSSJOH !β XF BEESFTT
ǹǻ
!U BOE T
5P FTUJNBUF UIF UFNQMBUF U GSPN QBJSFEFOE TFRVFODJOH EBUB XF EFWFMPQ B OPO
QBSBNFUSJD NFUIPE JO 4FDUJPO ǹǻǹ 8F EFWFMPQ B TJNQMF BMHPSJUIN UP TFHNFOU FBDI
DISPNPTPNF JOUP OPOPWFSMBQQJOH TFHNFOUT XJUI VTFGVM CJPMPHJDBM BOE TUBUJTUJDBM QSPQ
FSUJFT JO 4FDUJPO ǹǻǺ 6TJOH UIF FTUJNBUFE UFNQMBUF U BOE TFHNFOUBUJPO T XF UVSO
UP NPEFMCBTFE JOGFSFODF GPS (!β,!,!σñ) 8F CVJME B QBSBMMFM .$.$ BMHPSJUIN UIBU DBO
FċDJFOUMZ TBNQMF GSPN UIF KPJOU QPTUFSJPS PG UIFTF QBSBNFUFST JO 4FDUJPO ǹǻǻ #Z
DPNCJOJOH UIF DPOEJUJPOBM JOEFQFOEFODF TUSVDUVSF PG PVS NPEFM XJUI EJTUSJCVUFE DPNQV
UBUJPO XF BSF BCMF UP IBOEMF EBUBTFUT XIFSF !β DPOUBJOT NJMMJPOT PG FOUSJFT
"O BQQSPYJNBUF &. BMHPSJUIN JT BMTP QSPWJEFE JO UIF POMJOF TVQQMFNFOU BT BO PQ
UJPOBM JOJUJBMJ[BUJPO TUFQ GPS UIJT TBNQMJOH ɥF &. BQQSPBDI QSPWJEFT B DPNQVUBUJPOBMMZ
FċDJFOU XBZ UP PCUBJO SPVHI FTUJNBUFT PG UIFTF QBSBNFUFST CVU UIF KPJOU QPTUFSJPS EJTUSJ
CVUJPO PG (!β,!,!σñ) IBT B DPNQMFYNVMUJNPEBM TUSVDUVSF UIBU &. JT JMMFRVJQQFE UP BEESFTT
*NQMFNFOUBUJPO EFUBJMT BSF HJWFO JO UIF POMJOF TVQQMFNFOU
'JOBMMZ XF DBMJCSBUF UIF GSFRVFOUJTU PQFSBUJOH DIBSBDUFSJTUJDT PG PVS #BZFTJBO FTUJNB
UPST VTJOH B QFSNVUBUJPO OVMM IZQPUIFTJT EFUBJMFE JO 4FDUJPO ǹǻǼ ɥJT FOTVSFT UIBU PVS
DPODMVTJPOT BSF WBMJE CPUI BT #BZFTJBO QPTUFSJPS QSPCBCJMJUZ BTTFTTNFOUT BOE VOEFS GSF
RVFOUJTU DSJUFSJB 8F GPDVT PO DPOUSPMMJOH UIF GBMTF EJTDPWFSZ SBUF 	'%3
 GPS UIF EFUFDUJPO
PG MPDBM TUSVDUVSF JO UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT
ǹǻǹ 5ĖĞġĝĒĥĖ ĖĤĥĚĞĒĥĚĠğ
3FDBMM GSPN 4FDUJPO ǹǺǹ UIBU XF NPEFM UIF MFOHUI PG FBDI GSBHNFOU BT MK = Mï + Fð,K +
Fñ,K 8F BTTVNF UIBU Fð,K BOE Fñ,K 	UIF EJHFTUJPO FSSPST
 BSF JOEFQFOEFOU BOE JEFOUJDBMMZ
EJTUSJCVUFE BOE Mï JT mYFE BU ðóö XIJDI JT UIF LOPXO MFOHUI PG %/" XSBQQFE BSPVOE B
TJOHMF OVDMFPTPNF 8F TIPX IPX Fð,K BOE Fñ,K SFMBUF UP FBDI GSBHNFOU JO 'JHVSF ǹǼ "MPOH
UIF HFOPNF UIF EJTUSJCVUJPOT PG EJHFTUJPO FSSPST BU UIF FOET PG FBDI GSBHNFOU BSF NJSSPS
ǹǼ
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JNBHFT PG FBDI PUIFS TP QPTJUJWF WBMVFT JNQMZ UIBU TPNF %/" OPU CPVOE UP B OVDMFPTPNF
JT VOEFSEJHFTUFE TP MK > Mï
5P TFUVQ PVS FTUJNBUJPO QSPCMFN XF EFmOF UXP QSPCBCJMJUZ EJTUSJCVUJPOT
Q(J) = 1S
(
MK = J
)
	ǹǹǺ

R(J) = 1S
(
Fð,K = J
)
. 	ǹǹǻ

1IZTJDBMMZ MK ≥ ï XIJDI JNQMJFT Fð,K, Fñ,K ≥ −$ Mïñ % "OBMPHPVTMZ JG UIF MPOHFTU PCTFSWFE
GSBHNFOU MFOHUI JT MNBY XF IBWF 1S
(
MK > MNBY
)
= ï 8F SFRVJSF MK ≤ MNBY XIJDI JNQMFT
Fð,K, Fñ,K ≤ MNBY − Mï + $ Mïñ % ɥVT XF DBO XSJUF
Q(J) =
MNBY−Mï+# Mïñ $∑
L=−# Mïñ $
R(L)R(J− Mï − L). 	ǹǹǼ

ǹǽ
ɥF SFTVMUJOH MPHMJLFMJIPPE GPS UIF PCTFSWFE GSBHNFOU MFOHUIT JT
&(R) =
.∑
K=ð
MPH Q(MK) . 	ǹǹǽ

8F NBYJNJ[F UIJT OVNFSJDBMMZ VTJOH B NVMUJWBSJBUF MPHJU USBOTGPSNBUJPO PO UIF WBMVFT PG
R(L) UP BWPJE CPVOEFE PQUJNJ[BUJPO 6TJOH UIF -#'(4# BMHPSJUIN 	;IV FU BM ǹȁȁǿ
 PO
B MBQUPQ XJUI B $PSF Jǽ QSPDFTTPS BOE Ȁ(# PG 3". UIJT NBYJNJ[BUJPO SFRVJSFT BQQSPYJ
NBUFMZ ǼǸ TFDPOET GPS B UZQJDBM FYQFSJNFOU ɥJT DPNQVUBUJPO TDBMFT POMZXJUI UIF OVNCFS
PG VOJRVF GSBHNFOU MFOHUIT PCTFSWFE TP JU DBOOPU CFDPNF CPUUMFOFDL GPS UIJT NFUIPE
8F PCUBJO UIF UFNQMBUF EJTUSJCVUJPO U GSPN R WJB B DPOWPMVUJPO TVN BOE MJOFBS USBOT
GPSNBUJPO 3FDBMM GSPN 4FDUJPO ǹǺǹ UIBU U JT UIF EJTUSJCVUJPO PG Fð−Fññ  SFTUSJDUFE UP UIF
JOUFHFST WJB SBOEPN SPVOEJOH 8F mSTU PCUBJO UIF EJTUSJCVUJPO PG Fð − Fñ WJB
V(J) = 1(Fð − Fñ = J) =
MNBY−Mï+# Mïñ $∑
L=−# Mïñ $
R(L)R(L− J) . 	ǹǹǾ

8F mOBMMZ USBOTGPSN UIF EJTUSJCVUJPO V(J) UP UIF EFTJSFE UFNQMBUF U(J) CZ BDDPVOUJOH GPS
SBOEPN SPVOEJOH BT
U(L) =
ð
ñ
V(ñL− ð) + V(ñL) + ð
ñ
V(ñL+ ð) . 	ǹǹǿ

ɥVT UIF FTUJNBUFE UFNQMBUF BDDVSBUFMZ SFnFDUT CPUI UIF WBSJBUJPO EVF UP FO[ZNBUJD EJ
HFTUJPO BOE UIF EFUBJMT PG PVS QSFQSPDFTTJOH 8F VTF UIJT FTUJNBUFE UFNQMBUF UP CVJME UIF
EFTJHO NBUSJY 9 JO UIF PCTFSWBUJPO NPEFM BT EJTDVTTFE JO 4FDUJPO ǹǺ BOE GPS UIF TJNVMB
UJPO TUVEZ EJTDVTTFE JO 4FDUJPO ǹǼǹ
ǹǾ
ǹǻǺ 4ĖĘĞĖğĥĒĥĚĠğ ĒĝĘĠģĚĥęĞ
8F FTUJNBUF UIF TFHNFOUBUJPO GVODUJPO T : {ð . . ./} → {ð . . . 4} CZ MFWFSBHJOH UIF CJP
MPHJDBM TUSVDUVSF PG FBDI DISPNPTPNF 8F CFHJO CZ FOVNFSBUJOH BMM PQFO SFBEJOH GSBNFT
	03'T
 BOE JOUFSHFOJD SFHJPOT PO B HJWFO DISPNPTPNF .FSHJOH PWFSMBQQJOH 03'T JOUP
TJOHMF TFHNFOUT ZJFMET B TUBSUJOH TFU PG DPOUJHVPVT OPOPWFSMBQQJOH TFHNFOUT .BOZ PG
UIFTF TFHNFOUT BSF UPP TIPSU UP QSPWJEF VTFGVM MPDBM SFHVMBSJ[BUJPO 5P JODSFBTF UIF TFH
NFOUBUJPOT VUJMJUZ XF NFSHF OFJHICPSJOH TFHNFOUT VOUJM BMM TFHNFOUT FYDFFE B NJOJNBM
MFOHUI 	ȀǸǸCQ GPS UIF QVSQPTFT PG UIF BOBMZTJT JO 4FDUJPO ǹǼ

8F JUFSBUJWFMZ NFSHF UIF NPTU TJNJMBS TIPSU TFHNFOUT VOUJM UIF SFTVMUJOH TFHNFOUBUJPO
GVMmMMT UIF HJWFO NJOJNVN MFOHUI DPOTUSBJOU 8F NFBTVSF TJNJMBSJUZ VTJOH UIF DPWFSBHF
XJUIJO FBDI TFHNFOU EFmOFE BT
DJ =
ð
OJ
∑
L : T(L)=J
ZL , 	ǹǹȀ

XIFSF OJ JT UIF MFOHUI PG TFHNFOU J "MHPSJUIN ǹ QSPWJEFT QTFVEPDPEF GPS UIJT QSPDFEVSF
(JWFO.JOJNVN TFHNFOU MFOHUI. JOJUJBM TFHNFOUBUJPO
$BMDVMBUF {OJ} BOE {DJ}
XIJMFNJOJ OJ < .
$MFBS NJOJNBM EJĊFSFODF JO DPWFSBHFT EN BOE JOEFY JN
f 6BM/ i?2 #2bi K2`;2 KQM; b?Q`i b2;K2Mib  f
GPS J : OJ < .
$PNQVUF EJ = NJO(|DJ − DJ−ð|, |DJ − DJ+ð|)
JG EJ < EN
6QEBUF EN = EJ BOE JN = J
f 1t2+mi2 #2bi K2`;2  f
.FSHF TFHNFOU JN XJUI OFJHICPS IBWJOH OFBSFTU DPWFSBHF
6QEBUF {OJ} BOE {DJ}
mOUR
SFUVSO 4FHNFOUBUJPO T
"MHPSJUIN ǹ 4FHNFOUBUJPO BMHPSJUIN
ǹǿ
"U UIF DPODMVTJPO PG "MHPSJUINǹ XF PCUBJO B TFHNFOUBUJPO GPS XIJDI FBDI TFHNFOU IBT
FOPVHI PCTFSWBUJPOT UP QSPWJEF VTFGVM MPDBM SFHVMBSJ[BUJPO ɥF CPVOEBSJFT PG FBDI TFH
NFOU BMTP BMJHOXJUI CJPMPHJDBMMZNFBOJOHGVM GFBUVSFT BT FWFSZ TUFQ JO UIF BCPWF QSPDFEVSF
NBJOUBJOT TFHNFOU CPVOEBSJFT BT B TVCTFU PG 03' CPVOEBSJFT ɥJT FTUJNBUFE TFHNFOUB
UJPO JT mYFE BOE VTFE JO BMM TVCTFRVFOU JOGFSFODF
ǹǻǻ 1ĠĤĥĖģĚĠģ ĤĒĞġĝĖģ
ɥF.$.$ TBNQMFS DPOTJTUT PG UXP BMUFSOBUJOH VQEBUFT "U FBDI JUFSBUJPO S PVS BMHPSJUIN
ǹ %SBXT (!(S),!σñ (S))|!β(S−ð) EJSFDUMZ UIFO
Ǻ 6QEBUFT !β(S)|(!(S),!σñ (S)) WJB B EJTUSJCVUFE ).$ TUFQ
ɥF mSTU VQEBUF JT TUSBJHIUGPSXBSE BT XF DBO EJSFDUMZ TBNQMF GSPN UIF DPOEJUJPOBM QPT
UFSJPS PG (!(U),!σñ (U)) ɥJT JT B TUBOEBSE DPOKVHBUF OPSNBM VQEBUF HJWFO UIF MPHOPSNBM
IJFSBSDIJDBM TUSVDUVSF BOE PQFSBUFT JOEFQFOEFOUMZ BDSPTT TFHNFOUT 8F HJWF EFUBJMT JO
UIF POMJOF TVQQMFNFOU
ɥF TFDPOE VQEBUF JT DPNQVUBUJPOBMMZ DIBMMFOHJOH ɥF DISPNPTPNFT PG 4 DFSFWJTJBF
SBOHF JO MFOHUI GSPN ǺǻǸǺǹȀ UP ǹǽǻǹȁǻǻ CBTF QBJST TP UIF !β WFDUPST BSF WFSZ IJHI
EJNFOTJPOBM *O TPNF PG UIF FYQFSJNFOUT EJTDVTTFE JO 4FDUJPO ǹǼ XF XPSL XJUI TJN
VMBUFE DISPNPTPNFT XJUI PWFS ǻȀǽ NJMMJPO CBTF QBJST ɥF DPOEJUJPOBM QPTUFSJPS PG
!β(U)|(!(U),!σñ (U)) JT OPU QBSU PG BOZ TUBOEBSE GBNJMZ TP XF UVSO UP )BNJMUPOJBO .POUF
$BSMP 	).$
 ɥF EJNFOTJPOBMJUZ PG !β NBLFT B TJOHMF ).$ VQEBUF GPS UIF FOUJSF WFDUPS
CPUI DPNQVUBUJPOBMMZ JOGFBTJCMF BOE OVNFSJDBMMZ VOTUBCMF 5P FOBCMF GBTU TUBUJTUJDBMMZ
FċDJFOU DPNQVUBUJPO XF UBLF BEWBOUBHF PG UIF DPOEJUJPOBM JOEFQFOEFODF TUSVDUVSF PG
UIJT DPOEJUJPOBM QPTUFSJPS
4VCWFDUPST PG !β TFQBSBUFE CZ BU MFBTU ñX FOUSJFT BSF DPOEJUJPOBMMZ JOEFQFOEFOU HJWFO
(!(U),!σñ (U)) BOE UIF FOUSJFT PG !β CFUXFFO UIFN $POTJEFS UIF TVCWFDUPST !β[Kð:Kñ] BOE !β[Lð:Lñ]
ǹȀ
XJUI Kð < Kñ < Lð < Lñ ɥF FMFNFOUT PG !β[Kð:Kñ] BĊFDU POMZ !λ[Kð−X:Kñ+X] BOE UIF FMFNFOUT PG
!β[Lð:Lñ] BĊFDU POMZ!λ[Lð−X:Lñ+X] )FODF JG Lð > Kñ+ñX UIFO !β[Kð:Kñ] BOE !β[Lð:Lñ] BSF DPOEJUJPOBMMZ
JOEFQFOEFOU HJWFO ! BOE !σñ
8F UBLF BEWBOUBHF PG UIJT DPOEJUJPOBM JOEFQFOEFODF UP DPOTUSVDU B EJTUSJCVUFE TFU PG
).$ VQEBUFT 8F mSTU mY UIF MFOHUI PG FBDI TVCWFDUPS UIBU XJMM CF VQEBUFE WJB B TJOHMF
).$ TUFQ UP # > óX /FYU DPOTJEFS UXP QBSUJUJPOT PG !β JOUP TVCWFDUPST ɥF mSTU TUBSUT
BU UIF CFHJOOJOH PG !β BOE QSPDFFET GPSXBSE XJUI TVCWFDUPST PG MFOHUI BU NPTU # TFQBSBUFE
CZ ñX ZJFMEJOH
!β[ð:#], !β[#+ñX+ð:ñ#+ñX], . . . , !β[OC(#+ñX)+ð:/] .
ɥF TFDPOE CFHJOT BU UIF #/ñUI FOUSZ PG !β BOE BHBJO QSPDFFET GPSXBSE JO TVCWFDUPST PG
MFOHUI BU NPTU # BT
!β[#/ñ+ð:ò#/ñ], !β[ò#/ñ+ñX+ð:ô#/ñ+ñX], . . . , !β[OC(#+ñX)#/ñ+ð:/] .
8JUIJO FBDI QBSUJUJPO UIF TVCWFDUPST BSF DPOEJUJPOBMMZ JOEFQFOEFOU BOE JO DPNCJOBUJPO
UIFTF QBSUJUJPOT JODMVEF BMM FOUSJFT PG !β
8JUIJO FBDI JUFSBUJPO PG PVS TBNQMFS XF DZDMF UISPVHI FBDI PG UIFTF QBSUJUJPOT VQEBU
JOH FBDI TVCWFDUPS PG !β XJUI POF).$ TUFQ "T FBDI TVCWFDUPS XJUIJO FBDI QBSJUJPO JT DPO
EJUJPOBMMZ JOEFQFOEFOU XF DBO FYFDVUF BMM ).$ TUFQT JO QBSBMMFM GPS FBDI QBSUJUJPO ɥJT
BMMPXT VT UP EJTUSJCVUF UIF DPNQVUBUJPOBM CVSEFO PWFS IVOESFET PG DPSFT QSPWJEJOH GBTU
TDBMBCMF JOGFSFODF &BDI PG UIFTF EJTUSJCVUFE).$ TUFQT JT PO JUT PXO SFMBUJWFMZ TUBOEBSE
)PXFWFS UIFZ BSF NVDI GBTUFS UIBO FYQFDUFE BT UIF MPHDPOEJUJPOBM QPTUFSJPST WBMVF BOE
HSBEJFOU DBO CPUI CF DPNQVUFE WJB B DPOWPMVUJPO MPXFSJOH UIF DPNQVUBUJPOBM DPTU QFS
DPSF UP 0(# MPH#) XJUI UIF GBTU 'PVSJFS USBOTGPSN *O QBSUJDVMBS BMM NBUSJYWFDUPS QSPE
VDUT JOWPMWJOH UIF 9 NBUSJY DBO CF DPNQVUFE BT DPOWPMVUJPOT XJUI UIF UFNQMBUF WFDUPS!U
ǹȁ
JOTUFBE SFEVDJOH UIF DPNQMFYJUZ PG TVDI QSPEVDUT GSPN 0(#ñ) UP 0(# MPH#) %FUBJMT PG
EJTUSJCVUFE BMHPSJUIN DPNQVUBUJPOBM JOGSBTUSVDUVSF BOE UVOJOH PG UIF ).$ BSF HJWFO JO
UIF POMJOF TVQQMFNFOU " 1ZUIPO JNQMFNFOUBUJPO PG UIF TBNQMFS JT BWBJMBCMF PO (JU)VC
rrrX;Bi?m#X+QKfr#HQ+F2`f+THi2
ǹǻǼ %ĖĥĖĔĥĚĠğ Ēğĕ ĔĒĝĚēģĒĥĚĠğ
3FDBMM GSPN 4FDUJPO ǹǺǻ UIBU XF RVBOUJGZ MPDBM DPODFOUSBUJPOT PG OVDMFPTPNFT VTJOH UIF
FTUJNBOE $Q,M(L) XIJDI EFmOFT MPDBM DPODFOUSBUJPOT BT TNBMM SFHJPOT PG UIF DISPNPTPNF
UIBU DPOUBJO B EFOTJUZ PG OVDMFPTPNFT HSFBUFS UIBO UIBU XF XPVME FYQFDU VOEFS B VOJGPSN
EJTUSJCVUJPO PG OVDMFPTPNFT BDSPTT DFMMT JO PVS QPQVMBUJPO Q/M
8F DBO FTUJNBUF 1($Q,M(L) > (ñQ+ ð)/(ñM+ ð) | !Z) GPS FBDI CBTF QBJS L VTJOH UIF .$.$
TBNQMFS EFTDSJCFE JO 4FDUJPO ǹǻ )PXFWFS XF SFRVJSF HSFBUFS TFDVSJUZ JO PVS EFUFDUJPO
SFTVMUT UIBO UIF #BZFTJBO BQQSPBDI BMPOF DBO QSPWJEF 5P RVBOUJGZ UIF PQFSBUJOH DIBSBD
UFSJTUJDT PG PVS QSPDFEVSF BOE QSPWJEF GSFRVFOUJTU HVBSBOUFFT PO JUT QFSGPSNBODF XF UVSO
UP B QFSNVUBUJPO OVMM
0VS OVMM IZQPUIFTJT JT UIBU !Z DPOTJTUT PG B TFU PG NVMUJOPNJBM ESBXT 6OEFS UIJT OVMM
UIF FOUSJFT PG !Z XJUIJO FBDI TFHNFOU J BSF ESBXO GSPN B NVMUJOPNJBM EJTUSJCVUJPO XJUI
FRVBM QSPCBCJMJUZ BTTJHOFE UP FBDI CBTF QBJS XJUIJO UIF TFHNFOU BOE O =
∑
L:T(L)=J ZL ɥJT
OVMM IZQPUIFTJT SFTUT PO UIF TBNF JEFB BT 'JTIFST FYBDU UFTU XF DPOEJUJPO PO UIFNBSHJOBM
EJTUSJCVUJPO PG UIF EBUB BOE DPOTJEFS BMM JOEFQFOEFOU QFSNVUBUJPOT PG UIF PCTFSWBUJPOT
8F BQQSPYJNBUF UIJT OVMM EJTUSJCVUJPO CZ SFQFBUFEMZ SBOEPNMZ QFSNVUJOH UIF PCTFSWFE
SFBET XJUIJO FBDI TFHNFOU
8F UIFO SVO PVS .$.$ TBNQMFS PO FBDI TVDI ESBX GSPN UIF OVMM VTJOH UIF UFNQMBUF
BOE TFHNFOUBUJPO FTUJNBUFE GSPN UIF PCTFSWFE EBUB 'SPN UIF TBNQMFST PVUQVU XF PC
UBJO BO FTUJNBUF PG UIF EJTUSJCVUJPO PG 1($Q,M(L) > (ñQ + ð)/(ñM + ð)|!Z) PWFS QPTJUJPOT L
VOEFS UIF OVMM 8F DPNQBSF UIJT UP UIF EJTUSJCVUJPO PG QPTUFSJPS QSPCBCJMJUJFT GPS UIF PC
ǺǸ
TFSWFE EBUB BOE TFU B EFUFDUJPO UISFTIPME UP DPOUSPM UIF '%3 VTJOH UIF NFUIPE PG 4UPSFZ
BOE 5JCTIJSBOJ 	ǺǸǸǻ
 'PS FYBNQMF XJUI UIF EBUBTFUT BOBMZ[FE JO 4FDUJPO ǹǼ XF IBWF
UZQJDBMMZ GPVOE UIBU B UISFTIPME PG BQQSPYJNBUFMZ ï.÷ PO 1($Q,M(L) > (ñQ + ð)/(ñM + ð)|!Z)
ZJFMET B '%3 PG ǽǶ PS MFTT ɥJT BQQSPBDI QSPWJEFT B TFDVSF EFUFDUJPO QSPDFEVSF XJUI CPUI
#BZFTJBO BOE GSFRVFOUJTU JOUFSQSFUBUJPOT
ǹǼ 3ĖĤĦĝĥĤ
8F EFNPOTUSBUF UIF QSPQPTFE NFUIPET PO SFBM BOE TJNVMBUFE EBUB )JHIUISPVHIQVU TF
RVFODJOH EBUB XFSF DPMMFDUFE PO 4 DFSFWJTJBF DFMM QPQVMBUJPOT HSPXJOH JO B IJHIQIPTQIBUF
NFEJVN ɥF EBUB DPOTJTU PG UXP MBOFT PG TFRVFODJOH SFGFSSFE UP BT UFDIOJDBM SFQMJDBUFT
PO FBDI PG UXP TFQBSBUF TBNQMFT XJUI EJĊFSFOU FO[ZNBUJD EJHFTUJPO SFGFSSFE UP BT CJPMPH
JDBM SFQMJDBUFT "OBMZTFT XJUI UIF QSPQPTFE NFUIPET BSF IJHIMZ SFQSPEVDJCMF BT XF TIPX
JO 4FDUJPO ǹǼǼ BOE QSPWJEF OFX JOTJHIUT PO UIF mOFHSBJOFE TUSVDUVSF PG OVDMFPTPNF
QPTJUJPOJOH ɥF CJPMPHJDBM SFMFWBODF PG UIFTF TVCTUBOUJWF mOEJOHT JT EFUBJMFE FMTFXIFSF
	;IPV FU BM ǺǸǹǺ

ɥF TJNVMBUJPO TUVEJFT BJN UP EFNPOTUSBUF UIF VUJMJUZ PG UIF FTUJNBOET JOUSPEVDFE JO
4FDUJPO ǹǺǻ VTFE JO DPNCJOBUJPO XJUI UIF QSPQPTFE EFDPOWPMVUJPO BQQSPBDI UP JOGFS
FODF BT XFMM BT UIF TDBMBCJMJUZ PG PVS NFUIPET *O 4FDUJPO ǹǼǹ XF EFTDSJCF UIF EFTJHO
PG UIF TJNVMBUJPO TUVEJFT 8F TJNVMBUF IJHIUISPVHIQVU TFRVFODJOH EBUB XJUI EJĊFSFOU
DPWFSBHF PO HFOFT XJUI QSJNBSZ BOE BMUFSOBUJWF OVDMFPTPNF QPTJUJPOT XJUI EJĊFSFOU EF
HSFFT PG WBSJBUJPO UISPVHIPVU UIF QPQVMBUJPO *O 4FDUJPO ǹǼǺ XF EJTDVTT UIF FċDJFODZ
BOE TDBMBCJMJUZ PG JOGFSFODF WJB QBSBMMFM )BNJMUPOJBO.BSLPW $IBJO.POUF $BSMP TBNQMJOH
*O 4FDUJPO ǹǼǻ XF DPNQBSF UIF QFSGPSNBODF PG UIF QSPQPTFENFUIPE UP UIBU PG B 1BS[FO
XJOEPX FTUJNBUPS GPMMPXFE CZ HSFFEZ TFBSDI 	UIF TUBOEBSE JO UIF mFME "MCFSU FU BM ǺǸǸǿB
4IJWBTXBNZ FU BM ǺǸǸȀ 5TBOLPW FU BM ǺǸǹǸ 5JSPTI ǺǸǹǺ
 GPS FTUJNBUJOH NFBTVSFT PG
Ǻǹ
TUSVDUVSF RVBOUJGZJOH QPXFS BOE FSSPS JO FTUJNBUJOH UIF MPDBUJPOT PG DMVTUFST PG OVDMFP
TPNF QPTJUJPOT *O 4FDUJPO ǹǼǻ XF BTTFTT UIF QFSGPSNBODF PG UIF QSPQPTFE NFUIPE GPS
FTUJNBUJOHNFBTVSFT PG MPDBM DPODFOUSBUJPO RVBOUJGZJOH QPXFS BOE FSSPS JO FTUJNBUJOH UIF
MPDBUJPOT PG EJTUJODU QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT *O CPUI 4FDUJPOT ǹǼǻ BOE ǹǼǻ
XF VTF EFTJHOCBTFE BOBMZTJT PG WBSJBODF 	"/07"
 UP RVBOUJGZ UIF SFMBUJWF DPOUSJCVUJPOT
UP FTUJNBUJPO FSSPST PG DPWFSBHF EJTUBODF CFUXFFO QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT BOE
UIFJS SFMBUJWF GSFRVFODJFT BDSPTT UIF DFMM QPQVMBUJPO 8F BMTP VTF MPHJTUJD SFHSFTTJPO UP BO
BMZ[F UIF TFOTJUJWJUZ PG QPXFS UP UIF UISFF FYQFSJNFOUBM GBDUPST XF DPOTJEFS *O 4FDUJPO
ǹǼǼ XF BTTFTT UIF SFQSPEVDJCJMJUZ PG PVS JOGFSFODFT GPS DMVTUFSMFWFM TVNNBSJFT PG OVDMFP
TPNF QPTJUJPOJOH 	4FDUJPO ǹǼǼ
 BOE UIF MPDBUJPOT PG MPDBM DPODFOUSBUJPOT 	4FDUJPO ǹǼǼ

8F BMTP DPNQBSF UIF SFQSPEVDJCJMJUZ PG PVS DMVTUFSMFWFM JOGFSFODFT UP UIPTF PCUBJOFE GSPN
1BS[FOXJOEPX NFUIPET BOE SFBECBTFE FTUJNBUPST PG UIF DMVTUFSMFWFM FTUJNBOET
5P QFSGPSN JOGFSFODF UISPVHIPVU UIJT TFDUJPO XF TFU ï = ï τï = ð/ðï αï = ö BOE
γï = ðï ɥFTF WBMVFT XFSF DIPTFO UP CF XFBLMZJOGPSNBUJWF PO UIF CBTJT PG QSJPS CJPMPHJ
DBM JOGPSNBUJPO ɥFTF WBMVFT PG αï BOE γï JNQMZ UIBU UIFSF JT B ȁȁǶ QSJPS QSPCBCJMJUZ UIBU
ǸǺoǹǻǶ PG CBTF QBJST IBWF βL HSFBUFS UIBO PS FRVBM UP ǹǸ UJNFT UIFJS NFEJBO 8F GPVOE
MJUUMF TFOTJUJWJUZ PG PVS JOGFSFODFT UP UIFTF DIPJDFT PG QBSBNFUFS WBMVFT VTJOH EBUB GSPN
DISPNPTPNF * 'PS JOTUBODF TXFFQJOH τï PWFS UXP PSEFST PG NBHOJUVEF 	ǸǸǹoǹ
 TIPXFE
MJUUMF FĊFDU PO JOGFSFODFT BT EJE TJNJMBS DIBOHFT UP (αï, γï)
ǹǼǹ &ĩġĖģĚĞĖğĥĒĝ ĕĖĤĚĘğ
5P BTTFTT UIF QFSGPSNBODF PG UIF QSPQPTFENFUIPET XF HFOFSBUFE BSUJmDJBM DISPNPTPNFT
VTJOH UIF DMBTTJDBM QSJODJQMFT PG FYQFSJNFOUBM EFTJHO ɥFTF BSUJmDJBM DISPNPTPNFT DPOTJTU
PG B TFSJFT PG HFOFT FBDI DPOUBJOJOH B TFU PG OVDMFPTPNF QPTJUJPOT 8F mY UIF MFOHUI PG
FBDI HFOF UP ǻǽǸǹCQ DPOTJTUJOH PG B ǹǸǸǸCQ QSPNPUFS SFHJPO B ǺǽǸǸCQ DPEJOH SFHJPO
BOE B ǹCQ USBOTDSJQUJPO TUBSU TJUF 	544

ǺǺ
8F EFTJHOFE B TJNVMBUJPO XJUI UISFF GBDUPST WBSJFE BU UIF HFOF MFWFM DPWFSBHF 	UIF FY
QFDUFE OVNCFS PG SFBET QFS HFOF
 UIF TQBDJOH CFUXFFO QSJNBSZ OVDMFPTPNF QPTJUJPOT BOE
BMUFSOBUJWF QPTJUJPOT 	XIJDI XF SFGFS UP BT PĊTFU
 BOE UIF SFMBUJWF NBHOJUVEFT PG QSJNBSZ
BOE BMUFSOBUJWF QPTJUJPOT $PWFSBHF IBE ǹǸ MFWFMT TQBOOJOH UIF ǽUI UP ȁǽUI QFSDFOUJMF
PCTFSWFE HFOFMFWFM DPWFSBHFT JO JODSFNFOUT PG ǹǸǶ "MUFSOBUJWF QPTJUJPO TQBDJOH IBE ǹǸ
MFWFMT TQBOOJOH GSPN ǸCQ 	OP BMUFSOBUJWF QPTJUJPOT
 UP ǼǽCQ JO JODSFNFOUT PG ǽCQ "M
UFSOBUJWF QPTJUJPO NBHOJUVEF IBE ǹǹ MFWFMT TQBOOJOH GSPN Ǹ 	OP BMUFSOBUJWF QPTJUJPOT

UP ǹ 	BMUFSOBUJWF QPTJUJPOT PG UIF TBNF NBHOJUVEF BT QSJNBSZ QPTJUJPOT
 JO JODSFNFOUT PG
Ǹǹ ɥVT UIF FĊFDUJWF NBHOJUVEF PG UIF QSJNBSZ QPTJUJPO SFMBUJWF UP UIF BMUFSOBUJWF QP
TJUJPOT SBOHFE GSPN ǹ UP ðò  8F VTFE B GVMM GBDUPSJBM EFTJHO PO UIFTF UISFF GBDUPST ZJFMEJOH
ǹǹǸǸ EJTUJODU USFBUNFOUT GPS FBDI PG ǹǸ TJNVMBUFE DISPNPTPNFT 8F UIFO DPOTUSVDUFE
B SFBMJTUJD EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT XJUIJO FBDI BSUJmDJBM HFOF 6TJOH POF PG
PVS IJHIQIPTQIBUF EBUB TFUT XF mSTU JEFOUJmFE DMVTUFST PG OVDMFPTPNF QPTJUJPOT VTJOH
UIF TUBOEBSE 1BS[FO XJOEPX NFUIPE 8F JOEFYFE UIFTF DMVTUFST CZ UIFJS PSEFSJOH XJUIJO
FBDI BDUVBM HFOF DPOTJEFSJOH ǹǸǸǸCQ CFGPSF 544 UP UIF FOE PG FBDI 03' BOE DPNQVUFE
UIF QSPQPSUJPO PG SFBET XJUIJO UIF 03' PCTFSWFE XJUIJO FBDI TVDI DMVTUFS 'JOBMMZ XF
BWFSBHFE PWFS UIF QPTJUJPOT BOE QSPQPSUJPOT PG UIFTF DMVTUFST CZ UIFJS PSEFS GSPN UIFJS
544 PCUBJOJOH UIF BWFSBHF PĊTFU GSPN UIF 544 BOE SFMBUJWF PDDVQBODZ PG UIF mSTU TFDPOE
UIJSE FUD DMVTUFST CFGPSF BOE BGUFS UIF 544 'JHVSF ǹǽ QSPWJEFT BO JMMVTUSBUJPO PG CPUI
DPFċDJFOUT βL BOE SFBE DPVOUT ZL GPS POF HFOF
5P HFOFSBUF PVS BSUJmDJBM EBUBTFU XF GPMMPXFE B NPEJmFE WFSTJPO PG UIF HFOFSBUJWF QSP
DFTT PVUMJOFE JO 4FDUJPO ǹǺ 'PS FBDI HFOF XF mSTU ESFX DPFċDJFOUT GPS JUT TVCTFU PG !β
GSPN BO VQQFSUSVODBUFE MPHOPSNBM EJTUSJCVUFE XJUI QBSBNFUFST FTUJNBUFE GSPN UIPTF
SFHJPOT XJUI TJNJMBS DPWFSBHF ɥFTF BSF PVS iCBDLHSPVOEw QPTJUJPOT ɥFO XF TFU UIF FO
USJFT PG !β DPSSFTQPOEJOH UP UIF HFOFT QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT EFUFSNJOJTUJDBMMZ
Ǻǻ
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ɥF TVN PG UIF DPFċDJFOUT GPS UIFTF QPTJUJPOT XBT mYFE UP UIF SFNBJOJOH UPUBM PDDVQBODZ
PG UIF HFOF MFTT UIF TVN PG UIF CBDLHSPVOE QPTJUJPOT ɥFJS SFMBUJWF NBHOJUVEFT XFSF
EFUFSNJOFE CZ UIF EFTJHO EFTDSJCFE BCPWF XJUI UXP BMUFSOBUJWF QPTJUJPOT QMBDFE TZNNFU
SJDBMMZ BSPVOE FBDI QSJNBSZ QPTJUJPO BU UIF EFTJHOBUFE TQBDJOHT ɥVT GPS B HJWFO MFWFM PG
DPWFSBHF UIF FYQFDUFE OVNCFS PG SFBET XJUIJO FBDI DMVTUFS XBT mYFE CVU JUT EJTUSJCVUJPO
BDSPTT QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT WBSJFT
8F DPOWPMWFE UIFTF !β WFDUPST XJUI UIF UFNQMBUF FTUJNBUFE GSPN UIF FYQFSJNFOUBM EBUB
UP PCUBJO WFDUPST PG FYQFDUFE SFBE DPVOUT !λ 'JOBMMZ XF HFOFSBUFE !Z ∼ JJE 1PJTTPO(!λ)
UP PCUBJO TJNVMBUFE SFBE DPVOUT ɥJT FOUJSF QSPDFEVSF XBT SFQFBUFE GPS FBDI SFQMJDBUF
ZJFMEJOH ǹǸ BSUJmDJBM DISPNPTPNFT PG MFOHUI ǻȀǽǹǹǸǸCQ FBDI
ɥFTF TJNVMBUJPOT BSF JOTQJSFE CZ PVS HFOFSBUJWFNPEFM CVU UIFZ EP OPU GPMMPX JUT TUSVD
UVSF UP UIF MFUUFS ɥF EJTUSJCVUJPO PG CBDLHSPVOE DPFċDJFOUT BOE UIF FĊFDUT PG EJHFTUJPO
BHSFF CFUXFFO PVS NPEFM BOE PVS TJNVMBUJPOT )PXFWFS XF JOUSPEVDF NVDI NPSF TUSVD
UVSF JOUP UIF MPDBUJPOT PG OVDMFPTPNF DPODFOUSBUJPO WJB UIF EFUFSNJOJTUJD QMBDFNFOU PG
QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT ɥJT TJNVMUBOFPVTMZ QSPWJEFT B TUSJOHFOU UFTU PG PVS
ǺǼ
NFUIPET BOE EFDSFBTFT UIF BNPVOU PG SFTJEVBM WBSJBUJPO BDSPTT PVS FYQFSJNFOUBM SFQMJ
DBUFT "T B iTBOJUZ DIFDLw PO UIJT EFTJHO TJNVMBUFE SFBE DPVOUT XFSF TIPXO TJEFCZTJEF
XJUI NBUDIFE BDUVBM SFBE DPVOUT UP FYQFSJFODFE CJPMPHJTUT JO UIJT mFME ɥFZ DPVME OPU SF
MJBCMZ EJTUJOHVJTI CFUXFFO UIF TJNVMBUFE BOE BDUVBM EBUB 8F QSPWJEF GVSUIFS BMHPSJUINJD
EFUBJMT GPS UIJT QSPDFEVSF BOE TVQQPSUJOH mHVSFT JO UIF POMJOF TVQQMFNFOU
ǹǼǺ 1ĒģĒĝĝĖĝ ).$ ġĖģėĠģĞĒğĔĖ
ɥFQBSBMMFM )BNJMUPOJBO.POUF $BSMP TBNQMFS QFSGPSNFE XFMM PO CPUI SFBM BOE TJNVMBUFE
EBUBTFUT CBTFE PO TUBOEBSE .$.$ EJBHOPTUJDT 'PS UIF BDUVBM BOE TJNVMBUFE EBUBTFUT
VTFE JO 4FDUJPO ǹǼ XF SBO ǺǸǸǸ JUFSBUJPOT EJTDBSEJOH UIF mSTU ǺǸǸ BT CVSOJO ɥJT
ZJFMEFE ǹȀǸǸ ESBXT GPS !β ! BOE !σñ ɥF NFBO FĊFDUJWF TBNQMF TJ[F GPS UIF FMFNFOUT
PG !θ = MPH !β JO UIF SFBM EBUBTFU XBT ǹǽǿǻ XJUI ȁȁǶ PG UIF DPFċDJFOUT IBWJOH FĊFDUJWF
TBNQMF TJ[FT CFUXFFO ǻǸǼ BOE ǺǸǽǿ 'PS UIF TJNVMBUFE EBUBTFU UIF NFBO XBT ǹǾǿǽ XJUI
ȁȁǶ CFUXFFO ǽǺǸ BOE ǺǸǹǹ (FMNBO3VCJO EJBHOPTUJDT CBTFE B TFU PG .$.$ SVOT XJUI
EJTQFSTFE JOJUJBMJ[BUJPOT PO UIF TNBMMFTU DISPNPTPNF 	*
 TIPXFE NVMUJWBSJBUF QPUFOUJBM
TDBMF SFEVDUJPOT PG ǹǸǽ PS MFTT
0VS TBNQMFS QSPWFE FYUSFNFMZ TDBMBCMF 6TJOHǹǼǼ DPSFT PO UIF)BSWBSE0EZTTFZ DMVTUFS
BOE TFUUJOH # = ñïïï FBDI TJNVMBUFE DISPNPTPNF SFRVJSFE ǹȀǻ TFDPOET QFS JUFSBUJPO
GPS B UPUBM SVOUJNF PG BQQSPYJNBUFMZ ǹ IPVS ɥF TNBMMFTU 4 DFSFWJTJBF DISPNPTPNF 	*

SFRVJSFE ǸǹǻǾ TFDPOET QFS JUFSBUJPO XIJMF UIF MBSHFTU 	*7
 SFRVJSFE ǸǾȁȁ TFDPOE QFS JU
FSBUJPO ZJFMEJOH UPUBM SVOUJNFT PG Ǽǽ BOE Ǻǻǻ NJOVUFT SFTQFDUJWFMZ 3VOOJOH UIF FOUJSF
4 DFSFWJTJBF HFOPNF SFRVJSFE BQQSPYJNBUFMZ ǻǺǼ IPVST ɥF TBNQMFS XBT BMTP SVO PO BO
"NB[PO &$Ǻ DMVTUFS XJUI ǽǹǺ DPSFT QSPDFTTJOH UIF TBNF HFOPNF JO VOEFS BO IPVS
Ǻǽ
ǹǼǻ 1ĠĨĖģ ĒğĒĝĪĤĚĤ
6TJOH TJNVMBUFE DISPNPTPNFT XF DPNQBSF UIF QFSGPSNBODF PG UIF QSPQPTFE NFUIPE UP
UIBU PG B 1BS[FOXJOEPX FTUJNBUPS GPS FTUJNBUJOH MPDBUJPOT PG DMVTUFST PG OVDMFPTPNF QP
TJUJPOT BOE BTTFTT UIF QFSGPSNBODF PG UIF QSPQPTFENFUIPET GPS EFUFDUJOH BOE FTUJNBUJOH
UIF MPDBUJPOT PG CPUI QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT 'PS CPUI BOBMZTFT XF VTF "/07"
UP RVBOUJGZ UIF SFMBUJWF DPOUSJCVUJPOT UP FTUJNBUJPO FSSPST PG DPWFSBHF EJTUBODF CFUXFFO
QSJNBSZ BOE TFDPOEBSZ QPTJUJPOT BOE UIFJS SFMBUJWF GSFRVFODJFT BDSPTT UIF DFMM QPQVMBUJPO
8F DPNQMFNFOU UIFTF XJUI MPHJTUJD SFHSFTTJPO UP BOBMZ[F UIF TFOTJUJWJUZ PG QPXFS UP UIFTF
UISFF FYQFSJNFOUBM GBDUPST
ɥF HSPVOE USVUI DPOTJTUT PG UIF QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT HFOFSBUFE JO 4FD
UJPO ǹǼǹ BMPOH XJUI UIFJS DPFċDJFOUT 3FDBMM UIBU UIF PVUQVU PG UIF DBMJCSBUFE EFUFDUJPO
QSPDFEVSF EFUBJMFE JO 4FDUJPO ǹǻǼ JT B TFSJFT PG QPTJUJPOT XIFSF IJHI MPDBM DPODFOUSB
UJPOT IBWF CFFO EFUFDUFE BOE UIF PVUQVU PG UIF DMVTUFSCBTFE FTUJNBOET JT B TFSJFT PG
DMVTUFS DFOUFST 5P BTTFTT QFSGPSNBODF JO FTUJNBUJOH DMVTUFS QPTJUJPOT XF NBUDI JOGFSSFE
DMVTUFS DFOUFST UP HSPVOE USVUI DMVTUFS DFOUFST 4JNJMBSMZ UP BTTFTT QFSGPSNBODF PG MPDBM
DPODFOUSBUJPO NFBTVSFT XF NBUDI EFUFDUFE MPDBM DPODFOUSBUJPOT BMM HSPVOE USVUI QPTJ
UJPOT QSJNBSZ BOE BMUFSOBUJWF 'JOEJOH UIF OFBSFTU FTUJNBUFE QPTJUJPO GPS FBDI HSPVOE
USVUI QPTJUJPO ZJFMET NFBTVSFT PG QPXFS BT XF DBO NFBTVSF UIF EJTUBODF GSPN FBDI USVF
QPTJUJPO UP UIF OFBSFTU JOGFSSFE POF -BSHF EJTUBODFT JNQMZ MPX TFOTJUJWJUZ BOE WJDF WFSTB
$POWFSTFMZ mOEJOH UIF OFBSFTU HSPVOE USVUI QPTJUJPO GPS FBDI JOGFSSFE QPTJUJPO ZJFMET
NFBTVSFT PG BDDVSBDZ *G JOGFSSFE QPTJUJPOT BSF GBS GSPN UIF USVF POFT XF XPVME DPOTJEFS
UIF SFTVMUT VOSFMJBCMF
ɥF BOBMZTFT CFMPX BSF CBTFE PO TVNNBSJFT PG UIFTF NBUDIFE EJTUBODFT XF DPNQVUF
NFBO BOE NFEJBO BCTPMVUF FSSPST BOE XF UBCVMBUF UIF QSPQPSUJPO PG USVF QPTJUJPOT
NBUDIFE UP BO JOGFSSFE QPTJUJPOT XJUIJO B mYFE OVNCFS PG CBTF QBJST ɥF mSTU TFU PG
ǺǾ
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RVBOUJUJFT TVNNBSJ[F EJTUSJCVUJPOT PG FSSPST JO FTUJNBUFE QPTJUJPOT XIJMF UIF TFDPOE JT
EJSFDUMZ JOUFSQSFUBCMF BT B NFBTVSF PG QPXFS
$ĝĦĤĥĖģĤ
%FUFDUJPO PG B DMVTUFS XBT EFmOFE BT B CFTUNBUDI EJTUBODF PG MFTT UIBO ǽCQ CFUXFFO UIF
JOGFSSFE BOE USVF DMVTUFS DFOUFS 	κN
 'JHVSF ǹǾ TVNNBSJ[FT PVS LFZ mOEJOHT TIPXJOH UIF
SFMBUJWF QPXFS PG FBDINFUIPE BHBJOTU UIF FĊFDUJWFNBHOJUVEF PG UIF QSJNBSZ QPTJUJPO UIF
PĊTFU PG UIF BMUFSOBUJWF QPTJUJPOT BOE HFOFMFWFM DPWFSBHF 5BCMFT ǹǹ QSPWJEFT UIF SFTVMUT
PG B EFTJHOCBTFE "/07" PG UIF NFBO BCTPMVUF FSSPST PG FTUJNBUFE DMVTUFS MPDBUJPOT CZ
HFOF BOE 5BCMF ǹǺ QSPWJEFT UIF SFTVMUT PG B MPHJTUJD SFHSFTTJPO PG QPXFS PO UIF EFTJHO
GBDUPST
'PS FTUJNBUJOH DMVTUFS MPDBUJPOT UIF QSPQPTFE NFUIPE EPNJOBUFT UIF 1BS[FOXJOEPX
FTUJNBUPS CPUI JO UFSNT PG QPXFS XJUI BWFSBHF EJĊFSFODF PG ǺǹǶ BOE NFBO BCTPMVUF
FSSPS 	OPU TIPXO
 BDSPTT BMM DPOEJUJPOT 1PXFS SBOHFT GSPN BQQSPYJNBUFMZ ðñ% UP ðïï%
PWFS BMM GBDUPS DPNCJOBUJPOT JO PVS FYQFSJNFOUT GPS CPUI NFUIPET XIJMF NFBO BCTPMVUF
QPTJUJPO FSSPST SBOHF GSPN BQQSPYJNBUFMZ Ǹǹ UP ǾǸCQ 0VS NFUIPE QSPWJEFE BO BWFSBHF
Ǻǿ
h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S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HHv bB;MB}+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ï.ïïïðX
$MVTUFS &TUJNBOE 1BS[FO 8JOEPX
%G 4VN 4R ' WBMVF 4VN 4R ' WBMVF
$PWFSBHF ȁ ǹȁǺȀȁǼ ǹȁȀǿǻ ǿǽǻǺǼ ǿȁǸǼ
0ĊTFU ȁ ǹȁǼǺǺǽȀ ǺǸǸǹǸǹ ǹǸǿȀȁǸǾ ǹǹǻǺǹǸ
.BHOJUVEF ȁ ǹǸǿǾǼǽǽ ǹǹǸȁǸǺ ǾǿǾȀǽǹ ǿǹǸǺǺ
$PWFSBHF0ĊTFU Ȁǹ ǺǿǽǼǹ ǻǹǽ ǺǾǼǾȀ ǻǸȁ
$PWFSBHF.BHOJUVEF Ȁǹ ǹǿǽǹȁ ǺǸǹ ǹǼǺȀǸ ǹǾǾ
0ĊTFU.BHOJUVEF ǿǺ ǺǻǽǻǽǼǸ ǻǸǻǸȁ ǹȁǹǿǺǻǻ ǺǽǹǼǿ
$PWFSBHF0ĊTFU.BHOJUVEF ǾǼȀ ȁǽǸǺǽ ǹǻǾ ȁǼǿȀǸ ǹǻȀ
3FTJEVBMT ǹǸǸȁǸ ǹǸȀȀǹȁǻ ǹǸǾȀǼǻǹ
QPXFS PG ȀǽǶ XIJMF UIF 1BS[FO XJOEPX NFUIPET BWFSBHF QPXFS XBT ȀǻǶ 1PXFS TIPXT
B TUSPOH EFQFOEFODF PO UIF MPDBM EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT UIF BDDVSBDZ JO
JEFOUJGZJOH UIF DMVTUFS DFOUFST PG QSJNBSZ QPTJUJPOT JT SFEVDFE CZ UIF QSFTFODF PG TUBCMF
BMUFSOBUJWF QPTJUJPOT ɥF TQBDJOH CFUXFFO QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT BMTP BĊFDUT
QPXFS TVCTUBOUJBMMZ XJUI QPXFS EJNJOJTIJOH CZ BQQSPYJNBUFMZ ǻǸǶ BT UIF PĊTFU JODSFBTF
GSPN Ǹ UP ǻǽCQ 1PXFS JODSFBTFT TMJHIUMZ GPS CPUI NFUIPET BU PĊTFUT PG ǼǸ BOE ǼǽCQ
ɥF SFMBUJWF QFSGPSNBODF PG UIF QSPQPTFE NFUIPE JT MBSHFTU GPS PĊTFUT PWFS ǻǸCQ XJUI B
EJĊFSFODF JO QPXFS PG ǿǶ BU ǼǽCQ 1PXFS TIPXT MJUUMF NBSHJOBM EFQFOEFODF VQPO MPDBM
DPWFSBHF XJUI POMZ B ǾǶ DIBOHF JO QPXFS PWFS UIF SBOHF PG DPWFSBHFT GPS CPUI NFUIPET
ɥF "/07" BOE MPHJTUJD SFHSFTTJPO BOBMZTFT TVQQPSU UIFTF PCTFSWBUJPOT BOE QSPWJEF
GVSUIFS JOTJHIUT JOUP UIF SPMF PG JOUFSBDUJPOT CFUXFFO UIF EFTJHO GBDUPST "/07" SFTVMUT
JO 5BCMF ǹǹ JOEJDBUF UIBU BMUFSOBUJWF QPTJUJPO PĊTFU FĊFDUJWF NBHOJUVEF BOE UIFJS JOUFS
BDUJPO BDDPVOU GPS UIF WBTUNBKPSJUZ PG WBSJBUJPO JO BCTPMVUF QPTJUJPO FSSPST 	BQQSPYJNBUFMZ
ǿǽǶ PG UPUBM WBSJBUJPO BOE ȁǼǶ PG FYQMBJOFE WBSJBUJPO
 GPS CPUI NFUIPET -PHJTUJD SFHSFT
TJPO SFTVMUT JO 5BCMF ǹǺ TVHHFTU UIBU UIF QPXFS PG UIF QSPQPTFENFUIPE BOE PG UIF 1BS[FO
XJOEPX FTUJNBUPS SFTQPOE TJNJMBSMZ UP UIF FYQFSJNFOUBM GBDUPST ɥF NBSHJOBM FĊFDUT PG
ǺȀ
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$MVTUFS &TUJNBOE 1BS[FO 8JOEPX
&TUJNBUF [ WBMVF &TUJNBUF [ WBMVF
	*OUFSDFQU
 ǻǻǼǾǹ ǽǼǹǽ ǻǼǾǾǸ ǽǾǿǼ
$PWFSBHF ǸǾǸǾȁ ǽǺǸ ǸǿǼȁȀ ǾǽǼ
0ĊTFU ǽǻǹǹǽ ǽȀǸǸ ǽǼǽȁǾ ǾǸȁǺ
&ĊFDUJWF .BHOJUVEF ǺǿǺǹǹ ǹǸǿǾ ǺǻǺȁǾ ǹǸȀǺ
$PWFSBHF·0ĊTFU ǸǼǺǹǿ ǺǼȀ ǸǾǸǿǹ ǻǾǾ
$PWFSBHF·&ĊFDUJWF .BHOJUVEF ǹǿȁǺǿ ǻǺǸ ǸȁǸǻǿ ǺǸǺ
0ĊTFU·&ĊFDUJWF .BHOJUVEF ȀȁȀǼǺ ǺǺǺǿ ǾȁȁǻǺ Ǻǹǹǽ
$PWFSBHF·0ĊTFU·&ĊFDUJWF .BHOJUVEF ǺǹǼǿǾ ǺǽǺ ǹȀȁǾǺ ǺȀǼ
PĊTFU BOE FĊFDUJWF NBHOJUVEF BSF TUSPOHMZ OFHBUJWF BOE QPTJUJWF SFTQFDUJWFMZ CVU UIF
PĊTFUFĊFDUJWF NBHOJUVEF JOUFSBDUJPO FĊFDU JT PWFSXIFMNJOHMZ MBSHF BOE QPTJUJWF $PW
FSBHF IBT B XFBL NBSHJOBM FĊFDU PO QPXFS CVU JU FOUFST NPSF TUSPOHMZ JO UIF JOUFSBDUJPO
XJUI FĊFDUJWF NBHOJUVEF BOE JO UIF UISFFXBZ JOUFSBDUJPO
5BLFO UPHFUIFS UIFTF SFTVMUT EFNPOTUSBUF UIBU UIF QSPQPTFE NFUIPE PĊFST JNQSPWFE
QFSGPSNBODF SFMBUJWF UP UIF TUBOEBSENFUIPE JO UIF mFME GPS FTUJNBUJOH DMVTUFS MPDBUJPOT
)PXFWFS UIF QSPQPTFE NFUIPE PĊFST UIF HSFBUFTU CFOFmUT GPS FYQMPSJOH MPDBM DPODFOUSB
UJPO JO UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT BO FTUJNBOE UIBU UIF 1BS[FOXJOEPX
FTUJNBUPS DBOOPU SFMJBCMZ JOGFS
-ĠĔĒĝ ĔĠğĔĖğĥģĒĥĚĠğĤ
8F OFYU FYBNJOF UIF BCJMJUZ PG UIF QSPQPTFE NFUIPE UP EFUFDU MPDBM DPODFOUSBUJPOT JO UIF
EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT B RVBOUJmDBUJPO PG TNBMMTDBMF TUSVDUVSF 8F GPDVT
PO EFUFDUJOH TNBMM SFHJPOT PG FYDFTT MPDBM DPODFOUSBUJPO VTJOH UIF $Q,M(L) FTUJNBOE EF
mOFE JO &RVBUJPO ǹȀ 'PS UIJT BOBMZTJT XF mY M = öò BOE Q = ò BOE VTFE UIF DBMJCSBUFE
EFUFDUJPO QSPDFEVSF EFTDSJCFE JO 4FDUJPO ǹǻǼ XJUI B NBYJNVN '%3 PG ǽǶ 'PS QSJNBSZ
8F SFEVDF BOZ DPOUJHVPVT TFRVFODFT PG EFUFDUJPOT UP UIFJS NFBO QPTJUJPO GPS JOUFSQSFUBCJMJUZ ɥJT JT
DPOTFSWBUJWF JO UFSNT PG '%3 DPOUSPM BOE QSPWJEFT B NPSF TUSJOHFOU UFTU PG UIF QSPQPTFE NFUIPEPMPHZ
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6B;m`2 RXd, SQr2` pbX 2z2+iBp2 K;MBim/2 UH27iV- Hi2`MiBp2 TQbBiBQM Qzb2i U+2Mi2`V- M/
+Qp2`;2 U`B;?iV 7Q` /2i2+iBQM Q7 T`BK`v M/ Hi2`MiBp2 TQbBiBQMb ±ò#T
QPTJUJPOT XF EFDMBSF B TVDDFTTGVM EFUFDUJPO JG UIF CFTUNBUDI EJTUBODF JT MFTT UIBO ǽCQ CF
UXFFO B EFUFDUFE QPTJUJPO BOE UIF USVF QSJNBSZ QPTJUJPO 'PS BMUFSOBUJWF QPTJUJPOT XF
EFDMBSF B TVDDFTTGVM EFUFDUJPO JG UIF CFTUNBUDI EJTUBODF CFUXFFO B EFUFDUFE QPTJUJPO BOE
UIF USVF BMUFSOBUJWF QPTJUJPO JT MFTT UIBO ð/ñ PG UIF BMUFSOBUJWF QPTJUJPOT EJTUBODF GSPN
JUT QSJNBSZ QPTJUJPO 'JHVSF ǹǿ TVNNBSJ[FT PVS SFTVMUT GPS QSJNBSZ BOE BMUFSOBUJWF QPTJ
UJPOT TIPXJOH UIF QPXFS PG UIF QSPQPTFE NFUIPE BHBJOTU UIF FĊFDUJWF NBHOJUVEF PG UIF
QSJNBSZ QPTJUJPO UIF PĊTFU PG UIF BMUFSOBUJWF QPTJUJPOT BOE HFOFMFWFM DPWFSBHF 5BCMFT
ǹǻ QSPWJEFT UIF SFTVMUT PG B EFTJHOCBTFE "/07" PG UIF NFBO BCTPMVUF FSSPST PG FTUJ
NBUFE DMVTUFS MPDBUJPOT CZ HFOF BOE 5BCMF ǹǼ QSPWJEFT UIF SFTVMUT PG B MPHJTUJD SFHSFTTJPO
PG QPXFS PO UIF EFTJHO GBDUPST
1PXFS SBOHFT GSPNBQQSPYJNBUFMZ ǾǼǶ UP ǹǸǸǶ GPS QSJNBSZ QPTJUJPOT BOE GSPNBQQSPYJ
NBUFMZ ǺǶ UP ǹǸǸǶ GPS BMUFSOBUJWF QPTJUJPOT BDSPTT BMM DPNCJOBUJPOT PG GBDUPST XIJMFNFBO
BCTPMVUF QPTJUJPO FSSPST SBOHF GSPNǸǻȀȁ UP ǾǾǹCQ BOE GSPNǺǹǿ UP ǼǹȀCQ SFTQFDUJWFMZ
ɥF TFOTJUJWJUZ PG QPXFS BOE BCTPMVUF QPTJUJPO FSSPST UP UIF FYQFSJNFOUBM GBDUPST EJĊFST
CFUXFFO QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT
ǻǸ
h#H2 RXj, MHvbBb Q7 p`BM+2 Q7 #bQHmi2 TQbBiBQM 2``Q`b 7Q` i?2 /2i2+iBQM Q7 T`BK`v M/
Hi2`MiBp2 TQbBiBQMb mbBM; HQ+H +QM+2Mi`iBQM 2biBKM/bX  BM/B+i2b i?i  7+iQ` rb biiBb@
iB+HHv bB;MB}+Mi rBi? Q < ï.ïïïðX _2KBMBM; 7+iQ`b ?/ Q@pHm2b H`;2` i?M yXN8X
1SJNBSZ 1PTJUJPOT "MUFSOBUJWF 1PTJUJPOT
%G 4VN 4R ' WBMVF %G 4VN 4R ' WBMVF
$PWFSBHF ȁ ǹǼǽǻ Ǿǻ ȁ ǹǹǹǻǾ ǹȀǺǾ
0ĊTFU ȁ ǽȀǻȀ ǺǽǻǺǸ Ȁ ǻǼǾǹǽ ǾǻȀǽ
.BHOJUVEF ȁ ǹǹǾǼȁǿ ǽǸǽǻ ȁ ǿǼȀǺǾ ǹǺǺǾǿ
$PWFSBHF0ĊTFU Ȁǹ ǹǼȀ Ǹǿ ǿǺ ǽǻǻǹ ǹǹǸ
$PWFSBHF.BHOJUVEF Ȁǹ ǹǺȁǺ Ǿ Ȁǹ ǼǽǻǺ Ȁǻ
0ĊTFU.BHOJUVEF ǿǺ ǺȁǾǼ ǹǾ ǿǺ ǹǽǼǽǽǿ ǻǹǾǿ
$PWFSBHF0ĊTFU.BHOJUVEF ǾǼȀ ǹǸǼǼ ǸǾ ǾǼȀ ǻȁǾȀǹǾ ȁǸǼ
3FTJEVBMT ǹǸǸȁǸ ǺǽȀǼȀ ȀǹǸǸ ǽǼȁǸ
'PS QSJNBSZ QPTJUJPOT UIF QPXFS JODSFBTFT BT UIF FĊFDUJWF NBHOJUVEF PG UIF QSJNBSZ
QPTJUJPO JODSFBTFT BOE EFDSFBTFT BT UIF PĊTFU UP UIF BMUFSOBUJWF QPTJUJPO JODSFBTFT ɥF
"/07" SFTVMUT JO 5BCMF ǹǻ TVHHFTU UIBU UIF NBKPSJUZ PG WBSJBUJPO JO BCTPMVUF FTUJNBUJPO
FSSPST GPS QSJNBSZ QPTJUJPOT 	ǿǽǶ PG UPUBM BOE ȁǸǶ PG FYQMBJOFE
 JT ESJWFO CZ UIF SFMBUJWF
NBHOJUVEF PG QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT $PWFSBHF QMBZT B NJOPS SPMF JO UIF WBSJ
BUJPO PG UIFTF FSSPST FWFO XIFO JODMVEJOH BMM PG JUT JOUFSBDUJPOT ɥF MPHJTUJD SFHSFTTJPO
SFTVMUT JO 5BCMF ǹǼ UFMM B TJNJMBS TUPSZ XJUI FĊFDUJWF NBHOJUVEF PG UIF QSJNBSZ QPTJUJPO
BOE JUT JOUFSBDUJPO XJUI UIF PĊTFU UP UIF BMUFSOBUJWF QPTJUJPO TIPXJOH B TUSPOH QPTJUJWF
FĊFDU PO QPXFS 0UIFS FĊFDUT BSF DPOTJEFSBCMZ TNBMMFS
'PS BMUFSOBUJWF QPTJUJPOT UIF QPXFS JODSFBTFT BT FĊFDUJWF NBHOJUVEF PG UIF QSJNBSZ
QPTJUJPO UIF PĊTFU UP UIF BMUFSOBUJWF QPTJUJPO BOE UIF DPWFSBHF JODSFBTF ɥF "/07" SF
TVMUT JO 5BCMF ǹǻ TIPX UIBU UIF NBKPSJUZ PG UIF WBSJBUJPO JO BCTPMVUF FTUJNBUJPO FSSPST GPS
BMUFSOBUJWF QPTJUJPOT JT BDDPVOUFE GPS CZ UIF PĊTFUNBHOJUVEF JOUFSBDUJPO 	ǽǺǶ PG UPUBM
ǽǻǶ PG FYQMBJOFE
 XJUI UIF NBSHJOBM DPOUSJCVUJPOT PG NBHOJUVEF PĊTFU BOE DPWFSBHF
BDDPVOUJOH GPS NPTU PG UIF SFNBJOJOH WBSJBUJPO 	ǼǹǶ PG UPUBM ǼǺǶ PG FYQMBJOFE

ɥF MPHJTUJD SFHSFTTJPO SFTVMUT JO 5BCMF ǹǼ TVQQPSU UIFTF mOEJOHT BOE TIFENPSF MJHIU PO
ǻǹ
h#H2 RX9, GQ;BbiB+ `2;`2bbBQM Q7 TQr2` QM /2bB;M 7+iQ`b b +QMiBMmQmb p`B#H2b 7Q` T`BK`v
M/ Hi2`MiBp2 TQbBiBQMbX `2 `2;`2bbQ`b `2 MQ`KHBx2/ iQ ?p2 `M;2 [ï, ð]X
1SJNBSZ 1PTJUJPOT "MUFSOBUJWF 1PTJUJPOT
&TUJNBUF [ WBMVF &TUJNBUF [ WBMVF
	*OUFSDFQU
 ǹǿǸǹȀ Ǻǹǻ ǹǾǾǻǹ ǼǼǾǼ
$PWFSBHF ǸǸǼǽǾ Ǻǻǻ ǸǼǽȁǹ ǿǹǺ
0ĊTFU ǸǼǿǿȀ ǸȀǺ ǹǽǸȀȁ ǺǸǾǽ
&ĊFDUJWF .BHOJUVEF ǺǸȀǾǾ ǹǼǸǿ ǺǹǸȀǾ ǻȀǻǿ
$PWFSBHF·0ĊTFU ǸǽǽȀǽ ǹǼǺ ǹǸȁǽǻ ȀǾǼ
$PWFSBHF·&ĊFDUJWF .BHOJUVEF ǸǿǼǼȀ ǽǻǹ ǸǻǾǸȀ ǻǿǽ
0ĊTFU·&ĊFDUJWF .BHOJUVEF ǸȁǾǺǻ ǺǾǺ ǿȀǻǿǼ ǽǽǽǸ
$PWFSBHF·0ĊTFU·&ĊFDUJWF .BHOJUVEF ǸǻǺǹǿ Ǹȁǽ ȀǿǹǸȁ ǻǹȀǼ
UIF ESJWFST PG QPXFS GPS QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT ɥFNBSHJOBM FĊFDU PG FĊFDUJWF
NBHOJUVEF PG UIF QSJNBSZ QPTJUJPO JT TJNJMBS GPS QSJNBSZ BOE BMUFSOBUJWF QPTJUJPOT CVU
UIF PĊTFUFĊFDUJWF NBHOJUVEF BOE UISFFXBZ JOUFSBDUJPOT BSF GBS TUSPOHFS GPS BMUFSOBUJWF
QPTJUJPOT UIBO UIFZ BSF GPS QSJNBSZ QPTJUJPOT $PWFSBHF BMTP IBT B QSPOPVODFE FĊFDU PO
QPXFS GPS BMUFSOBUJWF QPTJUJPOT CPUI NBSHJOBMMZ BOE UISPVHI UIF JOUFSBDUJPO UFSNT
5BLFO UPHFUIFS UIFTF SFTVMUT EFNPOTUSBUF UIBU UIF QSPQPTFE NFUIPE DBO EFUFDU MPDBM
DPODFOUSBUJPOT JO UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT BDSPTT B CSPBE SBOHF PG SFBMJT
UJD DPOEJUJPOT 8F DBO SFMJBCMZ EFUFDU BOE FTUJNBUF UIF MPDBUJPOT QSJNBSZ QPTJUJPOT XJUI
BWFSBHF QPXFS PWFS ȁǸǶ BOE BWFSBHF BCTPMVUF QPTJUJPO FSSPST PG POMZ ǺǹCQ "MUIPVHI
BMUFSOBUJWF QPTJUJPOT BSF NPSF EJċDVMU UP EFUFDU UIF QSPQPTFE NFUIPE QSPWJEFT SFMJBCMF
JOGFSFODFT BCPVU UIFJS QPTJUJPOT BT XFMM ZJFMEJOH BO BWFSBHF QPXFS PG ǿǾǶ BOE NFBO BC
TPMVUF QPTJUJPO FSSPST PG ǾǸCQ 8F EJTDVTT UIF JNQMJDBUJPOT PG UIFTF DBQBCJMJUJFT GPS CJP
MPHJDBM BOBMZTFT JO 4FDUJPO ǹǽ
ǹǼǼ 3ĖġģĠĕĦĔĚēĚĝĚĥĪ ĒğĒĝĪĤĚĤ
8F DPNQBSFE UIF SFQSPEVDJCJMJUZ PG FTUJNBUFT PG DMVTUFSMFWFM QSPQFSUJFT GSPN UIF QSP
QPTFE NFUIPE UP UIPTF GSPN B 1BS[FOXJOEPX FTUJNBUPS BOE BTTFTTFE UIF SFQSPEVDJCJM
ǻǺ
JUZ PG FTUJNBUFE MPDBM DPODFOUSBUJPO MPDBUJPOT GSPN UIF QSPQPTFE NFUIPE 'PS UIJT DPN
QBSJTPO XF VTFE NFBTVSFNFOUT GSPN UXP EJTUJODU TBNQMFT 	CJPMPHJDBM SFQMJDBUFT JOEFYFE
CZ J
 FBDI PG XIJDI XBT TFRVFODFE UXJDF 	UFDIOJDBM SFQMJDBUFT JOEFYFE CZ K
 ɥJT EFTJHO
ZJFMET GPVS EBUB TFUT )JK GPS J, K = ð, ñ XIJDI BMMPX GPS UXP DPNQBSJTPOT XJUIJO CJPMPHJDBM
SFQMJDBUFT 	JF)ðð WFSTVT)ðñ BOE)ñð WFSTVT)ññ
 BOE GPVS DPNQBSJTPOT BDSPTT CJPMPHJDBM
SFQMJDBUFT #JPMPHJDBM SFQMJDBUFT IBWF EJĊFSFOU MFWFMT PG FO[ZNBUJD EJHFTUJPO BMMPXJOH VT UP
EJSFDUMZ BTTFTT HBJOT JO SPCVTUOFTT GSPN FTUJNBUJPO PG UIF EJHFTUJPO WBSJBCJMJUZ UFNQMBUF
JOUSPEVDFE JO 4FDUJPO ǹǺǹ
8F FYBNJOF UIF SFQSPEVDJCJMJUZ PG JOGFSFODFT PO DMVTUFSMFWFM BOE MPDBM DPODFOUSBUJPO
FTUJNBOET JO 4FDUJPOT ǹǼǼ BOE ǹǼǼ SFTQFDUJWFMZ 'PS UIFTF BOBMZTFT XF mSTU NBUDIFE
JOGFSSFE QPTJUJPOT XJUIJO QBJST PG SFQMJDBUFT 8F UIFO UPPL UIF VOJPO PG BMM NBUDIFE QP
TJUJPOT XJUIJO FBDI QBJS PG SFQMJDBUFT BT B CBTJT GPS TVCTFRVFOU BOBMZTFT GPS JOTUBODF UP
FTUJNBUF UIF EJTUSJCVUJPO PG EJTUBODFT CFUXFFO NBUDIFE QPTJUJPOT BOE UIF DPSSFMBUJPOT
PG JOGFSSFE NFBTVSFT BTTPDJBUFE XJUI FBDI QPTJUJPO ɥF TBNF NBUDIJOH QSPDFEVSF XBT
VTFE GPS JOGFSFODFT PO CPUI DMVTUFSMFWFM QSPQFSUJFT BOE MPDBM DPODFOUSBUJPOT 8F QSFTFOU
EFUBJMFE SFTVMUT GPS FBDI DMBTT PG FTUJNBOE CFMPX
$ĝĦĤĥĖģĤ
8FBTTFTTFE UIF SFQSPEVDJCJMJUZ PG FTUJNBUFE DMVTUFS QPTJUJPOT BOE DMVTUFSMFWFM TVNNBSJFT
GSPN CPUI PVSNFUIPE BOE UIF TUBOEBSE 1BS[FOXJOEPX UFDIOJRVF 'PS UIF GPSNFS BMM FT
UJNBUFT BSF QPTUFSJPSNFBOT PG UIF FTUJNBOET TQFDJmFE JO &RVBUJPOT ǹȁoǹǹǹ 	-J,K 4J,K BOE
3J,K,R
 VTJOH B XJOEPX PG ±öòCQ BSPVOE FBDI FTUJNBUFE DMVTUFS DFOUFS 8F TFU R = ï.ø GPS
UIF TQBSTJUZ FTUJNBOE 'PS UIF MBUUFS XF FTUJNBUFE DMVTUFSMFWFM QSPQFSUJFT VTJOH UIF PC
TFSWFE SFBE DPVOUT !Z EJSFDUMZ UP PCUBJO FTUJNBUFT PG UIF MPDBMJ[BUJPO TQBSTJUZ BOE TUSVD
UVSF JOEJDFT EFTDSJCFE JO 4FDUJPO ǹǺǻ GPS UIF DMVTUFST JEFOUJmFE CZ UIF 1BS[FOXJOEPX
NFUIPE *O BEEJUJPO UP NBUDIJOH JOGFSSFE QPTJUJPOT CFUXFFO SFQMJDBUFT GPS FBDI NFUIPE
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6B;m`2 RX3, CQBMi /Bbi`B#miBQMb Q7 HQ+H- bi`m+im`2- M/ bT`bBiv BM/B+2b 7Q` Ki+?2/ +Hmbi2`b
#2ir22M #BQHQ;B+H `2THB+i2b 7Q` KQ/2H@#b2/ UiQTV M/ S`x2M rBM/Qrf`2/@#b2/ U#QiiQKVX
BT EFTDSJCFE BCPWF XF BMTP NBUDIFE JOGFSSFE QPTJUJPOT CFUXFFO NFUIPET XJUIJO FBDI
SFQMJDBUF UP BTTFT UIF DPNQBSBCJMJUZ PG FTUJNBUFT PCUBJOFE CZ UIF EJĊFSFOU NFUIPET 0VS
SFTVMUT BSF TVNNBSJ[FE JO 'JHVSF ǹȀ
*OGFSSFE DMVTUFS QPTJUJPOT XFSF IJHIMZ SFQSPEVDJCMF XJUI B NFBO CFTUNBUDI EJTUBODF PG
ðô.öñ±ï.ðóCQ BOENFEJBO CFTUNBUDI EJTUBODF PG ǼCQ CFUXFFO CJPMPHJDBM SFQMJDBUFT BOE
PG ðó.òï ± ï.ñCQ BOE ǻCQ SFTQFDUJWFMZ CFUXFFO UFDIOJDBM SFQMJDBUFT 8JUI UIF QSPQPTFE
NFUIPE ȁǸǶPG DMVTUFSTXFSFNBUDIFEXJUIJO ǼǼCQ BDSPTT CJPMPHJDBM SFQMJDBUFT BOEXJUIJO
ǻǽCQ BDSPTT UFDIOJDBM SFQMJDBUFT ɥFTF SFTVMUT BSF DPNQBSBCMF UP UIF UIPTF PCUBJOFE XJUI
B 1BS[FOXJOEPX FTUJNBUPS XIJDI BDIJFWFT NFBO BOE NFEJBO CFTUNBUDI EJTUBODFT PG
ðô.ñó ± ï.ðóCQ BOE ǼCQ CFUXFFO CJPMPHJDBM SFQMJDBUFT BOE PG ðò.ø÷ ± ï.ðøCQ BOE ȀCQ
SFTQFDUJWFMZ CFUXFFO UFDIOJDBM SFQMJDBUFT *OGFSSFE DMVTUFS QPTJUJPOT XFSF BMTP DPOTJTUFOU
BDSPTT NFUIPET XJUIJO FBDI SFQMJDBUF XJUI NFBO BOE NFEJBO CFTUNBUDI EJTUBODFT PG
ò.ðð ± ï.ïöCQ BOE ǹCQ "DSPTT NFUIPET ȁǸǶ PG JOGFSSFE DMVTUFS QPTJUJPOT XFSF NBUDIFE
XJUIJO ǺCQ BOE ȁǽǶ XFSF NBUDIFE XJUIJO ǻCQ
$MVTUFSMFWFM QSPQFSUJFT IPXFWFS TIPXFE TJHOJmDBOU EJĊFSFODFT CFUXFFO UIF NPEFM
ǻǼ
CBTFE BOE 1BS[FOXJOEPX FTUJNBUFT CPUI JO UFSNT PG SFQSPEVDJCJMJUZ BOE DPNQBSBCJMJUZ
BT 'JHVSF ǹȀ TIPXT ɥF NPEFMCBTFE FTUJNBUPS PG UIF MPDBMJ[BUJPO FTUJNBOE - TIPXFE
UIF HSFBUFTU SFQSPEVDJCJMJUZ XJUI BO 3ñ PG ï.öõô ± ï.ïïñ CFUXFFO NBUDIFE DMVTUFST GPS
CJPMPHJDBM SFQMJDBUFT 	ï.öøø ± ï.ïïñ GPS UFDIOJDBM SFQMJDBUFT
 QFSGPSNJOH CFUUFS UIBO UIF
SFBECBTFE FTUJNBUFT XIJDI IBE 3ñT PG ï.öðò± ï.ïïò BOE ï.öóô± ï.ïïô SFTQFDUJWFMZ ɥF
NPEFMCBTFE FTUJNBUPS PG UIF TUSVDUVSF FTUJNBOE 4 XBT DMPTF CFIJOE XJUI 3ñT PG ï.öóø±
ï.ïïñ BOE ï.öøô ± ï.ïïñ GPS CJPMPHJDBM BOE UFDIOJDBM SFQMJDBUFT )PXFWFS UIF SFBECBTFE
FTUJNBUPS PG 4 GBSFE DPOTJEFSBCMZ XPSTF XJUI 3ñT PG POMZ ï.õõó±ï.ïïò BOE ï.õø÷±ï.ïïó
SFTQFDUJWFMZ ɥFNPEFMCBTFE FTUJNBUPS PG UIF TQBSTJUZ FTUJNBOE3 TIPXFE UIF MBSHFTU HBQ
JO SFQSPEVDJCJMJUZ CFUXFFO NPEFMCBTFE BOE SFBECBTFE FTUJNBUPST XJUI 3ñT PG ï.öñï ±
ï.ïïñ BOE ï.öòõ ± ï.ïïñ GPS UIF NPEFMCBTFE NFUIPE 	CFUXFFO CJPMPHJDBM BOE UFDIOJDBM
SFQMJDBUFT
 BOE 3ñT PG POMZ ï.óïò± ï.ïïö BOE ï.ôñõ± ï.ïïô GPS UIF SFBECBTFE FTUJNBUPS
SFTQFDUJWFMZ
-PDBMJ[BUJPO 	-
 XBT BMTP UIF NPTU DPNQBSBCMF GFBUVSF CFUXFFO UIF NPEFMCBTFE BOE
SFBECBTFE FTUJNBUPSTXJUI B 4QFBSNBO DPSSFMBUJPO PG ï.øôï±ï.ïïðXJUIJO SFQMJDBUFT ɥJT
DBO CF TFFO HSBQIJDBMMZ JO UIF MFGUNPTU QBOFMT PG 'JHVSF ǹȀ UIF SFBECBTFE MPDBMJ[BUJPO
JOEFY JT OPJTJFS UIBO UIF NPEFMCBTFE POF CVU UIFJS EJTUSJCVUJPOT BQQFBS PUIFSXJTF DPN
QBSBCMF ɥF TUSVDUVSF JOEFY 	4
 XBTNPEFSBUFMZ DPNQBSBCMF CFUXFFO UIFNPEFMCBTFE BOE
SFBECBTFE FTUJNBUPST XJUI B 4QFBSNBO DPSSFMBUJPO PG ï.ö÷ó± ï.ïïð ɥF NBHOJUVEFT PG
UIFTF FTUJNBUPST BSF MFTT DPNQBSBCMF UIBO UIF DPSSFMBUJPO TVHHFTUT XJUI UIF NPEFMCBTFE
FTUJNBUPS TQBOOJOH OFBSMZ ǻ UJNFT UIF SBOHF PG UIF SFBECBTFE POF ɥF TQBSTJUZ JOEFY 	3

XBT CBSFMZ DPNQBSBCMF CFUXFFO FTUJNBUPST BT POF XPVME FYQFDU GSPN UIF NJEEMF QBOFMT
PG 'JHVSF ǹȀ *UT 4QFBSNBO DPSSFMBUJPO XBT POMZ ï.ñð÷ ± ï.ïïò BOE UIF SFBECBTFE FTUJ
NBUPS TQBOOFE B GBS XJEFS SBOHF PG WBMVFT UIBO UIF NPEFMCBTFE POF ɥFTF EJĊFSFODFT
BSJTF CFDBVTF UIFNPEFMCBTFE BOE SFBECBTFE FTUJNBUPST BSF BDUVBMMZ FTUJNBUJOH EJĊFSFOU
RVBOUJUJFT 3FBECBTFE FTUJNBUPST BSF FTUJNBUJOH QSPQFSUJFT PG CPUI UIF FYQFSJNFOUBM FS
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6B;m`2 RXN, 1KTB`B+H *.6b Q7 #2bi@Ki+? /BbiM+2b #2ir22M /2i2+i2/ HQ+H +QM+2Mi`iBQMb
7Q` i2+?MB+H U`2/V M/ #BQHQ;B+H U#Hm2V `2THB+i2bX
SPST BOE UIF EJTUSJCVUJPO PG QPTJUJPOT XIFSFBT UIF NPEFMCBTFE FTUJNBUPST BSF UBSHFUJOH
POMZ UIF VOEFSMZJOH EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT
ɥFTF SFTVMUT TIPX UIBU UIF QSPQPTFE NFUIPET QSPWJEF SFQSPEVDJCMF JOGFSFODFT BCPVU
UIF MPDBM TUSVDUVSF PG OVDMFPTPNF QPTJUJPOT BDSPTT WBSJBUJPO GSPN CJPMPHJDBM BOE UFDIOJ
DBM TPVSDFT JODMVEJOH FYQMJDJU DIBOHFT UP UIF EFHSFF PG FO[ZNBUJD EJHFTUJPO ɥFZ TJHOJm
DBOUMZ PVUQFSGPSN TUBOEBSE 1BS[FOXJOEPX BOE SFBECBTFE FTUJNBUPST JO UIJT SFHBSE BOE
QSPWJEF B SJDIFS NPSF BDDVSBUF WJFX PG UIF USVF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT
-ĠĔĒĝ ĔĠğĔĖğĥģĒĥĚĠğĤ
ɥF MPDBUJPOT PG EFUFDUFE MPDBM DPODFOUSBUJPOT 	CBTFE PO $ò,ðóö(L)
 BSF IJHIMZ SFQSPEVDJCMF
BDSPTT CPUI CJPMPHJDBM BOE UFDIOJDBM SFQMJDBUFT ɥFTF SFTVMUT BSF TVNNBSJ[FE JO 'JHVSF
ǹȁ XIFSF XF DPNQBSF UIF EJTUSJCVUJPOT PG CFTUNBUDI EJTUBODFT CFUXFFO CJPMPHJDBM BOE
UFDIOJDBM SFQMJDBUFT
8F PCTFSWF IJHIFS SFQSPEVDJCJMJUZ CFUXFFO UFDIOJDBM SFQMJDBUFT UIBO CFUXFFO CJPMPHJDBM
SFQMJDBUFT XJUI NFEJBO CFTUNBUDI EJTUBODFT PG ǹCQ BOE ǺCQ SFTQFDUJWFMZ 'PS CJPMPHJDBM
SFQMJDBUFT ǿǽǶ PG QPTJUJPOT XFSF NBUDIFE XJUIJO ǹǸCQ ȀǸǶ XFSF NBUDIFE XJUIJO ǹǽCQ
ǻǾ
BOE ȁǸǶ XFSF NBUDIFE XJUIJO ǻǻCQ 'PS UFDIOJDBM SFQMJDBUFT UIF DPSSFTQPOEJOH RVBO
UJMFT XFSF ǾCQ ǹǹCQ BOE ǻǸCQ ɥFTF SFTVMUT EFNPOTUSBUF UIF SFMJBCJMJUZ PG UIF QSPQPTFE
NFUIPE JO BOBMZ[JOH IJHIUISPVHIQVU TFRVFODJOH EBUB BOE QSPWJEF DPOmEFODF UIBU UIF
TNBMMTDBMF EFUBJMT PG OVDMFPTPNF QPTJUJPOJOH JEFOUJmFE CZ UIF QSPQPTFE NFUIPE SFQSF
TFOU SFBM CJPMPHJDBM TUSVDUVSF
ǹǽ $ĠğĔĝĦĕĚğĘ 3ĖĞĒģĜĤ
8F IBWF QSFTFOUFE BO BQQSPBDI UP NPEFMJOH BOE NBLJOH JOGFSFODFT BCPVU UIF HFOPNF
XJEF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT GSPN QBJSFEFOE TFRVFODJOH EBUB ɥF SFTVMUT
QSFTFOUFE JO 4FDUJPO ǹǼ EFNPOTUSBUF UIF VUJMJUZ PG UIF QSPQPTFE NFUIPET GPS CJPMPHJDBM
BOBMZTFT QBSUJDVMBSMZ UIF SFQSPEVDJCJMJUZ PG JUT JOGFSFODFT BDSPTT FYQFSJNFOUBM DPOEJUJPOT
#FMPX XF FYQBOE PO TFWFSBM CSPBEFS QPJOUT UIBU IBWF JOGPSNFE UIF EFWFMPQNFOU PG UIFTF
NFUIPET JODMVEJOH UIF MBDL PG VUJMJUZ PG TJOHMFDFMM DPOTUSBJOUT JO UIF BOBMZTFT PG NFBTVSF
NFOUT PO DFMM QPQVMBUJPOT UIF SFMBUJPOTIJQ CFUXFFO FTUJNBOET PG JOUFSFTU BOE UIF QFSGPS
NBODF HBJOT TUFNNJOH GSPNNPEFMCBTFE JOGFSFODFT PO UIFN BOE UIF SPMF PG EJTUSJCVUFE
DPNQVUJOH JO JOGFSFODF XJUI NBTTJWF IJHIEJNFOTJPOBM EBUB
ǹǽǹ .ĠĕĖĝĚğĘ
8F FYQMJDJUMZ DIPPTF OPU UP JODMVEF QSJPS JOGPSNBUJPO PO OVDMFPTPNF TQBDJOH JO UIJT
NPEFM 1SFWJPVT XPSL IBT VTFE UIF FNQJSJDBMMZPCTFSWFE ǹǽǸǺǸǸCQ TQBDJOH CFUXFFO OV
DMFPTPNFT XJUIJO JOEJWJEVBM DFMMT UP DPOTUSBJO JOGFSFODFT PO OVDMFPTPNF QPTJUJPOT 	FH
TFF 4IJWBTXBNZ FU BM ǺǸǸȀ :VBO FU BM ǺǸǸǽ
 *O UIF QSFTFODF PG BMUFSOBUJWF OVDMFP
TPNF QPTJUJPOJOH BOE DISPNBUJO EZOBNJDT IPXFWFS DPOTUSBJOUT PO TQBDJOH UIBU IPME PO
B TJOHMFDFMM MFWFM OFFE OPU IPME BGUFS BHHSFHBUJPO BDSPTT B QPQVMBUJPO PG DFMMT XIJDI JT
XIFSF NFBTVSFNFOUT BSF UBLFO 8JUI TFRVFODJOH DPWFSBHF PO UIF PSEFS PG ǹǸoǹǸǸ POMZ
ǻǿ
B UJOZ GSBDUJPO PG UIF DFMMT JO UIF QPQVMBUJPO DPOUSJCVUF UP UIF PCTFSWFE EBUB XJUIJO FBDI
TNBMM SFHJPO PG UIF HFOPNF ɥF QSPCBCJMJUZ PG PCTFSWJOH FWFO UXP SFBET GSPN UIF TBNF
DFMM XJUIJO GPS JOTUBODF B TJOHMF 03' JTNJOVTDVMF "T B SFTVMU TJOHMFDFMM DPOTUSBJOUT QSP
WJEF GFX DPOTUSBJOUT PO UIF SBOHF PG QSPCBCMF PCTFSWBUJPOT JO IJHIUISPVHIQVU TFRVFODJOH
FYQFSJNFOUT ɥVT UIF QSPQPTFENPEFM EPFT OPU VTF JOGPSNBUJPO PO FYQFDUFE TFQBSBUJPO
BNPOH OVDMFPTPNFT BMPOH UIF TFRVFODF UP DPOTUSBJO UIF JOGFSSFE OVDMFPTPNF QPTJUJPOT
*OTUFBE XF PQU GPS B TJNQMFS IJFSBSDIJDBM TUSVDUVSF XJUIJO FBDI TFHNFOU NPEFMJOH MPDBMMZ
TIBSFE EJTUSJCVUJPOT PG OVDMFPTPNF MPDBMJ[BUJPO
ɥF QSPQPTFE NFUIPE VTFT JOGPSNBUJPO BCPVU UIF GSBHNFOU MFOHUIT CFUXFFO CZ QBJST
PG SFBET UIBU JT QSPWJEFE CZ QBJSFEFOE TFRVFODJOH UFDIOPMPHZ UP JOGFS UIF FĊFDUT PG FO[Z
NBUJD EJHFTUJPO PO UIF NFBTVSFNFOUT!Z .BOZ TUVEJFT IPXFWFS VTF TJOHMFFOE TFRVFOD
JOH UFDIOPMPHZ XIJDI EPFT OPU QSPWJEF GSBHNFOU MFOHUIT *O SFMBUFE XPSL 	;IPV FU BM
ǺǸǹǺ
 XF IBWF EFWFMPQFE BO BQQSPBDI UP FTUJNBUF UIF EJHFTUJPO WBSJBCJMJUZ UFNQMBUF!U
GPS TJOHMFFOE EBUB VTJOH BO BMUFSOBUJWF TPVSDF PG GSBHNFOUMFOHUI JOGPSNBUJPO #JPBOB
MZ[FS UFDIOPMPHZ 	FH .VFMMFS ǺǸǸǸ
 ɥF NPEFM BOE JOGFSFODF QSFTFOUFE JO 4FDUJPOT ǹǺ
BOE ǹǻ DBO CF BEBQUFE UP UIJT TJOHMFFOE DPOUFYU XJUI BO BQQSPQSJBUF NPEJmDBUJPO PG UIF
UFNQMBUF!U BOE PG UIF EJHFTUJPO NBUSJY 9
ǹǽǺ &ĤĥĚĞĒğĕĤ
*O EFmOJOH UIF FTUJNBOET PG CJPMPHJDBM JOUFSFTU XF BJNFE BU TFQBSBUJOH QSPQFSUJFT PG UIF
EJTUSJCVUJPO PG PCTFSWFE SFBET XIJDI JODMVEF UIF FĊFDUT PG FO[ZNBUJD EJHFTUJPO 1$3
BOE TFRVFODJOH GSPN UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT XIJDI JT UIF USVF UBSHFU
PG CJPMPHJDBM JOWFTUJHBUJPOT &YJTUJOH FTUJNBUPST EFmOFE EJSFDUMZ BT GVODUJPOT PG UIF SFBE
DPVOUT DPOGPVOE UIFTF EJTUSJCVUJPOT JNQBJSJOH SFQSPEVDJCJMJUZ PG UIF BOBMZTJT BOE VMUJ
NBUFMZ UIFJS VUJMJUZ GPS TDJFOUJmD FYQMPSBUJPO *O UIF NPEFM JOUSPEVDFE JO 4FDUJPO ǹǺ UIF
EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT DPSSFTQPOET UP UIF !β WFDUPS XIJMF UIF UFNQMBUF !U
ǻȀ
BOE UIF SFNBJOJOH FSSPS TUSVDUVSF DBQUVSF PUIFS TPVSDFT PG FYQFSJNFOUBM WBSJBUJPO ɥF
FTUJNBOET QSFTFOUFE JO 4FDUJPO ǹǺǻ BSF GVODUJPOT POMZ PG UIF USVF VOEFSMZJOH !β BOE BSF
UIVT VOBĊFDUFE CZ WBSJBUJPO EVF UP UIF FYQFSJNFOUBM QSPDFTT BU MFBTU JO QSJODJQMF #FMPX
XF EJTDVTT UXP TVCUMF QPJOUT PO UIF DPOTUSVDUJPO PG UIFTF FTUJNBOET
'JSTU UIFSF JT B LFZ EJTUJODUJPO CFUXFFO DMVTUFSCBTFE FTUJNBOET TVDI BT -J,K 4J,K BOE
3J,K,R BOE PUIFS TVNNBSJFT PG MPDBM TUSVDUVSF TVDI BT UIPTF CBTFE PO $Q,M(L) $MVTUFSCBTFE
FTUJNBOET DBQUVSF UIF QSPQFSUJFT PG UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOTXJUIJO TNBMM
SFHJPOT JEFOUJmFE CZ B DMVTUFSJOH BMHPSJUIN ɥFTFNFBTVSFE EFQFOE PO UIF QBSUJDVMBS EFG
JOJUJPO PG iDMVTUFSw BOE PO UIF DMVTUFSJOH NFUIPE VTFE ɥF TFOTJUJWJUZ PG UIFTF FTUJNBOET
UP UIFTF DIPJDFT JT QSPCMFNBUJD JO QSBDUJDF BOE mOFHSBJOFE TUSVDUVSF JT MPTU JO UIF SFEVD
UJPO PG EBUB UP DMVTUFST )PXFWFS UIJT SFEVDUJPO DBO TJNQMJGZ TVCTFRVFOU JOUFSQSFUBUJPO
*O DPOUSBTU FTUJNBOET TVDI BT UIF MPDBM DPODFOUSBUJPO JOEFY $Q,M(L) TVNNBSJ[F UIF MPDBM
TUSVDUVSF PG UIF OVDMFPTPNF QPTJUJPO EJTUSJCVUJPO XJUIPVU SFMZJOH PO B DMVTUFSJOH DSJUF
SJPO ɥFZ MFBE UP SFQSPEVDJCMF BOBMZTFT BOE DBO CF SFMJFE VQPO GPS TDJFOUJmD EJTDPWFSZ PG
TNBMMTDBMF GFBUVSFT 8F CFMJFWF UIBU UIFTF DMBTTFT PG FTUJNBOET BSF NPTU VTFGVM JO DPNCJ
OBUJPO QSPWJEJOH DPNQMFNFOUBSZ WJFXT PO UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT
4FDPOE XF IBWF GPVOE UIBU UIF NBHOJUVEF PG UIF QFSGPSNBODF HBJOT TUFNNJOH GSPN
NPEFMCBTFE JOGFSFODFT EFQFOET TUSPOHMZ PO UIF FTUJNBOE PG JOUFSFTU 'PS JOTUBODF UIF
QSPQPTFE NFUIPE PVUQFSGPSNT SFBECBTFE FTUJNBUPST JO UFSNT PG QPXFS BOE FSSPS XIFO
UBSHFUJOH PVS DMVTUFSMFWFM MPDBMJ[BUJPO FTUJNBOET - CVU UIF EJĊFSFODF JO SFQSPEVDJCJMJUZ
JT OPU PWFSXIFMNJOH )PXFWFS UIF JODSFBTF JO SFQSPEVDJCJMJUZ POF DBO FYQFDU GSPN UIF
QSPQPTFE NFUIPE JT TVCTUBOUJBM XIFO UBSHFUJOH TUSVDUVSF BOE TQBSTJUZ NFBTVSFT 4 BOE 3
ɥJT SFnFDUT UIF HSFBUFS TFOTJUJWJUZ PG SFBECBTFE FTUJNBUPST PG TUSVDUVSF BOE TQBSTJUZ UP
PCTFSWBUJPO OPJTF *O BEEJUJPO BT XF IBWF TIPXO JO 4FDUJPO ǹǼǻ BOE ǹǼǼ UIF QSPQPTFE
NFUIPE DBO QSPWJEF SFQSPEVDJCMF JOGFSFODFT BCPVU JOEJWJEVBM MPDBM GFBUVSFT MFTT UIBO ǹǸCQ
XJEF XIFO JOGFSFODF PO QSPQFSUJFT PG UIF EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT BU TVDI B
ǻȁ
mOF SFTPMVUJPO IBT CFFO TP GBS DPOTJEFSFE JOGFBTJCMF XJUI SFBECBTFE FTUJNBUPST .PSF
HFOFSBMMZ UIF NPSF TFOTJUJWF BO FTUJNBOE JT UP PCTFSWBUJPO OPJTF UIF HSFBUFS UIF QFSGPS
NBODF HBJOT FYQFDUFE GSPN VTJOH UIF QSPQPTFE NFUIPE
0VS SFTVMUT TVHHFTU UIBU DBSFGVM QSPCBCJMJTUJD NPEFMJOH PG UIF DPSF TPVSDFT PG FYQFSJ
NFOUBM WBSJBUJPO DBO FOBCMF OFX UZQFT PG TDJFOUJmD JOGFSFODFT
ǹǽǻ *ğėĖģĖğĔĖ
ɥF VTF PG EJTUSJCVUFE DPNQVUJOH XBT FTTFOUJBM GPS PVS NFUIPE BT JU BMMPXFE VT UP TBNQMF
GSPN UIFNBSHJOBM QPTUFSJPS PG !β JO POMZ NJOVUFT QFS DISPNPTPNF 8F MFWFSBHFE UIF DPO
EJUJPOBM JOEFQFOEFODF TUSVDUVSF PG PVS NPEFM UP DSFBUF BO FċDJFOU TDBMBCMF EJTUSJCVUFE
.$.$ TBNQMFS ɥJT TUSVDUVSF TUFNT GSPN UIF mOJUF MFOHUI PG UIF EJHFTUJPO WBSJBCJMJUZ
UFNQMBUF!U "T UIF UFNQMBUF JT ñX + ð XJEF TVCWFDUPST PG !β TFQBSBUFE CZ BU MFBTU ñX CBTF
QBJST BSF DPOEJUJPOBMMZ JOEFQFOEFOU B QPTUFSJPSJ HJWFO (!,!σñ) ɥVT XF DBO VQEBUF DPMMFD
UJPOT PG TVDI TVCWFDUPST JOEFQFOEFOUMZ BDSPTT IVOESFET PG QSPDFTTPST ɥF DPNNVOJDB
UJPO DPTUT JOWPMWFE JO UIJT QSPDFEVSF BSF MPX BT POMZ FBDI TVCWFDUPS 	QBEEFE CZ X FOUSJFT
PO FBDI FOE
 BOE UIF SFMFWBOU FOUSJFT PG (!,!σñ) BSF OFFEFE GPS FBDI VQEBUF
5P VQEBUF FBDI TVCWFDUPS PG !β JO PVS .$.$ XF VTF B TJNQMF ).$ TUFQ #FDBVTF PG
UIF DPOWPMVUJPO TUSVDUVSF PG 9 DPNQVUBUJPO PG UIF DPOEJUJPOBM QPTUFSJPS BOE JUT HSBEJ
FOU GPS #FOUSJFTMPOH TVCWFDUPST PG !β TDBMF BT 0(# MPH#) 'PS B mYFE CMPDL TJ[F # BEEJOH
QSPDFTTPST JO QSPQPSUJPO UP UIF MFOHUI PG UIF DISPNPTPNF CFJOH BOBMZ[FE NBJOUBJOT DPO
TUBOU SVOUJNF *O BEEJUJPO UIF QSPQPTFE NFUIPE IBT DPOTUBOU SVOUJNF XJUI SFTQFDU UP
UIF OVNCFS PG GSBHNFOUT PCTFSWFE PNJUUJOH BMJHONFOU "T TIPXO JO 4FDUJPO ǹǼǺ UIJT
TDBMBCMF JOGFSFODF TUSBUFHZ MFBET UP B IJHIRVBMJUZ TBNQMFS
8F QSPQPTF B DPNCJOBUJPO PG #BZFTJBO BOE GSFRVFOUJTU UFDIOJRVFT GPS UIF EFUFDUJPO PG
MPDBM DPODFOUSBUJPOT PG OVDMFPTPNFT 8F VTF UIF MPDBM DPODFOUSBUJPO FTUJNBOET $Q,M(L) UP
EFmOF UIF TUSVDUVSF PG JOUFSFTU 8F UIFO VTF ESBXT GSPN UIF QBSBMMFM ).$ TBNQMFS UP FTUJ
ǼǸ
NBUF UIF QPTUFSJPS QSPCBCJMJUJFT PG UIFTF FTUJNBOET FYDFFEJOH UIFJS FYQFDUFE WBMVF VOEFS
B MPDBMMZ VOJGPSN EJTUSJCVUJPO PG OVDMFPTPNF QPTJUJPOT *OTUFBE PG VTJOH UIFTF FTUJNBUFE
QPTUFSJPS QSPCBCJMJUJFT UP NBLF JOGFSFODFT EJSFDUMZ XF DBMJCSBUF UIFN VTJOH GSFRVFOUJTU
NVMUJQMF UFTUJOH UFDIOJRVFT 	4UPSFZ BOE 5JCTIJSBOJ ǺǸǸǻ
 *OTUFBE PG SFMZJOH VQPO UIF
NPEFM UP QSPWJEF B OVMM EJTUSJCVUJPO GPS TVDI DBMJCSBUJPO XF BEPQU B EBUBEFQFOEFOU QFS
NVUBUJPO OVMM JO UIF TQJSJU PG 'JTIFST FYBDU UFTU ɥF DBMJCSBUJPO TUFQ QSPWJEFT HVBSBOUFFT
PO UIF CFIBWJPS PG UIF EFUFDUJPO QSPDFEVSF VOEFS B QFSNVUBUJPO OVMM BOE USBOTGPSNT PVS
#BZFTJBO QPTUFSJPS QSPCBCJMJUJFT UP UIF NPSF TUBOEBSE JOUFSQSFUBCMF TDBMF PG '%3T BOE
RWBMVFT
ɥF QSBHNBUJD BQQSPBDI UP EFUFDUJPO EFTDSJCFE BCPWF JT POF TUFQ JO PVS CSPBEFS BQ
QSPBDI UP UIF BOBMZTJT PG OVDMFPTPNF QPTJUJPOJOH 'JSTU XF VTFE B QSPCBCJMJUZ NPEFM UP
CVJME TUBUJTUJDT UIBU EJSFDUMZ UBSHFU UIF TDJFOUJmD FTUJNBOET PG JOUFSFTU BOE QFSGPSNFE
JOGFSFODF XJUI .$.$ 4FDPOE XF VTFE QFSNVUBUJPOT UP EFmOF B SFGFSFODF EJTUSJCVUJPO
CBTFE PO UIF PCTFSWFE EBUB BOE UIF TFHNFOUBUJPO BOE EFUFDU MPDBM DPODFOUSBUJPOT PG OV
DMFPTPNF QPTJUJPOT ɥJSE XF FWBMVBUFE UIF QPXFS BDDVSBDZ BOE SFQSPEVDJCJMJUZ PG JOGFS
FODFT GSPN PVS NFUIPE VTJOH CJPMPHJDBMMZNPUJWBUFE TJNVMBUJPOT BOE UFDIOJDBM BOE CJP
MPHJDBM SFQMJDBUFT &BDI TUFQ JO UIJT TUSBUFHZ SFnFDUT MFTT SFMJBODF VQPO NPEFMJOH BTTVNQ
UJPOT BOE B HSFBUFS FNQIBTJT PO FYUFSOBM WBMJEJUZ ɥF TVDDFTT PG UIJT TUSBUFHZ JT SFnFDUFE
JO UIF FNQJSJDBM SFTVMUT BOE TJNVMBUJPO TUVEJFT QSFTFOUFE JO 4FDUJPO ǹǼ 8F PCUBJO BDDV
SBUF SFQSPEVDJCMF TDBMBCMF JOGFSFODFT BCPVU UIF HFOPNFXJEF EJTUSJCVUJPO PG OVDMFPTPNF
QPTJUJPOT XJUI XFMMTUVEJFE PQFSBUJOH DIBSBDUFSJTUJDT QSPWJEJOH OFX DBQBCJMJUJFT UP UIJT
BSFB PG CJPMPHZ
Ǽǹ
2
"CTPMVUF QSPUFJO RVBOUJUBUJPO *OGFSFODF XJUI
OPOJHOPSBCMF NJTTJOH EBUB JO IJHI
UISPVHIQVU QSPUFPNJDT
Ǻǹ *ğĥģĠĕĦĔĥĚĠğ
1SPUFJOT BSF UIF MFBEJOH BDUPST JO DFMMVMBS QSPDFTTFT NBLJOH UIFN B QSJNF UBSHFU GPS CJP
MPHJDBM JOWFTUJHBUJPO 6OEFSTUBOEJOH UIFJS BCTPMVUF DPODFOUSBUJPOT XJUIJO B QPQVMBUJPO PG
ǼǺ
DFMMT DBO FMVDJEBUF UIF NPMFDVMBS EZOBNJDT UIBU SFHVMBUF UIFJS GVODUJPOT 	*TIJIBNB FU BM
ǺǸǸǽ
 BOE PQFO B CSPBE SBOHF PG CJPMPHJDBM QSPDFTTFT UP EFFQFS JOWFTUJHBUJPO )PXFWFS
NFBTVSJOH UIF DPODFOUSBUJPO PG NBOZ QSPUFJOT JO B TJOHMF FYQFSJNFOU IBT CFFO EJċDVMU
	(IBFNNBHIBN FU BM ǺǸǸǻ
 "T B SFTVMU NBOZ JOWFTUJHBUJPOT IBWF SFMJFE VQPO HFOF FY
QSFTTJPO BT B QSPYZ GPS UIF DPODFOUSBUJPO PG UIFTF QSPUFJOT 	'SBOLT FU BM ǺǸǹǻ
 *O SFDFOU
ZFBST B OFX mFME PG IJHIUISPVHIQVU QSPUFPNJDT IBT FNFSHFE JO XIJDI CJPMPHJTUT BOE CJP
DIFNJTUT IBWF CFHVO FYQMPSJOH UIF OFYU MFWFM PG CJPMPHJDBM DPNQMFYJUZ XJUI 'PVSJFS USBOT
GPSN NBTT TQFDUSPNFUFST 	4DJHFMPWB BOE .BLBSPW ǺǸǸǾ 4DJHFMPWB FU BM ǺǸǹǹ
 )JHI
UISPVHIQVU NBTT TQFDUSPNFUSZ DBO EFMJWFS B mOFHSBJOFE WJFX PG DFMMVMBS BDUJWJUZ BU BO
VOQSFDFEFOUFE TDBMF BOE QSFDJTJPO *O QSJODJQMF UIJT OFX UFDIOPMPHZ FOBCMFT UIF EJSFDU
FTUJNBUJPO PG BCTPMVUF QSPUFJO DPODFOUSBUJPOT GSPN UIF SFMBUJWF JOUFOTJUJFT PG QSPUFJO GSBH
NFOUT JO B CJPMPHJDBM TBNQMF
*O QSBDUJDF UIF NFBTVSFNFOU QSPDFTT JNQMFNFOUFE CZ NBTT TQFDUSPNFUFST JOUSPEVDFT
DPNQMFY TZTUFNBUJD CJBTFT UIBU NVTU CF BDDPVOUFE GPS UP PCUBJO WBMJE FTUJNBUFT PG BCTP
MVUF QSPUFJO DPODFOUSBUJPOT 1SPUFJOT BSF MBSHF NBDSPNPMFDVMFT DPOTJTUJOH PG JOUSJDBUFMZ
GPMEFE TFRVFODFT PG BNJOP BDJET ɥFZ BSF FO[ZNBUJDBMMZ EJHFTUFE JOUP GSBHNFOUT XIJDI
BSF BNFOBCMF UP BOBMZTJT CZ NBTT TQFDUSPNFUSZ 	ɥBLVS FU BM ǺǸǹǹ
 1SPUFJO GSBHNFOUT
BSF HFOFSBMMZ SFGFSSFE UP BT QFQUJEFT UISPVHIPVU UIJT QBQFS GSBHNFOUT XJUI UIF TBNF TF
RVFODF CVU EJTUJODU DIBSBDUFSJTUJDT 	FH DIBSHF TUBUFT BOE DIFNJDBMNPEJmDBUJPOT
 BSF DPO
TJEFSFE EJTUJODU QFQUJEFT ɥFTF QFQUJEFT BSF BOBMZ[FE CZ UXP TFQBSBUFNBTT TQFDUSPNFUFST
UP QSPEVDF RVBOUJUBUJWF TVNNBSJFT 	4UFFO BOE.BOO ǺǸǸǼ
 #FDBVTF PG TBNQMF DPNQMFY
JUZ BOE JOTUSVNFOU MJNJUBUJPOT IPXFWFS OPU BMM PG UIF QFQUJEFT DBO CF BOBMZ[FE JO UIF
TFDPOETUBHF PG NBTT TQFDUSPNFUSZ UP IBWF UIFJS TFRVFODF JEFOUJmFE ɥF JOTUSVNFOU JT
QSPHSBNNFE UP TFMFDU UIF NPTU BCVOEBOU QFQUJEFT JO UIF mSTU TUBHF PG NBTT TQFDUSPNF
USZ GPS TFRVFODJOH BU BOZ HJWFO UJNF ɥJT NVMUJTUBHF NFBTVSFNFOU QSPDFTT SFTVMUT JO B
TZTUFNBUJD CJBT UPXBSET PCTFSWJOH QFQUJEFT GSPN UIF TBNQMFT NPTU BCVOEBOU QSPUFJOT
Ǽǻ
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*O UIJT QBQFS XF QSFTFOU BOE FWBMVBUF B TUBUJTUJDBM UFDIOJRVF UP DPSSFDU UIFTF CJBTFT QSP
WJEJOH SFMJBCMF FTUJNBUFT PG BCTPMVUF QSPUFJO BCVOEBODFT GSPNNBTT TQFDUSPNFUSZ FYQFSJ
NFOUT
'JHVSF Ǻǹ JMMVTUSBUFT UIF FYQFSJNFOUBM QSPDFTT JO EFUBJM 4UBSUJOH GSPN UIF UPQ MFGU B
DVMUVSF PG BQQSPYJNBUFMZ ðï÷ DFMMT BSF PQFOFE 	MZTFE
 UP FYUSBDU UIFJS QSPUFJOT XIJDI BSF
UIFO EJHFTUFE XJUI BO FO[ZNF 	QSPUFBTF
 JOUP GSBHNFOUT 	QFQUJEFT
 ɥFTF QFQUJEFT BSF
UIFO TFQBSBUFE CBTFE PO UIFJS IZESPQIPCJDJUZ 	WJB IJHIQFSGPSNBODF MJRVJE DISPNBUPHSB
QIZ
 "T QFQUJEFT SFBDI UIF TQSBZ UJQ HSBEVBMMZ UIFZ BSF HJWFO BO FMFDUSJDBM DIBSHF BOE nZ
JOUP UIF NBTT TQFDUSPNFUFS "MM PG UIFTF TUFQT TJNQMZ USBOTGPSN UIF MPOH DPNQMFY NBTT
PG QSPUFJOT GSPN PVS DFMM DVMUVSF JOUP B XFMMTFQBSBUFE TFU PG TJNQMFS NPMFDVMFT UIBU UIF
NBTT TQFDUSPNFUFST DBO QSPDFTT
'SBHNFOUT UIBU BSF JPOJ[FE XJUIJO UIF TBNF TIPSU UJNF XJOEPX BSF BOBMZ[FE UPHFUIFS
CZ UIF mSTU PG UXP NBTT TQFDUSPNFUFST 	.4ǹ
 "U UIJT TUBHF GSBHNFOUT XJUI UIF TBNF
TFRVFODFT PG BNJOP BDJET BSF QSFTFOU JO B OVNCFS PG EJĊFSFOU TUBUFT BT B SFTVMU PG JPO
DIBSHFT JO WJWP QPTUUSBOTMBUJPOBM NPEJmDBUJPOT BOE JO WJUSP DIFNJDBM NPEJmDBUJPOT GSPN
ǼǼ
UIF TBNQMF QSFQBSBUJPO 	.JDIBMTLJ FU BM ǺǸǹǹ
 ɥJT TUFQ SFTVMUT JO SBX NFBTVSFNFOUT
ξ(U, S) FBDI PG XIJDI RVBOUJmFT UIF JOUFOTJUZ DPSSFTQPOEJOH UP JPOJ[FE GSBHNFOUT XJUI
NBTTUPDIBSHF SBUJP S BOBMZ[FE XJUIJO B UJNF XJOEPX JOEFYFE CZ U ɥFTF JOUFOTJUJFT BSF
QSPYJFT GPS SFMBUJWF BCVOEBODF PG GSBHNFOU JO UIF NBTT TQFDUSPNFUFS XJUIJO FBDI UJNF
XJOEPX ɥF SJHIUNPTU TFDUJPOT PG 'JHVSF Ǻǹ JMMVTUSBUF UIF PVUQVU PG UIJT QSPDFTT XJUI
FBDI GSBDUJPO ZJFMEJOH B TFU PG JOUFOTJUJFT ξ(U, S) GPS FBDI 	SFUFOUJPO
 UJNF U BOE NBTTUP
DIBSHF SBUJP S ɥF MPXFS SJHIU QBOFM PG UIJT mHVSF TIPXT POF TMJDF UISPVHI UIJT EBUBTFU
DPSSFTQPOEJOH UP B QBSUJDVMBS UJNF U " TVCTFU PG UIF GSBHNFOUT BOBMZ[FE CZ UIF mSTU NBTT
TQFDUSPNFUFST JT TFMFDUFE CBTFE PO UIFJS JOUFOTJUJFT UP CF CSPLFO EPXO JOUP ZFU TNBMMFS
GSBHNFOU DPNQPOFOUT CZ DPMMJTJPO XJUI B HBT ɥF QSPEVDUT PG UIFTF DPMMJTJPOT BSF UIFO
BOBMZ[FE CZ B TFDPOENBTT TQFDUSPNFUFS 	.4Ǻ
 ɥJT TUFQ SFTVMUT JO BO BEEJUJPOBM TFU PG JO
UFOTJUZ NFBTVSFNFOUT GPS UIFTF DPNQPOFOUT FBDI PG XIJDI IBT B EJTUJODU NBTTUPDIBSHF
SBUJP BOE JT BTTPDJBUFEXJUI JUT PSJHJOBM GSBHNFOUTNBTTUPDIBSHF SBUJP CZ UIF JOTUSVNFOU
ɥF mOBM 	CPUUPN MFGU
 QBOFM PG 'JHVSF Ǻǹ TIPXT UIF JOUFOTJUZ TQFDUSVN PCUBJOFE CZ.4Ǻ
GPS UIF DPNQPOFOUT PG UIF GSBHNFOUT XJUI NBTTUPDIBSHF SBUJP S TFMFDUFE GSPN.4ǹ ɥF
BNJOP BDJE TFRVFODF PG UIFTF GSBHNFOUT DBO PGUFO CF SFMJBCMZ EFUFSNJOFE CZ BOBMZ[JOH
EJĊFSFODFT JO UIF NBTTUPDIBSHF SBUJP CFUXFFO BEKBDFOU QFBLT JO UIF .4Ǻ TQFDUSVN
ɥF TUBUJTUJDBM QSPCMFN PG JOUFSFTU JT UP FTUJNBUF UIF BCTPMVUF DPODFOUSBUJPOT PG QSP
UFJOT JO B TBNQMF GSPN UIF PCTFSWFE QFQUJEFMFWFM JOUFOTJUJFT {ξ(U, S) : U ∈ 5, S ∈ 3}
)PXFWFS UP UBDLMF UIJT QSPCMFN XF NVTU mSTU BTTPDJBUF UIFTF SBX JOUFOTJUJFT XJUI QFQ
UJEFT BOE DPOEFOTF UIFN JOUP B NPSF NBOBHFBCMF TFU PG TVNNBSJFT ɥJT QSFQSPDFTTJOH
GBMMT VOEFS UIF IFBEJOH PG JEFOUJmDBUJPO B XFMMTUVEJFE QSPCMFN JO.4.4 QSPUFPNJDT *O
ɥJT JOUFOTJUZ DPSSFTQPOET UP UIF NBHOJUVEF PG B 'PVSJFS DPFċDJFOU BTTPDJBUFE XJUI QFQUJEFT PG NBTT
UPDIBSHF SBUJP S 	4DJHFMPWB BOE.BLBSPW ǺǸǸǾ
 .PEFSO NBTT TQFDUSPNFUFST HFOFSBMMZ NFBTVSF UIF BNQMJ
UVEFT BU XIJDI JPOJ[FE QSPUFJO GSBHNFOUT PTDJMMBUF BMPOH BO FMFDUSPEF PWFS UJNF ɥF 'PVSJFS USBOTGPSNBUJPO
ξ(G) PG UIF BNQMJUVEF UJNF TFSJFT GSPN B NJYUVSF PG JPOJ[FE GSBHNFOUT QSPWJEFT UIF QPXFS BTTPDJBUFE XJUI
FBDI GSFRVFODZ G &BDI GSFRVFODZ G JT BTTPDJBUFE XJUI GSBHNFOUT PG B QBSUJDVMBS NBTTUPDIBSHF SBUJP S BD
DPSEJOH UP G = $/S XIFSF $ FODPEFT JOTUSVNFOU HFPNFUSZ BOE TFUUJOHT ZJFMEJOH ξ(U, S(G)) = ξ(U, S)
Ǽǽ
UIF JEFOUJmDBUJPO UBTL UIF JOUFOTJUZ BOENBTTUPDIBSHF EBUB GSPN.4Ǻ BSF VTFE UP EFUFDU
XIJDI QFQUJEFT BSF QSFTFOU JO UIF TBNQMF JO UFSNT PG UIFJS NPTU MJLFMZ TFRVFODF DIBSHF
BOE QPTTJCMF DIFNJDBM BOE QPTUUSBOTMBUJPOBM NPEJmDBUJPOT *O B UZQJDBM SVO IVOESFET PG
UIPVTBOET PG VOJRVFQFQUJEFT BSF TJNVMUBOFPVTMZ EFUFDUFE ɥFPCTFSWFE TQFDUSVNPG FBDI
EFUFDUFE QFQUJEF JT UIFO DPNQBSFE UP UIF UIFPSFUJDBM TQFDUSB PG UIF BMM QFQUJEFT UIBU XPVME
CF HFOFSBUFE CZ EJHFTUJOH UIF QSPUFJOT JO UIF TBNQMF XJUI B TQFDJmD FO[ZNF 'PS FYBNQMF
UIF FO[ZNF USZQTJO EJHFTUT UIF BNJOP BDJET BSHJOJOF 	3
 BOE MZTJOF 	,
 TP FBDI QSPUFJO
JT FYQFDUFE UP CF GSBHNFOUFE JOUP QFQUJEFT CZ SFNPWJOH BMM BSHJOJOFT BOE MZTJOFT GSPN
JUT BNJOP BDJE TFRVFODF $VSSFOUMZ TFWFSBM XFMMFTUBCMJTIFE NFUIPET GPS QFQUJEFQSPUFJO
JEFOUJmDBUJPO FYJTU JO UIF MJUFSBUVSF 	$PY BOE .BOO ǺǸǸȀ 1FSLJOT FU BM ǹȁȁȁ &OH FU BM
ǹȁȁǼ
 XF HFOFSBMMZ VTF UIF .BY2VBOU TPGUXBSF PG $PY BOE .BOO 	ǺǸǸȀ

*EFOUJmDBUJPO ZJFMET B TFU PG JOUFHSBUFE MPHJOUFOTJUJFT ZPCTJLM  FBDI PG XIJDI JT BTTPDJBUFE
XJUI QFQUJEF L GSPNQSPUFJO J BOE M JOEFYFT EJTUJODUNPEJmDBUJPOT BOE DIBSHF TUBUFT ɥFTF
JOUFHSBUFE MPHJOUFOTJUJFT BSF LOPXO UP CF BQQSPYJNBUFMZ MJOFBSMZ SFMBUFE UP UIF MPH PG UIF
OVNCFS PG NPMFDVMFT PG UIBU QFQUJEF QSFTFOU JO UIF NBTT TQFDUSPNFUFS NBLJOH UIFN BO
FYDFMMFOU CBTJT GPS BCTPMVUF RVBOUJUBUJPO 	0ME FU BM ǺǸǸǽ 4DJHFMPWB FU BM ǺǸǹǹ
 'PSNBMMZ
FBDI ZJLM JT UIF SFTVMU PG UXPPQFSBUJPOT BNBQQJOHCFUXFFO JEFOUJmFE GSBHNFOU BOE B HJWFO
TFU PG WBMVFT GPS (U, S) ∈ ǈJLM BOE UIF JOUFHSBUJPO PG ξ(U, S) PWFS UIFTF WBMVFT ɥF NBQQJOH
TFSWFT UP BTTPDJBUF FBDI PCTFSWFE ξ(U, S) XJUI B HJWFO QFQUJEF TUBUF JLM ɥF SBX JOUFOTJUJFT
ξ(U, S) BSF UIFO JOUFHSBUFE PWFS B TNBMM XJOEPX JO CPUI SFUFOUJPO UJNF BOENBTTUPDIBSHF
SBUJP ɥF GPSNFS BDDPVOUT GPS UIF GBDU UIBU BOZ HJWFO QFQUJEF JLM JT UZQJDBMMZ PCTFSWFE
BDSPTT BEKBDFOU UJNF XJOEPXT XIJMF UIF MBUUFS BDDPVOUT GPS NJOPS WBSJBUJPO JO S GPS FBDI
GSBHNFOU PSJHJOBUJOH GSPN UIF QSFTFODF PG NVMUJQMF JTPUPQFT BOE PUIFS GBDUPST ɥVT BMM
ǼǾ
PG PVS JOGFSFODFT BSF CBTFE PO
ZPCTJLM = MPHðï
(∫ ∫
(U,S)∈ǈJLM
ξ(U, S)ESEU
)
. 	Ǻǹ

8JUI UIFTF RVBOUJUJFT JOIBOE XF DBO SFmOF UIF TUBUFNFOU PG PVS TUBUJTUJDBM QSPCMFN
VTJOH UIF DPMMFDUJPO PG JOUFHSBUFE MPHJOUFOTJUJFT ZPCTJLM BOE LOPXO QSPQFSUJFT PG UIF PC
TFSWFE QSPUFJOT FTUJNBUF UIF MPHBCTPMVUF DPODFOUSBUJPOT PG QSPUFJOT JO PVS TBNQMF ζJ
8F QSFTFOU B QSPCBCJMJTUJD NPEFM GPS UIFTF EBUB JO 4FDUJPO ǺǺ XJUI QBSUJDVMBS EFUBJMT PG
UIF DPSF FTUJNBOE ζJ QSPWJEFE JO 4FDUJPO ǺǺǺ
Ǻǹǹ 3ĖĝĒĥĖĕ ĨĠģĜ
ɥFSF BSF UXP UISFBET PG MJUFSBUVSF PO QSPUFJO RVBOUJUBUJPO SFMBUJWF BOE BCTPMVUF RVBO
UJUBUJPO *O SFMBUJWF RVBOUJUBUJPO UIF FTUJNBOE PG JOUFSFTU JT UIF SBUJP PG B HJWFO QSPUFJO
DPODFOUSBUJPO JO UXP EJTUJODU TBNQMFT 	HFOFSBMMZ EJĊFSFOU FYQFSJNFOUBM DPOEJUJPOT
 *O
DPOUSBTU BCTPMVUF RVBOUJUBUJPO SFRVJSFT UIF BCJMJUZ UP FTUJNBUF UIF DPODFOUSBUJPO PG BMM
QSPUFJOT JO B TJOHMF TBNQMF SFMBUJWF UP POF BOPUIFSUIFTF RVBOUJUJFT UPHFUIFS XJUI UIF
UPUBM BNPVOU PG QSPUFJO NFBTVSFE JO UIF TBNQMF MFBE UP UIF FTUJNBOE PG JOUFSFTU JO UIJT
XPSL {ζJ : J ∈ *} BT XF EJTDVTT JO 4FDUJPO ǺǺǺ
8IJMF UIFSF IBT CFFO NVDI XPSL PO UIF QSPCMFN PG QFQUJEF JEFOUJmDBUJPO 	FH $PY
BOE .BOO ǺǸǸȀ 1FSLJOT FU BM ǹȁȁȁ &OH FU BM ǹȁȁǼ
 MFTT QSPHSFTT IBT CFFO NBEF PO
UIF RVBOUJUBUJPO QSPCMFN 	.BLBXJUB BOE %JBNBOEJT ǺǸǹǸ
 %FTQJUF UIF SFMBUJWFMZ TUSPOH
DPSSFMBUJPO CFUXFFO UIF BNPVOU PG FBDI QSPUFJO JO B TBNQMF UIF PCTFSWFE JOUFOTJUJFT
BOE UIF OVNCFS PG JUT QFQUJEFT JEFOUJmFE CZ UIF NBTT TQFDUSPNFUFS 	0ME FU BM ǺǸǸǽ

IFUFSPHFOFJUZ JO UIJT SFMBUJPOTIJQ CFUXFFO MBCT TBNQMFT BOE FWFO QFQUJEFT GSPN B DPN
NPO QSPUFJO IBT IBNQFSFE UIF EFWFMPQNFOU PG SPCVTU RVBOUJUBUJPO NFUIPET 	5BCC FU BM
ǺǸǹǸ #FMM FU BM ǺǸǸȁ
 5P DPOUSPM GPS UIFTF TPVSDFT PG WBSJBUJPO UIF QPQVMBS NFUIPET GPS
Ǽǿ
SFMBUJWF RVBOUJUBUJPO SFMZ PO QIZTJDBMMZ MBCFMJOH FBDI TBNQMF CFJOH DPNQBSFE BOBMZ[JOH
UIFN TJNVMUBOFPVTMZ BOE FTUJNBUJOH UIF SFMBUJWF BCVOEBODF QSPUFJOCZQSPUFJO CBTFE PO
TVNNBSJFT PG QFQUJEF JOUFOTJUZ SBUJPT 	0OH FU BM ǺǸǸǺ
 &YJTUJOH FYQFSJNFOUBM NFUIPET
GPS FTUJNBUJOH BCTPMVUF BCVOEBODF BSF RVJUF JOUSJDBUF 'PS FBDI QSPUFJO PG JOUFSFTU UIF FY
QFSJNFOUFS NVTU TZOUIFTJ[F B TFU PG TZOUIFUJD TUBOEBSE QFQUJEFT ɥFZ UIFO DPNQBSF UIF
PCTFSWFE JOUFOTJUJFT PG QFQUJEFT GSPN UIF TBNQMF UP UIF JOUFOTJUJFT PG UIF DPSSFTQPOEJOH
TUBOEBSE QFQUJEFT XIJDI BSF JOUSPEVDFE BU LOPXO DPODFOUSBUJPOT 	(FSCFS FU BM ǺǸǸǻ

ɥFTF BQQSPBDIFT IBWF MJNJUFE UISPVHIQVU BSF FYQFSJNFOUBMMZ DPNQMFY BOE BSF MJNJUFE
UP RVBOUJUBUJPO PG B QSFTFMFDUFE TFU PG QSPUFJOT
.PUJWBUFE CZ UIF MJNJUBUJPOT PG FYQFSJNFOUBM RVBOUJUBUJPO NFUIPEPMPHJFT UIFSF IBT
CFFO B HSPXJOH JOUFSFTU JO DPNQVUBUJPOBM NFUIPET GPS SFMBUJWF BOE BCTPMVUF RVBOUJUBUJPO
ɥF TJNQMFTU PG UIFTF BSF CBTFE PO TQFDUSBM DPVOUJOH FJUIFS JO UIF GPSN PG SBUJPCBTFE FT
UJNBUFT GPS SFMBUJWF RVBOUJUBUJPO 	-JV FU BM ǺǸǸǼ
 PS VTJOH SFTDBMFE DPVOUT GPS BCTPMVUF
RVBOUJUBUJPO 	*TIJIBNB FU BM ǺǸǸǽ
 .PSF SFDFOUMZ B TFNJTVQFSWJTFE BCTPMVUF RVBOUJUB
UJPO NFUIPE DBMMFE "1&9 IBT CFFO EFWFMPQFE XIJDI VTFT B MBSHF USBJOJOH EBUBTFU UP MFBSO
IPX EJĊFSFODFT JO QIZTJPDIFNJDBM QSPQFSUJFT BĊFDU UIF QSPCBCJMJUZ PG QFQUJEF JEFOUJmDB
UJPO JOEFQFOEFOU PG BCVOEBODF 	-V FU BM ǺǸǸǾ
 *U UIFO VTFT UIFTF FTUJNBUFE QSPCBCJM
JUJFT PG JEFOUJmDBUJPO UP DPOTUSVDU B XFJHIUFE FTUJNBUPS PG QSPUFJO BCVOEBODF "OPUIFS
DMBTT PG NFUIPET VTFT QFQUJEF JOUFOTJUJFT XIJDI IBWF B XJEFS EZOBNJD SBOHF UIBO TQFD
USBM DPVOUT GPS RVBOUJUBUJPO UIF NPTU DPNNPO PG XIJDI BSF CBTFE PO TJNQMF TVNNBSJFT
PG PCTFSWFE JOUFOTJUJFT TVDI BT UIFJS NFEJBO 	EF (PEPZ FU BM ǺǸǸȀ 4JMWB ǺǸǸǽ
 .PTU
SFDFOUMZ B GFX BUUFNQUT IBWF CFFO NBEF UP DPNCJOF JOUFOTJUZ BOE JEFOUJmDBUJPO JOGPS
NBUJPO GPS FYBNQMF VTJOH QSJODJQMF DPNQPOFOU BOBMZTJT UP DPNCJOF UIFTF GFBUVSFT BDSPTT
TBNQMFT 	FH %JDLFS FU BM ǺǸǹǸ
 'JOBMMZ UIF NPTU TPQIJTUJDBUFE UFDIOJRVFT XIJDI NP
UJWBUFE PVS PXOXPSL BSFNPEFMCBTFENFUIPET GPS SFMBUJWF RVBOUJUBUJPO UIBU BDDPVOU GPS
NJTTJOH EBUB BU UIF QFQUJEF MFWFM 	,BSQJFWJUDI FU BM ǺǸǸȁ -VP FU BM ǺǸǸȁ
 )PXFWFS CZ
ǼȀ
GPDVTJOH PO QFQUJEFMFWFM NJTTJOHOFTT UIFTF NFUIPET GBJM UP BDDPVOU GPS UIF USVF BNPVOU
PG NJTTJOH EBUB TJODF FBDI QFQUJEF JT HFOFSBMMZ GPVOE JO B OVNCFS PG EJĊFSFOU TUBUFT EVF
UP CJPMPHJDBM BOE DIFNJDBM NPEJmDBUJPOT 	.JDIBMTLJ FU BM ǺǸǹǹ

ǺǹǺ $ĠğĥģĚēĦĥĚĠğĤ Ġė ĥęĚĤ ĒģĥĚĔĝĖ
*O UIJT QBQFS XF JOUSPEVDF B TUBUJTUJDBMNPEFM UIBU DPNCJOFT B IJFSBSDIJDBM JOUFOTJUZNPEFM
XJUI BOPCTFSWBUJPONPEFM GPS JOUFOTJUZCBTFE DFOTPSJOH JO 4FDUJPOǺǺ ɥJT DPNCJOBUJPO
BDDPVOUT GPS LFZ BTQFDUT PG UIF CJPMPHZ BOE PG UIF EBUB BDRVJTJUJPO QSPDFTT JODMVEJOH UIF
GBDU UIBU QFQUJEFT BSF PCTFSWFE JO NVMUJQMF DIBSHF BOE NPEJmDBUJPO TUBUFT BOE UIBU UIFSF
BSF BU MFBTU UXP NJTTJOH EBUB NFDIBOJTNT UIBU DPNQPVOE UISPVHIPVU BOZ -$.4.4 JO
TUSVNFOU
0VS BQQSPBDI JT OPWFM JO B OVNCFS PG XBZT 	ǹ
 UIF GPDVT JT PO BCTPMVUF SBUIFS UIBO PO
SFMBUJWF RVBOUJUBUJPO 	Ǻ
 XIJMF NPTU FYJTUJOH BQQSPBDIFT UP RVBOUJUBUJPO JOWPMWF TJNQMF
TVNNBSZ TUBUJTUJDT BGUFS JEFOUJmDBUJPO XF QPTJU BOE FTUJNBUF B SFBMJTUJD DFOTPSJOH NFDI
BOJTNT UIBU SFTVMUT JO OPOJHOPSBCMF NJTTJOH EBUB 	ǻ
 UIF NPEFM FYQMBJOT UIF WBSJBCJMJUZ
JO UIF JOUFOTJUJFT PG QFQUJEFT PCTFSWFE JO NVMUJQMF DIBSHF BOE NPEJmDBUJPO TUBUFT SBUIFS
UIBO UIF BHHSFHBUFE JOUFOTJUJFT GPS JOEJWJEVBM QFQUJEFT 8F mOE UIBU BDDPVOUJOH GPS OPO
JHOPSBCMF NJTTJOH EBUB IFMQT SFEVDF UIF TFMFDUJPO CJBT JOEVDFE CZ UIF NFBTVSFNFOU QSP
DFTT *O BEEJUJPO NPEFMJOH JOUFOTJUZCBTFE DFOTPSJOH BU UIF MFWFM PG QFQUJEF TUBUFT IFMQT
USBOTGFS JOGPSNBUJPO GSPNBCVOEBOU UP SBSF QSPUFJOT TJODF UIF OVNCFS PG TUBUFTXF FYQFDU
UP PCTFSWF BOZ HJWFO QFQUJEF JO JT JOEFQFOEFOU PG BCVOEBODF "T XF TIPX JO 4FDUJPOT ǺǼ
BOE Ǻǽ UIFTF BTQFDUT PG UIF NPEFM BMMPXT SPCVTU BDDVSBUF FTUJNBUJPO PG BCTPMVUF QSPUFJO
BCVOEBODFT JO DPNQMFY TBNQMFTXJUI DPODFOUSBUJPOT TQBOOJOHNBOZ PSEFST PGNBHOJUVEF
8F QSPWJEF FċDJFOU JOGFSFODF GPS UIJT NPEFM JO 4FDUJPO Ǻǻ CZ MFWFSBHJOH B DPNCJOB
UJPO PG )BMMFZT NFUIPE BEBQUJWF (BVTT)FSNJUF RVBESBUVSF BOE FYQMJDJU FOWFMPQFT GPS
TBNQMJOH UIF OVNCFS PG DFOTPSFE QFQUJEF TUBUFT BOE UIF DFOTPSFE JOUFOTJUJFT *O 4FDUJPO
Ǽȁ
ǺǼ XF FYQMPSF UIF GSFRVFOUJTU DPWFSBHF PG JOUFSWBM FTUJNBUFT BOE XF DPNQBSF UIF QFS
GPSNBODF PG UIF QSPQPTFE NFUIPE XJUI FYJTUJOH NFUIPET GPS FTUJNBUJOH BCTPMVUF QSPUFJO
DPODFOUSBUJPOT BT XF TZTUFNBUJDBMMZ WBSZ UIF BCVOEBODF BOE UIF MFOHUI PG UIF UBSHFU QSP
UFJOT *O 4FDUJPO Ǻǽ XF FYQMPSF UIF FYUFOU UP XIJDI LFZ BTTVNQUJPOT PG PVS NPEFM IPME
JO QSBDUJDF BOE XF BOBMZ[F FTUJNBUFT CBTFE PO UISFF CJPMPHJDBM TBNQMFT QSPDFTTFE XJUI
EJĊFSFOU -$.4.4 TFUUJOHT JO XIJDI B TFU PG QSPUFJOT XJUI LOPXO DPODFOUSBUJPO XBT
JOUSPEVDFE GPS WBMJEBUJPO QVSQPTFT
ǺǺ .ĠĕĖĝ
8F EFWFMPQ B QSPCBCJMJTUJD NPEFM GPS UIF NFBTVSFNFOUT ZPCTJLM  UIF PVUQVU PG BO -$.4.4
FYQFSJNFOU DPNCJOFE XJUI JEFOUJmDBUJPO BOBMZTJT XJUI TUBOEBSE TPGUXBSF ɥF PCTFSWFE
EBUB DPOTJTUT PG UIF PCTFSWFE TUBUFMFWFM JOUFOTJUJFT ZPCTJLM  JOEFYFE CZ QSPUFJO J QFQUJEF
L BOE DIBSHF TUBUF M BOE UIF PCTFSWFE DPVOUT PG PCTFSWFE TUBUFT CZ QFQUJEFT TPCTJL  8F
BMTP LOPX UIF OVNCFS PG QPTTJCMF QFQUJEFT QFS QSPUFJO NJ GPS B HJWFO FO[ZNF VTFE GPS
EJHFTUJPO XIJDI JT JOEFQFOEFOU PG UIF TBNQMF JO UIFPSZ CVU SFRVJSFT DBSFGVM QSFQSPDFTTJOH
JO QSBDUJDF
8F BSF JOUFSFTUFE JO JOGFSSJOH UIF BCVOEBODF PG FBDI QSPUFJO JXJUIJO UIF HJWFO TBNQMF
ɥJT BCVOEBODF JT B NPOPUPOF GVODUJPO PG UIF QBSBNFUFS J BT EFUBJMFE JO 4FDUJPO ǺǺǺ
ǽǸ
8F QPTJU UIF GPMMPXJOH NPEFM
γJL | J, τ ñJ ∼ /PSNBM(J, τ ñJ ), J = ð, . . . , O, L = ð, . . . ,NJ 	ǺǺ

TJL | λ, S ∼ ð+ /FHBUJWF#JOPNJBM (ð− λ, S), L = ð, . . . ,NJ 	Ǻǻ

ZJLM|γJL, σñJ ∼ /PSNBM(γJL, σñJ ), M = ð, . . . , TJL 	ǺǼ

3JLM|ǊSOE, TJL ∼ #FSOPVMMJ(ð− ǊSOE), M = ð, . . . , TJL 	Ǻǽ

*JLM|ZJLM, !η, TJL,3JLM = ð ∼ #FSOPVMMJ(ð− H(ZJLM; !η)), M = ð, . . . , TJL 	ǺǾ

0JLM = 3JLM · *JLM 	Ǻǿ

:PCT = {ZJLM : 0JLM = ð} 	ǺȀ

:NJT = {ZJLM : 0JLM = ï} 	Ǻȁ

ɥJT NPEFM DPOTJTUT PG UXP QJFDFT UIF EJTUSJCVUJPO PG UIF DPNQMFUF EBUB :DPN = (:PCT, :NJT)
HJWFO UIF QBSBNFUFST BOE UIF EJTUSJCVUJPO PG UIF PCTFSWFE EBUB HJWFO UIF DPNQMFUF EBUB
BOE QBSBNFUFST 4UBSUJOH XJUI UIF DPNQMFUF EBUB GPS QSPUFJO J UIJT NPEFM TQFDJmFT UIBU
FBDI QFQUJEF HFUT B NFBO JOUFOTJUZ γJL EJTUSJCVUFE BSPVOE UIF QSPUFJONFBO J /P QSJPS
EJTUSJCVUJPO PO J JT BTTVNFE 4JNJMBSMZ FBDI TUBUFMFWFM JOUFOTJUZ ZJLM JT EJTUSJCVUFE BSPVOE
UIF QFQUJEFMFWFM JOUFOTJUZ ɥF WBSJBODFT PG UIFTF EJTUSJCVUJPOT BSF τ ñJ BOE σñJ BSF ESBXO
GSPN JOWFSTF(BNNB EJTUSJCVUJPOT
ð/τ ñJ ∼ (BNNB(ατ , βτ ) 	ǺǹǸ

ð/σñJ ∼ (BNNB(ασ, βσ) 	Ǻǹǹ

ɥJT JT B TUSBJHIUGPSXBSE /PSNBM IJFSBSDIJDBM NPEFM FYDFQU GPS POF DPNQMJDBUJPO ɥF
OVNCFS PG TUBUFT QFS QFQUJEF TJL JT ESBXO GSPN B TIJGUFE OFHBUJWF CJOPNJBM EJTUSJCVUJPO
ɥJT EJTUSJCVUJPO JT mYFE BDSPTT QSPUFJOT BOE QFQUJEFT SFnFDUJOH UIF QIZTJDBM JOEFQFO
ǽǹ
EFODF CFUXFFO UIF OVNCFS PG QPTTJCMF DIBSHF TUBUFT BOE B QSPUFJOT BCVOEBODF ɥJT JO
WBSJBODF QMBZT B DSVDJBM SPMF JO PVS JOGFSFODF BT XF EJTDVTT JO 4FDUJPOT Ǻǻ BOE ǺǾ )FODF
XF IBWF
1(:DPN|!,!σñ,!τ ñ, S,λ) =
∏
JL
[
ð
τJ
φ
(
γJL − J
τJ
)TJL + S− ñ
TJL − ð
λS(ð− λ)TJL−ð· 	ǺǹǺ

TJL∏
M=ð
[
ð
σJ
φ
(
ZJLM − γJL
σJ
)]]
,
XIFSF φ([) JT EFmOFE BT ð√ñǊ FYQ
(− ðñ[ñ)
ǺǺǹ .ĚĤĤĚğĘ ĕĒĥĒ ĞĖĔęĒğĚĤĞ
ɥF NJTTJOH EBUB NFDIBOJTN PQFSBUFT BU UIF TUBUF MFWFM BOE JT DIBSBDUFSJ[FE VTJOH UXP
SBOEPN WBSJBCMFT ɥF mSTU JT B SBOEPN DFOTPSJOH JOEJDBUPS 3JLM ∼ #FSOPVMMJ(ð − ǊSOE)
XIJDI BDDPVOUT GPS DFOTPSJOH EVF UP GBDUPST PUIFS UIBO BCVOEBODF ɥF TFDPOE JT BO JOUFO
TJUZ DFOTPSJOH JOEJDBUPS *JLM ∼ #FSOPVMMJ(ð − H(ZJLM; !η)) XIJDI BDDPVOUT GPS UIF JOUFOTJUZ
EFQFOEFOU DFOTPSJOH 8F BTTVNF *JLM JT ESBXO POMZ JG 3JLM = ð BT TIPXO JO 'JHVSF ǺǺ
)FODF XF IBWF
ǽǺ
  
  
  
  
Rand
omly
Miss
ing
Not Randomly Missing
Inten
sity C
enso
red
Not Intensity Censored
  
Unobserved
  
Unobserved
  
Observed
6B;m`2 kXk, SQbbB#H2 KBbbBM;M2bb BM/B+iQ` pHm2bX
1(!*,!3|:DPN, η, ǊSOE) =
∏
JLM
(ǊSOE)ð−3JLM(ð−ǊSOE)3JLM(ð−H(ZJLM; η))*JLM3JLMH(ZJLM; η)(ð−*JLM)3JLM , 	Ǻǹǻ

XIJDI JNQMJFT B DPSSFTQPOEJOH EJTUSJCVUJPO PO UIF 	SFEVOEBOU
 WBSJBCMFT !0 ≡!* ◦!3 XIFSF
◦ EFOPUFT FMFNFOUXJTF QSPEVDU XIJDI JOEJDBUF XIFUIFS FBDI JOUFOTJUZ JLM JT PCTFSWFE *O
QBSUJDVMBS UIF NBSHJOBM QSPCBCJMJUZ PG PCTFSWJOH B HJWFO QFQUJEF TUBUF HJWFO ZJLM BOE BMM
PUIFS QBSBNFUFST JT UIFO
1(0JLM = ð|ZJLM, !Θ) = (ð− ǊSOE)(ð− H(ZJLM; !η)). 	ǺǹǼ

*O DPNCJOBUJPO XJUI 	ǺǹǺ
 UIFTF BTTVNQUJPOT JNQMZ UIBU
TPCTJL |!γ,!σñ,!T ∼ #JOPNJBM(TJL, (ð− ǊSOE)(ð− ǊJOUJL )) 	Ǻǹǽ

BSF DPOEJUJPOBMMZ JOEFQFOEFOU BDSPTT QFQUJEFT XIFSF ǊJOUJL =
∫
R H(U; η)
ð
σJ
φ
(
U−γJL
σJ
)
EU 'SPN
UIJT XF TFF IPX UIF EJWJTJPO PG UIF NJTTJOH EBUB NFDIBOJTN JOUP SBOEPN BOE JOUFOTJUZ
CBTFE DFOTPSJOH BEET nFYJCJMJUZ UP PVS NPEFM BMMPXJOH UIF QSPCBCJMJUZ PG NJTTJOHOFTT UP
ǽǻ
BTZNQUPUF UP B WBMVF MPXFS UIBO ǹ BT JOUFOTJUZ JODSFBTFT )PXFWFS JU JT JNQPSUBOU UP OPUF
UIBU UIJT TFQBSBUJPO JT MBSHFMZ DPODFQUVBM OPU QIZTJDBM ɥF SBOEPN BOE JOUFOTJUZCBTFE
DFOTPSJOH NFDIBOJTNT DPSSFTQPOET POMZ SPVHIMZ UP UIF FBSMZ BOE MBUF TUBHFT PG UIF -$
.4.4 QSPDFTT SFTQFDUJWFMZ
'SPN B UIFPSFUJDBM QFSTQFDUJWF UIJT NJTTJOH EBUB NFDIBOJTN JOEVDFT B TUPDIBTUJD EPN
JOBODF SFMBUJPOTIJQ CFUXFFO UIF EJTUSJCVUJPO :PCT BOE :DPN BT ɥFPSFN ǹ FTUBCMJTIFT
ɥFPSFN ǹ 4VQQPTF 9 ∼ '9(Y) UIBU JT 9 IBT B DVNVMBUJWF EJTUSJCVUJPO GVODUJPO UIBU DBO
CF SFQSFTFOUFE BT B 3JFNBOO4UJFMUKFT JOUFHSBM PWFS R -FU ;|9 = Y ∼ #FSO(H(Y)) XIFSF
H(Y) JT TUSJDUMZ JODSFBTJOH PO R GSPN ï UP ð ɥFO UIF QPTUFSJPS EJTUSJCVUJPO PG 9 HJWFO ; = ð
TUPDIBTUJDBMMZ EPNJOBUFT UIF PSJHJOBM EJTUSJCVUJPO PG 9
ɥJT SFTVMU FTUBCMJTIFT UIBU PCTFSWFE JOUFOTJUJFT XJMM CF CJBTFE VQXBSET SFMBUJWF UP UIF
DPNQMFUF POFT 8F VTF UIJT SFTVMU GPS NPEFM DIFDLJOH JO 4FDUJPO ǺǽǺ " QSPPG JT QSPWJEFE
JO 4FDUJPO ǺȀ
ǺǺǺ &ĤĥĚĞĒğĕĤ
ɥF J QBSBNFUFST BSF UIF QSJNBSZ UBSHFU PG UIF JOGFSFODF IPXFWFS UIFZ BSF OPU EJSFDUMZ
JOUFSQSFUBCMF BT BCTPMVUF NFBTVSFT PG QSPUFJO BCVOEBODF 5P QSPWJEF BCTPMVUF NFBTVSFT
XF NVTU DPOWFSU J GSPN UIF MPHJOUFOTJUZ TDBMF UP UIF TDBMF PG QSPUFJO BCVOEBODFT 8F
EFmOF BO FTUJNBOE ζJ GPS UIJT QVSQPTF
ζJ = MPHðï
(
5× ðïJ∑O
J=ð ðïJ
)
= J + MPHðï(5)− MPHðï
(
O∑
J=ð
ðïJ
)
, 	ǺǹǾ

XIFSF 5 JT UIF UPUBM BNPVOU PG QSPUFJOT JO UIF TBNQMF PG JOUFSFTU ɥF LFZ GFBUVSF PG
UIJT FTUJNBOE JT OPSNBMJ[BUJPO CZ
∑O
J=ð ðïJ  XIJDI QSPWJEFT UIF DPSF DPOWFSTJPO GSPN
MPHJOUFOTJUJFT UP UIF MPHBCVOEBODF TDBMF 	VQ UP BO BEEJUJWF DPOTUBOU
 ɥF UPUBM QSPUFJO
ǽǼ
h#H2 kXR, S`BQ` .Bbi`B#miBQMbX
MPH(ασ) ∼ /(ïασ , Wïασ)
βσ ∼ (BNNB(αïσ, βïσ)
MPH(ατ ) ∼ /(ïατ , Wïατ )
βτ ∼ (BNNB(αïτ , βïτ )
ǊSOE ∼ #FUB(αïǊ, βïǊ)
λ ∼ #FUB(αïλ, βïλ)
MPH(S) ∼ /(ïS, WïS)
BNPVOU 5 TFSWFT QSJNBSJMZ BT B SFTDBMJOH GBDUPS GPS JOUFSQSFUBCJMJUZ XIJDI DPOWFSUT FTUJ
NBUFT GSPN MPHQSPQPSUJPO PG QSPUFJOT UP MPHNPMFDVMFT QFS DFMM PS MPHGFNUPNPMFT 8F
BTTVNF UIBU 5 JT LOPXO BOE mYFE 8IJMF UIJT BTTVNQUJPO JT PGUFO DIBMMFOHFE JO QSBDUJDF
JU JT DSVDJBM UP OFJUIFS UIF WBMJEJUZ OPS UIF VUJMJUZ PG PVS FTUJNBUFT .PEFMJOH 5 JT BMTP B
QPTTJCJMJUZ
Ǻǻ *ğėĖģĖğĔĖ Ēğĕ ĖĤĥĚĞĒĥĚĠğ
8F EFWFMPQ BO FċDJFOU .POUF $BSMP .BSLPW $IBJO BMHPSJUIN UP QFSGPSN JOGFSFODF XJUI
UIF QSPQPTFE NPEFM PO QSPUFPNFXJEF EBUB TFUT XJUI IVOESFET PG UIPVTBOET PG QFQUJEF
TUBUFT 8F EFTJHO B .FUSPQPMJTXJUIJO(JCCT BMHPSJUIN BMUFSOBUJOH CFUXFFO VQEBUFT GPS
UIF NJTTJOH EBUB BOE QBSBNFUFST ɥF BMHPSJUIN DPOTJTUT PG UIF GPMMPXJOH TUFQT XJUIJO
FBDI JUFSBUJPO
ǹ %SBX UIF DFOTPSFE QFQUJEF MBUFOU WBSJBCMFT.|:PCT, !Θ
	B
 %SBX UIF OVNCFS PG QFQUJEF TUBUFT!T|:PCT, !Θ VTJOH SFKFDUJPO TBNQMJOH
	C
 %SBX UIF SBOEPN DFOTPSJOH JOEJDBUPST !8|!T,:PCT, !Θ
	D
 %SBX UIF DFOTPSFE JOUFOTJUJFT :NJT|!8,!T, !:PCT, !Θ VTJOH SFKFDUJPO TBNQMJOH
ǽǽ
Ǻ 6QEBUF UIF QBSBNFUFST !Θ HJWFO UIF DPNQMFUF EBUB (!:PCT, !.)
ɥF VQEBUFT PG !Θ| !:PCT,. BSF PG B TUBOEBSE GPSN *O 4FDUJPO Ǻǻǹ XF QSPWJEF UIF EFUBJMT
PG UIF FYBDU VQEBUF PG !. HJWFO !Θ 8F MFBWF GVSUIFS EFUBJMT PG PVS JOGFSFODF TUSBUFHZ BSF
DPOUBJOFE JO UIF "QQFOEJY XIJDI JODMVEFT UIF DPNQMFUF TQFDJmDBUJPO UIF VQEBUFT GPS !Θ
HJWFO !. 5BCMF Ǻǹ QSPWJEFT UIF QSJPS EJTUSJCVUJPOT VTFE JO PVS JOGFSFODF XF QSPWJEF UIF
TQFDJmD QBSBNFUFS WBMVFT VTFE JO "QQFOEJY #
Ǻǻǹ %ģĒĨ ĥęĖ ĔĖğĤĠģĖĕ ġĖġĥĚĕĖ ĝĒĥĖğĥ ħĒģĚĒēĝĖĤ .|!Θ
%SBXJOH UIFNJTTJOH EBUB. = {:NJT, T,3} JT UIFNPTU DIBMMFOHJOH DPNQPOFOU PG UIF JOGFS
FODF ɥF EJNFOTJPOBMJUZ PG UIF NJTTJOH EBUB. JT OPU mYFE BDSPTT JUFSBUJPOT TP TUBOEBSE
.FUSPQPMJT)BTUJOHT UFDIOJRVFT BSF OPU FOPVHI 3FWFSTJCMF +VNQ .FUSPQPMJT)BTUJOHT
	3+.)
 NFUIPET QSPWJEF POF PQUJPO XIJDI XF PSJHJOBMMZ FYQMPSFE CVU UIFZ QSPWFE UPP
JOFċDJFOU BOE GSBHJMF *OTUFBE XF EFWFMPQ B QBSUJBMMZ NBSHJOBMJ[FE VQEBUF UIBO ESBXT
GSPNUIF FYBDU DPOEJUJPOBM EJTUSJCVUJPOPG !. HJWFO (!:PCT, !Θ) 8F JNQMFNFOU UIJT FYBDU ESBX
VTJOH B iUSJBOHVMBSw EFQFOEFODF TUSVDUVSF TUBSUJOH XJUI UIF FBTJFTU ESBXT UP NBSHJOBMJ[F
Q(!. | !:PCT, !Θ) ∝Q(!T |!TPCT,!:PCT, !Θ) 	Ǻǹǿ

×Q(!3 |!T,!:PCT, !Θ)
×Q(!:NJT | !3,!T,!:PCT, !Θ)
6TJOH FċDJFOU OVNFSJDBM JOUFHSBUJPO UFDIOJRVFT 	TVDI BT (BVTT)FSNJUF RVBESBUVSF
 BOE
FYBDU TBNQMJOH NFUIPET 	JOWPMWJOH FYQMJDJU FOWFMPQFT GPS SFKFDUJPO TBNQMFST
 XF HFOFS
BUF FYBDU ESBXT GSPN UIF KPJOU QPTUFSJPS PG UIF NJTTJOH EBUB VTJOH UIF BCPWF TFRVFODF PG
DPOEJUJPOBM EJTUSJCVUJPOT %FUBJMT PG FBDI PG UIFTF ESBXT JT HJWFO JO UIF GPMMPXJOH TFDUJPOT
4FDUJPO Ǻǻǹ EFUBJMT UIF TUFQT SFRVJSFE UP DPNQVUF BOE TBNQMF!T GSPN Q(!T | !TPCT,!:PCT, !Θ)
4FDUJPO Ǻǻǹ DPWFST Q(!3 |!T,!:PCT, !Θ) 4FDUJPO Ǻǻǹ EFUBJMT UIF FYBDU TBNQMJOH TUSBUFHZ GPS
ǽǾ
Q(!:NJT | !3,!T,!:PCT, !Θ)
%ģĒĨĚğĘ ėģĠĞ Q(!T | !:PCT, !Θ)
8F EFSJWF UIF QPTUFSJPS PG TJL HJWFO (!:PCT, !Θ) CZ JUFSBUJWFMZ NBSHJOBMJ[JOH PWFS UIF SFNBJO
JOH DPNQPOFOUT PG !. 'PS UIF EFSJWBUJPOT JO UIJT TFDUJPO XF EFmOF UIF OVNCFS PG VOPC
TFSWFE TUBUFT GPS QFQUJEF L PG QSPUFJO J BT TNJTJL ≡ TJL − TPCTJL  ESBXJOH TJL|TPCTJL , :PCT, !Θ JT UIFO
FRVJWBMFOU UP ESBXJOH TNJTJL |TPCTJL , :PCT, !Θ 'JSTU XF OPUF UIBU UIF DPOEJUJPOBM QPTUFSJPS EJTUSJ
CVUJPO PG !. GBDUPST CZ CPUI QSPUFJO BOE QFQUJEF TP JU TVċDFT UP DPOTJEFS B TJOHMF TJL ɥJT
ZJFMET
Q(TJL | !ZPCTJL , TPCTJL , !Θ) ∝Q(!ZPCTJL | TJL, !Θ) · Q(TJL | !Θ) 	ǺǹȀ

=
[∫
RT
NJT
JL
Q(!ZPCTJL ,!ZNJTJL | TJL, !Θ) E!ZNJTJL
]
· Q(TJL | !Θ) 	Ǻǹȁ

∝
 TPCTJL + TNJTJL
TPCTJL
 ·

TPCTJL +T
NJT
JL∏
M=TPCTJL +ð
∫
R
[∑
3JLM,*JLM
Q(ZNJTJLM ,3JLM, *JLM | TJL, !Θ)
]
EZNJTJLM

· Q(TJL | !Θ), 	ǺǺǸ

XIFSF UIF MBTU SFMBUJPOTIJQ GPMMPXT CZ DPOEJUJPOJOH PO !:PCT BOE FYQBOTJPO PWFS UIF NJTT
JOHOFTT JOEJDBUPST *JLM BOE 3JLM ɥF DPNCJOBUPSJBM UFSN FOUFST UIF BCPWF FYQSFTTJPO EVF UP
UIF WBSZJOH EJNFOTJPOBMJUZ PG PVS NJTTJOH EBUB
ǽǿ
8F UIFO GPDVT PO Q(ZNJTJLM ,3JLM, *JLM | TJL, !Θ) PCUBJOJOH
∑
3JLM,*JLM
Q(ZNJTJLM ,3JLM, *JLM | TJL, !Θ) =Q(ZNJTJLM | TJL, !Θ) ·
(
Q(3JLM = ï | ZNJTJLM , TJL, !Θ)+
Q(3JLM = ð | ZNJTJLM , TJL, !Θ) · Q(*JLM = ï | 3JLM = ï, ZNJTJLM , TJL, !Θ)
)
	ǺǺǹ

=
ð
σJ
φ
(
ZNJTJLM − γJL
σJ
)
·
(
ǊSOE + (ð− ǊSOE)H(ZNJTJLM , !η)
)
. 	ǺǺǺ

*OUFHSBUJOH UIJT FYQSFTTJPO PWFS ZNJTJLM ZJFMET
∫
R
Q(ZNJTJLM ,3JLM, *JLM | TJL, !Θ) EZNJTJLM = ǊSOE + (ð− ǊSOE)
∫
R
ð
σJ
φ
(
ZNJTJLM − γJL
σJ
)
H(ZNJTJLM , !η) EZNJTJLM
	ǺǺǻ

= ǊSOE + (ð− ǊSOE)ǊJOUJL , 	ǺǺǼ

XIFSF XF EFmOF
ǊJOUJL =
∫
R
ð
σJ
φ
(
ZNJTJLM − γJL
σJ
)
H(ZNJTJLM , !η) EZNJTJLM 	ǺǺǽ

4VCTUJUVUJOH ǊJOUJL GSPN 	ǺǺǽ
 JOUP 	ǺǺǻ
 ZJFMET B TJNQMF GPSN GPS UIF DPOEJUJPOBM QPTUFSJPS
1.' PG TJL
Q(TJL | !ZPCTJL , !Θ) ∝
 TPCTJL + TNJTJL
TPCTJL
 · (ǊSOE + (ð− ǊSOE) · ǊJOUJL )TNJTJL · Q(TJL | !Θ)
∝ (TPCTJL + TNJTJL ) · /FHBUJWF#JOPNJBM(TNJTJL | ð− Q∗JL, TPCTJL + S− ð) 	ǺǺǾ

XIFSF Q∗JL = (ð−λ)(ǊSOE+Ǌ*$JL (ð−ǊSOE)) ɥF DPOEJUJPOBM QPTUFSJPS HJWFO CZ 	ǺǺǾ
 EFWJBUFT
GSPN B /FHBUJWF #JOPNJBM 1.' POMZ EVF UP UIF DPOTUSBJOU UIBU TJL ≥ ð
*O PSEFS UP ESBX GSPN UIF QPTUFSJPS PG TJL FYBDUMZ XF EFWFMPQ B SFKFDUJPO TBNQMFS VTJOH
ǽȀ
B /FHBUJWF#JOPNJBM(ð − Q∗JL, TPCTJL + S) BT UIF QSPQPTBM EJTUSJCVUJPO 8F TUSVDUVSF UIJT BT B
ESBX GSPN UIF DPOEJUJPOBM QPTUFSJPS PG TNJTJL GPS DPNQVUBUJPOBM DPOWFOJFODF BOE DMBSJUZ PG
OPUBUJPO *G TPCTJL = ï TNJTJL − ð ∼ /FHBUJWF#JOPNJBM(ð − Q∗JL, S) FYBDUMZ TP XF DPOTJEFS POMZ
UIF TPCTJL > ï DBTF 5P DPOTUSVDU UIJT XF PCUBJO B UBSHFUQSPQPTBM SBUJP PG
Q(TNJTJL | !:PCT, !Θ)
/FHBUJWF#JOPNJBM(ð− Q∗JL, TPCTJL + S)
=
D∗(TPCTJL + TNJTJL )
TPCTJL + TNJTJL + S− ð
,
XIFSF D∗ JT B DPOTUBOU UIBU JT OPU B GVODUJPO PG TNJTJL  ɥJT SBUJP JT CPVOEFE CZ
D∗(TPCTJL + TNJTJL )
TPCTJL + TNJTJL + S− ð
≤

D∗ JG S ≥ ð
D∗TPCTJL
TPCTJL +S−ð
JG ï < S < ð
.
0QUJNJ[JOH UIJT XJUI SFTQFDU UP D∗ ZJFMET UIF GPMMPXJOH BDDFQUBODF QSPCBCJMJUJFT
Q(BDDFQU|9) =

(TPCTJL +T
NJT
JL )
(TPCTJL +T
NJT
JL +S−ð)
JG S ≥ ð
(TPCTJL +T
NJT
JL )
TPCTJL +T
NJT
JL +S−ð
× TPCTJL +S−ðTPCTJL JG ï < S < ð
.
)PXFWFS UIF JOUFHSBM SFRVJSFE UP DPNQVUF ǊJOUJL JT OPU HFOFSBMMZ BWBJMBCMF JO DMPTFE GPSN
8F EFWFMPQ B TJNQMF BDDVSBUF OVNFSJDBM JOUFHSBUJPO TUSBUFHZ CBTFE PO BEBQUJWF (BVTT
)FSNJUF RVBESBUVSF 	-JV BOE 1JFSDF ǹȁȁǼ
 8F mSTU mOE UIF NPEF PG UIF JOUFHSBOE ZˆNJTJLM
BOE JUT MPHBSJUINT TFDPOE EFSJWBUJWF BU UIF NPEF WˆNJTJL ≡ ðσñJ −
∂ñ
∂ZNJT ñJLM
MPH [H(ZNJTJLM , !η)]
∣∣∣
ZNJTJLM =Zˆ
NJT
JLM

4JODF FWFO UIJTNPEF JT OPU BWBJMBCMF JO DMPTFE GPSN XF VTF B WFDUPSJ[FE WFSTJPO PG)BMMFZT
NFUIPE UP FċDJFOUMZ BQQSPYJNBUF JU 6TJOH UIJT JOGPSNBUJPO XF UIFO BQQSPYJNBUF ǊJOUJL
VTJOH (BVTT)FSNJUF RVBESBUVSF XJUI UIF OPEFT TIJGUFE BOE TDBMFE CBTFE PO ZˆNJTJLM BOE WˆNJTJL 
ZJFMEJOH ǊˆJOUJL  'PS NPEFSBUF WBMVFT PG ηð POMZ B TNBMM OVNCFS PG OPEFT 	ǹǸ PS MFTT
 BSF
UZQJDBMMZ SFRVJSFE GPS BDDVSBDZ UPNBDIJOF QSFDJTJPO 8F TVNNBSJ[F UIJT TUSBUFHZ JO 'JHVSF
Ǻǻ
ǽȁ
ɥF BMHPSJUIN GPS ESBXJOH TNJTJL JT HJWFO JO "MHPSJUIN Ǻ 4FF 'JHVSF ǺǼ GPS TBNQMF ESBXT
DPNQBSFE UP UIF USVF EFOTJUZ BOE UIF QSPQPTBM OFHBUJWF CJOPNJBM EFOTJUZ
Observed and Censored Intensities
Intensity
P(Censored)
0 2 4 6 8 10
Intensity
Distribution
True
Censored
Observed
6B;m`2 kXj, *QKT`BbQMb Q7 Q`B;BMH- +2MbQ`2/- M/ Q#b2`p2/ BMi2MbBiv /Bbi`B#miBQMbX
ǹ %SBX 9 ∼ /FHBUJWF#JOPNJBM(ð− Qˆ∗JL, TPCTJL + S) XJUI
Qˆ∗JL = (ð− λ)
[
ǊSOE + (ð− ǊSOE)Ǌˆ*$JL
]
BOE 6 ∼ 6OJGPSN(ï, ð)
Ǻ "DDFQU TNJTJL = 9 JG 6 ≤

(TPCTJL +T
NJT
JL )
(TPCTJL +T
NJT
JL +S−ð)
JG S ≥ ð
(TPCTJL +T
NJT
JL )
TPCTJL +T
NJT
JL +S−ð
× TPCTJL +S−ðTPCTJL JG ï < S < ð

ǻ 3FUVSO UP ð PUIFSXJTF
"MHPSJUIN Ǻ TJL 3FKFDUJPO 4BNQMFS
%ģĒĨĚğĘ ėģĠĞ Q(!3 |!T,!:PCT, !Θ)
"GUFS ESBXJOH UIF OVNCFS PG TUBUFT QFS QFQUJEF TJL XF ESBX UIF MBUFOU SBOEPN DFOTPS
JOH JOEJDBUPST GPS FBDI DFOTPSFE QFQUJEF 3NJTJLM  #FDBVTF SBOEPN DFOTPSJOH PDDVST CFGPSF
JOUFOTJUZCBTFE DFOTPSJOH JG B QFQUJEF XBT SBOEPNMZ DFOTPSFE 	3JLM = ï
 UIFO Q(*JLM =
ð|3JLM = ï, !Θ) = ï BOE Q(0JLM = ð|3JLM = ï, !Θ) = ï BT PVUMJOFE JO 'JHVSF ǺǺ 8F UIFO PC
ǾǸ
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6B;m`2 kX9, 1tT2+i2/ Bi2`iBQMb T2` ++2Ti2/ /`r 7Q` TNJTJL `2D2+iBQM bKTH2` 7Q` λ = ï.ð-
ǊSOE = ï.ð- M/ Ǌ*$JL = .ô- rBi? S `M;BM; 7`QK yX8 iQ 8- TPCTJL `M;BM; 7`QK R iQ RyX
UBJO UIF QPTUFSJPS QSPCBCJMJUZ UIBU B QFQUJEF JT SBOEPNMZ DFOTPSFE HJWFO UIBU JU JT NJTTJOH
WJB B TUSBJHIUGPSXBSE BQQMJDBUJPO PG #BZFT ɥFPSFN
Q(3JLM = ð|0JLM = ï, !Θ,!:PCT) = ð− Q(0JLM = ï|3JLM = ï,
!Θ,!:PCT)Q(3JLM = ï|!Θ,!:PCT)∑ð
SJLM=ï Q(0JLM = ï|3JLM = SJLM, !Θ)Q(3JLM = SJLM|!Θ,!:PCT)
= ð− Ǌ
SOE
ǊSOE + (ð− ǊSOE)ǊJOUJL
, 	ǺǺǿ

XIFSF ǊJOUJLM JT EFmOFE BT JO 	ǺǺǽ
 1MVHHJOH JO PVS OVNFSJDBM BQQSPYJNBUJPO GPS ǊJOUJLM  Ǌˆ
JOU
JLM 
XF ESBX
3JLM | !:PCT, !Θ, TJL ∼ #FSOPVMMJ
(
ð− Ǌ
SOE
ǊSOE + (ð− ǊSOE)ǊˆJOUJL
)
. 	ǺǺȀ

%ģĒĨĚğĘ ėģĠĞ Q(!:NJT | !3,!T,!:PCT, !Θ)
ɥFmOBM TUFQ JO ESBXJOH UIFNJTTJOH EBUB JT UP JNQVUF UIF VOPCTFSWFE JOUFOTJUJFT CZ ESBX
JOH FBDI JOUFOTJUZ GSPN JUT GVMM DPOEJUJPOBM QPTUFSJPS EJTUSJCVUJPO ɥF GVMM DPOEJUJPOBM
Ǿǹ
QPTUFSJPS JT HJWFO CZ
Q(ZNJTJLM |TJL,3JL, !Θ) ∝

φ
(
ZJLM−γJL
σJ
)
JG 3JLM = ï BOE 0JLM = ï
φ
(
ZJLM−γJL
σJ
)
H(ZJLM, !η) JG 3JLM = ð BOE 0JLM = ï
.
'PS SBOEPNMZ DFOTPSFE TUBUFT XIFSF 3JLM = ï UIF NJTTJOHOFTT NFDIBOJTN JT JHOPSBCMF
HJWFO 3JLM )FODF XF TJNQMZ ESBX ZNJTJLM GSPN JUT VODPOEJUJPOBM EJTUSJCVUJPO
Q(ZNJTJLM |TJL, *JL = ï,3JLM = ï, !Θ) ∼ /PSNBM(γJL, σñJ ).
ɥF QPTUFSJPS EJTUSJCVUJPO GPS JOUFOTJUZDFOTPSFE TUBUFT 	3JLM = ð *JLM = ï
 JT HJWFO CZ
Q(ZNJTJLM |0JLM = ï,3JLM = ð, !Θ) = (ǊJOUJL )−ð
ð
σJ
φ
(
ZNJTJLM − γJL
σJ
)
H(ZNJTJLM , !η). 	ǺǺȁ

"T UIJT JT OPU B TUBOEBSE EJTUSJCVUJPO XF ESBX GSPN JU VTJOH B SFKFDUJPO TBNQMFS 8F VTF JO
GPSNBUJPO GSPN UIF BEBQUJWF RVBESBUVSF PG 4FDUJPO Ǻǻǹ UP DPOTUSVDU BO FċDJFOU QSPQPTBM
EJTUSJCVUJPO XJUI MJUUMF BEEJUJPOBM DPNQVUBUJPO 4QFDJmDBMMZ XF QSPQPTF GSPN B MPDBUJPO
TDBMF USBOTGPSNBUJPO PG B UνEJTUSJCVUJPO BT
:∗JLM ∼ ZˆNJTJLM + σˆNJTJL
√
ν − ñ
ν
Uν , 	ǺǻǸ

XIJDI IBT FYQFDUBUJPO ZˆNJTJL BOE WBSJBODF σˆNJTJL )ñ GPS ν > ñ
ɥF SFKFDUJPO TBNQMJOH BMHPSJUIN SFRVJSFT CPVOEJOH UIF SBUJP PG UIF UBSHFU EFOTJUZ UP
UIF QSPQPTBM EFOTJUZ 'PS UIJT TBNQMFS UIF HJWFO SBUJP IBT UXP MPDBM NBYJNB BT TIPXO JO
'JHVSF Ǻǽ # BOE $ɥF HMPCBM NBYJNVN PG UIF SBUJP DBO CF FJUIFS UIF mSTU PS UIJSE SPPU PG
UIF MPHSBUJPT EFSJWBUJWF EFQFOEJOH VQPO UIF QBSUJDVMBS SFMBUJPOTIJQ CFUXFFO !η σñJ  BOE
γJL 5P SFMJBCMZ mOE UIF HMPCBM NBYJNVN PG UIF UBSHFUQSPQPTBM EFOTJUZ SBUJP XF VTF B
ǾǺ
Acceptance Rate:62%
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6B;m`2 kX8, *2MbQ`2/ AMi2MbBiv _2D2+iBQM aKTH2` 1tKTH2
QBJS PG WFDUPSJ[FE CJTFDUJPO TFBSDIFT UP mOE UIF SPPUT PG UIF EFSJWBUJWF PG UIF MPHSBUJP
JO UXP SBOHFT (−∞, ZˆNJTJL ) BOE (ZˆNJTJL ,∞) 0ODF UIFTF SPPUT BSF PCUBJOFE XF TJNQMZ TFMFDU
UIF POF DPSSFTQPOEJOH UP UIF MBSHFS MPDBM NBYJNVN UP DPNQVUF BDDFQUBODF QSPCBCJMJUJFT
" HSBQIJDBM FYBNQMF PG UIF SFKFDUJPO TBNQMFS JT TIPXO JO 'JHVSF Ǻǽ % BOE UIF TBNQMJOH
BMHPSJUIN JT EFUBJMFE JO "MHPSJUIN ǻ
ǺǼ 4ĚĞĦĝĒĥĚĠğ ĤĥĦĕĚĖĤ
5P FWBMVBUF UIF QFSGPSNBODF PG PVSNFUIPE BOE UIF TUBCJMJUZ PG UIF BMHPSJUINQSFTFOUFE JO
4FDUJPO Ǻǻ XF UFTUFE PVSNFUIPE PO B TFU PG TJNVMBUFE.4.4 FYQFSJNFOUT 8F EFTDSJCF
UIF EFTJHO PG UIFTF TJNVMBUJPOT JO EFUBJM JO 4FDUJPO ǺǼǹ 8F DPWFS UIF DPNQVUBUJPOBM
QFSGPSNBODF BOE WBMJEBUJPO PG PVS .$.$ TBNQMFS JO 4FDUJPO ǺǼǺ *O 4FDUJPO ǺǼǻ XF
FWBMVBUF UIF GSFRVFOUJTU QSPQFSUJFT PG PVS #BZFTJBO FTUJNBUFT JODMVEJOH UIF DPWFSBHF PG
PVS QPTUFSJPS JOUFSWBMT 	ǺǼǻ
 BOE UIF QFSGPSNBODF PG UIF QSPQPTFE NFUIPE SFMBUJWF UP
TUBOEBSE FTUJNBUPST VTFE GPS UIJT DMBTT PG FYQFSJNFOUT 	ǺǼǻ

Ǿǻ
5BSHFU EFOTJUZ GNJT(ZJLM|ηï, ηð, γJL, σñJ ) = (ǊJOUJL )−ð ðσJφ
(
ZJLM−γJL
σJ
)
H(ZJLM, !η)
1SPQPTBM EFOTJUZ G∗(Z∗JLM|ν, ˜JLM, σ˜JLM) =
Γ( ν+ðñ )√
νǊΓ( νñ )
(
ð+ (Z
∗
JLM−˜JLM)ñ
νσ˜ñJLM
)−( ν+ðñ )
ǹ $PNQVUF [JLM
	B
 6TJOH CJTFDUJPO mOE UIF SPPUT PG PG UIF mSTU EFSJWBUJWF PG UIF MPH EFOTJUZ
SBUJP
[(ð)JLM ≡ BSHNBY
ZJLM∈[−∞,˜JLM)
MPH
[
GNJT(ZJLM|ηï,ηð,γJL,σñJ )
G∗(ZJLM|ν,˜JLM,σ˜JLM)
]
BOE
[(ñ)JLM ≡ BSHNBY
ZJLM∈(˜JLM,∞]
MPH
[
GNJT(ZJLM|ηï,ηð,γJL,σñJ )
G∗(ZJLM|ν,˜JLM,σ˜JLM)
]

	C
 %FUFSNJOF UIF NBYJNVN PG UIF EFOTJUZ SBUJPT
D∗ ≡ NBY
(
GNJT([(ð)JLM |ηï,ηJOU,γJL,σñJ )
G∗([(ð)JLM |ν,˜JLM,σ˜JLM)
,
GNJT([(ñ)JLM |ηï,ηð,γJL,σñJ )
G∗([(ñ)JLM |ν,˜JLM,σ˜JLM)
)

Ǻ (FOFSBUF 9 ∼ H(Z∗JLM|ν, ˜JLM, σ˜JLM) 6 ∼ 6OJG(ï, ð)
ǻ "DDFQU ZJLM = 9 JG 6 ≤ G
NJT(9|ηï,ηJOU,γJL,σñJ )
D∗G∗(9|ν,˜JLM,σ˜JLM) 
Ǽ &MTF SFUVSO UP ñ
"MHPSJUIN ǻ ZNJTJLM SFKFDUJPO TBNQMFS BMHPSJUIN
ǾǼ
h#H2 kXk, S`K2i2` b2iiBM;b 7Q` bBKmHiBQM bim/B2bX
(SBEJFOU ατ βτ ασ βσ ǊSOE ηï ηð λ S
ȁǸN Ǿǻ Ǻǹ Ȁǽ ǻǽ ǸǺǸ ǹǾ ǻǸ ǸȀǼ ǹȁ
ǹȀǸN ǽǻ ǹǻ ǿǸ Ǽǹ ǸǺǹ ǹǼ Ǻǿ Ǹǿȁ ǹȁ
ǻǾǸN ǾǺ ǹȀ ǿǸ Ǻǽ ǸǻǸ ǺǸ Ǽǻ ǸǾǺ ǹǾ
ǺǼǹ %ĖĤĚĘğ Ġė ĖĩġĖģĚĞĖğĥĤ
8F TJNVMBUFE B TFU PG DPNQMFY CJPMPHJDBM TBNQMFT TQBOOJOH B CSPBE SBOHF PG BCVOEBODFT
BOE QSPUFJOTQFDJmD QSPQFSUJFT 'PS FBDI TVDI TBNQMF XF TJNVMBUF ǽǼ QSPUFJOT XJUI BCVO
EBODFT TQBOOJOH Ǿ PSEFST NBHOJUVEF J = ò, . . . , ÷ ZJFMEJOH ȁ QSPUFJOT QFS BCVOEBODF
MFWFM 8JUIJO FBDI BCVOEBODF MFWFM FBDI TJNVMBUFE QSPUFJO DPOTJTUT PGNJL = ñï, ñô . . . , õï
QFQUJEFT 8JUI UIFTF QSPQFSUJFT mYFE BDSPTT SFQMJDBUFT XF TJNVMBUFE ǹǺǸǸ FYQFSJNFOUT
GSPN UIF NPEFM EFTDSJCFE JO 4FDUJPO ǺǺ VTJOH B QSPCJU MJOL GVODUJPO GPS H(·, !η) ɥFTF
DPOTJTUFE GPS ǼǸǸ SFQMJDBUFT GPS FBDI PG UIF QBSBNFUFS TFUUJOHT QSPWJEFE JO 5BCMF ǺǺ FBDI
PG XIJDI XBT CBTFE PO FTUJNBUFT GSPN BO FYQFSJNFOU XJUI UIF HJWFO HSBEJFOU MFOHUI VTJOH
UIF 4JHNB 614Ǻ TUBOEBSE
ǺǼǺ .$.$ ġĖģėĠģĞĒğĔĖ Ēğĕ ħĒĝĚĕĒĥĚĠğ
0VS .$.$ TBNQMFS QSPEVDFE IJHIRVBMJUZ ESBXT GSPN UIF UBSHFU QPTUFSJPS BU B MPX DPN
QVUBUJPOBM DPTU 3VOOJOH ǻǸǸǸ JUFSBUJPOT GPS FBDI SFQMJDBUF SFRVJSFE BO BWFSBHF PG ǺǾǿ
TFDPOET 	ǸǸȀȀ TFDPOET QFS JUFSBUJPO
 XJUI B TUBOEBSE EFWJBUJPO PG ǹǿǹ TFDPOET 0G UIFTF
ǻǸǸǸ JUFSBUJPOT XF EJTDBSEFE UIF mSTU ǹǸǸǸ BT CVSO JO ɥF NFBO FĊFDUJWF TBNQMF TJ[FT
GPS FBDI UPQMFWFM QBSBNFUFS CBTFE PO UIF SFNBJOJOH ǺǸǸǸ ESBXT BSF QSPWJEFE JO 5BCMF
Ǻǻ 'PS J BOE ζJ XF BMTP JODMVEF UIF NFBO TUBOEBSE EFWJBUJPO PG FĊFDUJWF TBNQMF TJ[FT
BDSPTT QSPUFJOT 8F OPUF UIBU BMM NFBO FĊFDUJWF TBNQMF TJ[FT BSF HSFBUFS UIBO ǹǸǸ JOEJDBU
Ǿǽ
h#H2 kXj, p2`;2 2z2+iBp2 bKTH2 bBx2b #v T`K2i2`X ± 7Q` J M/ ζJ BM/B+i2b i?2 p2`;2
biM/`/ /2pBiBQM Q7 2z2+iBp2 bKTH2 bBx2b +`Qbb T`Qi2BMbX
(SBEJFOU ζJ η λ J ǊSOE S βσ βτ ασ ατ
ȁǸN ǻǼǹ±ǹȀȀ ǺȀǿ ǿǿǻ ǻǻǹ±ǹȁǹ ǹȁǹ ǹǹǾǸ ǺǿǺ Ǻǹǿ ǻǸǻ ǺǼǺ
ǹȀǸN ǺǽǾ±ǹǼǻ ǺȀǽ ȀǺǻ ǺǽǸ±ǹǼȀ ǹǿǽ ǹǹȁǿ ǻǻǿ ǹǿǾ ǻǿȁ ǹȁǹ
ǻǾǸN ǼǺǹ±ǺǸȀ ǹǿȁ ǹǸǹǻ Ǽǹǹ±Ǻǹǽ Ǻǿǽ ǹǻǻȀ ǻǼǾ ǺǺǺ ǻȁǺ ǺǽǸ
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6B;m`2 kXe, *Qp2`;2 Q7 >S. BMi2`pHb pbX J #v bBKmHi2/ ;`/B2Mi H2M;i? M/ "v2bBM
H2p2HX
JOH UIBU FWFO ǺǸǸǸ JUFSBUJPOT BSF TVċDJFOU UP PCUBJO .POUF $BSMP BO PSEFS PG NBHOJUVEF
CFMPX UIF QPTUFSJPS TUBOEBSE EFWJBUJPO PG FBDI QBSBNFUFS
ǺǼǻ 'ģĖĢĦĖğĥĚĤĥ ĖħĒĝĦĒĥĚĠğĤ
$ĠħĖģĒĘĖ ĒğĒĝĪĤĚĤ
8F mSTU VTFE PVS TJNVMBUFE SFQMJDBUFT UP FWBMVBUF UIF GSFRVFODZ DPWFSBHF PG PVS QPTUFSJPS
JOUFSWBMT GPDVTJOH PO UIPTF GPS ζJ ɥF SFTVMUT PG UIFTF FWBMVBUJPOT BSF TVNNBSJ[FE JO 'JH
VSF ǺǾ DPSSFTQPOEJOH SFTVMUT GPS DPWFSBHF WT NJ BSF TJNJMBS BOE QSPWJEFE JO "QQFOEJY #
8F mOE UIBU PVS QPTUFSJPS JOUFSWBMT BSF XFMMDBMJCSBUFE GPS UIF SFHJNFT PG JOUFSFTU "DSPTT
ǾǾ
BMM UISFF TJNVMBUFE HSBEJFOU MFOHUIT XF PCUBJO ǾǿǶ DPWFSBHF GPS PVS ǾȀǶ QPTUFSJPS JOUFS
WBMT ȀȁǶNFBO DPWFSBHF GPS PVS ȁǸǶ QPTUFSJPS JOUFSWBMT ȁǼǶNFBO DPWFSBHF GPS PVS ȁǽǶ
QPTUFSJPS JOUFSWBMT BOEȁȀǶNFBO DPWFSBHF GPS PVS ȁȁǶQPTUFSJPS JOUFSWBMT ɥFTF EFNPO
TUSBUF UIBU EFTQJUF UIF DPNQMFYJUZ PG PVS #BZFTJBONFUIPE JU DBO QSPWJEF JOGFSFODFT XJUI
GSFRVFOUJTU HVBSBOUFFT
$ĠĞġĒģĚĤĠğ ĨĚĥę ĖĩĚĥĚğĘ ĞĖĥęĠĕĤ
8FDPNQBSFE UIF QFSGPSNBODF PG PVSNPEFMCBTFE BCVOEBODF FTUJNBUFTXJUI TFWFSBM TUBO
EBSE NFUIPET GPS BCTPMVUF QSPUFJO RVBOUJUBUJPO .BOZ PG UIFTF NFUIPET XFSF PSJHJOBMMZ
EFWFMPQFE GPS SFMBUJWF RVBOUJUBUJPO BOE BSF DPOWFSUFE UP BCTPMVUFNFBTVSFT CZ BQQSPQSJBUF
SFTDBMJOH "MM NFUIPET VTFE JO UIJT DPNQBSJTPO BSF PG UIF GPSN
ζˆJ = MPHðï
(
5ˆ
ðïˆJ∑
J ðïˆJ
)
. 	Ǻǻǹ

8F DPNQBSF UIFQFSGPSNBODF PG PVSNFUIPE UP UXP DMBTTFT PG DPNNPONFUIPET JOUFOTJUZ
CBTFE FTUJNBUPST BOE DPVOUCBTFE FTUJNBUPST 8F TFU 5ˆ =
∑
J ðïJ GPS BMM PG UIFTF FTUJNB
UPST "NPOH JOUFOTJUZCBTFE FTUJNBUPST XF DPOTJEFS TJNQMF TVNNFE JOUFOTJUJFT 	ǺǻǺ

BOE NFEJBO PCTFSWFE JOUFOTJUZ 	Ǻǻǻ
 	FH $PY BOE .BOO ǺǸǸȀ
 8F BMTP FWBMVBUF
UXP WBSJBOUT CBTFE PO FTUJNBUPST GSPN UIF TQFDUSBM DPVOUJOH MJUFSBUVSF NFBO PCTFSWFE
JOUFOTJUZ 	ǺǻǼ
 BOE BEKVTUFE NFBO PCTFSWFE JOUFOTJUZ 	Ǻǻǽ

ˆTJJ = MPHðï
(∑
LM
ðïZPCTJLM
)
, 	ǺǻǺ

ˆNFEJ = .FELM(ZJLM), 	Ǻǻǻ

ˆNJJ = MPHðï
(∑
LM
ðïZPCTJLM /NPCTJ
)
, 	ǺǻǼ

ˆBNJJ = MPHðï
(∑
LM
ðïZPCTJLM /
∑
L
TPCTJL
)
. 	Ǻǻǽ
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● Summed intensity
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6B;m`2 kXd, _2HiBp2 2{+B2M+v Q7 biM/`/ K2i?Q/b U.4&.FUIPE/.4&.PEFM−CBTFEV pbX J M/ NJ
#v #HQ+F UH27i M/ `B;?i +QHmKMb- `2bT2+iBp2HvVX _2HiBp2 Ja1 tBb Bb HQ;`Bi?KB+X aQHB/ #H+F
HBM2 i R +Q``2bTQM/b iQ i?2 KQ/2H@#b2/ K2i?Q/Ƕb 2{+B2M+v- #v /2}MBiBQMX
*O UIF BCPWFNJ JT UIF 	LOPXO
OVNCFS PG QPTTJCMF QFQUJEFT UIBU BSF HFOFSBUFE CZEJHFTUJOH
QSPUFJO J VTJOH B QBSUJDVMBS FO[ZNF
"OPUIFS DPNNPO BQQSPBDI LOPXO BT TQFDUSBM DPVOUJOH EJTSFHBSET UIF JOUFOTJUZ NFB
TVSFNFOUT BOE VTFT DPVOUT PG UIF PCTFSWFE TUBUFT BTTPDJBUFE XJUI FBDI QSPUFJO " SBOHF PG
TVDINFUIPETIBWF CFFOEFWFMPQFE SFMBUJWF RVBOUJUBUJPO JODMVEJOHCBTJD TQFDUSBM DPVOUJOH
	FH -JV FU BM ǺǸǸǼ
 BWFSBHF TQFDUSBM DPVOUT 	FH 8FJTT FU BM ǺǸǹǸ
 BOE UIF QSPQPS
UJPO PG QFQUJEFT JEFOUJmFE 	11*
 	3BQQTJMCFS FU BM ǺǸǸǺ
 )PXFWFS UIFTF BSF OPU EJSFDUMZ
TVJUBCMF GPS BCTPMVUF RVBOUJUBUJPO EVF UP B MBDL PG OPSNBMJ[BUJPO *TIJIBNB FU BM 	ǺǸǸǽ

EFmOFE BO FYQPOFOUJBMMZNPEJmFE QSPUFJO BCVOEBODF JOEFY 	FN1"*
 UP BEESFTT UIFTF JT
TVFT
ˆFN1"*J = MPHðï
(
ðï
∑
L I(TPCTJL >ï)/NJ − ð
)
. 	ǺǻǾ

ɥJT QSPWJEFT B DPNNPOMZVTFE SFQSFTFOUBUJWF PG UIF DPVOUCBTFE DMBTT PG NFUIPET
8F TVNNBSJ[F UIF SFTVMUT PG UIFTF DPNQBSJTPOT JO 'JHVSFT Ǻǿ BOE ǺȀ $PNQMFUF UBC
ǾȀ
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6B;m`2 kX3, "Bb Q7 ζˆJ 7Q` biM/`/ K2i?Q/b M/ TQbi2`BQ` K2M 7`QK KQ/2H pbX J M/ NJ #v
;`/B2Mi H2M;i? UH27i M/ `B;?i +QHmKMb- `2bT2+iBp2HvVX
VMBS SFTVMUT BSF BWBJMBCMF JO "QQFOEJY # 'SPN 'JHVSF Ǻǿ XF TFF UIBU PVS NFUIPE SFEVDFT
UIF PWFSBMM.4&PG BCVOEBODF FTUJNBUFT CZ B GBDUPS PG ǽoǹǸ SFMBUJWF UP JOUFOTJUZCBTFE FTUJ
NBUFT BOE CZ B GBDUPS PG ǾoǹǽǸ SFMBUJWF UP FN1"*.PTU JOUFOTJUZCBTFE FTUJNBUPST FYIJCJU
DPOTJTUFOU FċDJFODZ SFMBUJWF UP PVST BMUIPVHI UIFNFEJBO JOUFOTJUZ FTUJNBUPST FċDJFODZ
JNQSPWFT UP OFBSMZ ǹ BT BCVOEBODF JODSFBTFT )PXFWFS UIJT FTUJNBUPST FċDJFODZ JT RVJUF
QPPS GPS MPXBCVOEBODF QSPUFJOT XJUI BQQSPYJNBUFMZ ǺǸ UJNFT UIF NPEFMCBTFE FTUJNB
UPST .4& ɥF FċDJFODZ PG FN1"* JODSFBTFT CZ BO PSEFS PG NBHOJUVEF PWFS UIF SBOHF PG
TJNVMBUFE BCVOEBODFT BOE EFDSFBTFT TMJHIUMZ XJUI QSPUFJO MFOHUI NJ EFNPOTUSBUJOH UIF
WBMVF PG JOUFOTJUZ JOGPSNBUJPO JO MPXBCVOEBODF SFHJNFT #Z DBSFGVMMZ DPNCJOJOH DPVOU
BOE JOUFOTJUZ JOGPSNBUJPO XF PCUBJO DPOTJTUFOU SFEVDUJPOT JO.4& SFMBUJWF UP CPUI DMBTTFT
PG NFUIPET GPS BMM WBMVFT PG J BOENJ
5VSOJOH UP CJBT XF TFF UIBU UIF NPEFMCBTFE FTUJNBUPS QSPWJEFT MPXFS CJBT UIBO CPUI
DMBTTFT PG TUBOEBSE NFUIPET 4VNNFE JOUFOTJUZ TIPXT B TMJHIU OFHBUJWF CJBT 	CFUXFFO
Ǹǿ BOE Ǹ
 XIJMF NFBO BOE BWFSBHF NFBO PCTFSWFE JOUFOTJUZ TIPX B QPTJUJWF CJBT PG TJN
Ǿȁ
JMBS NBHOJUVEF ɥF NFEJBO JOUFOTJUZ FTUJNBUPS TIPXT B GBS MBSHFS QPTJUJWF CJBT 	OFBSMZ
Ǻ PSEFST PG NBHOJUVEF
 BU MPX BCVOEBODFT ɥF CJBTFT PG BMM GPVS JOUFOTJUZCBTFE FTUJNB
UPST EJNJOJTI BT BCVOEBODF JODSFBTFT ɥF FN1"* FTUJNBUPS TIPXT B MBSHF QPTJUJWF CJBT
UIBU BMTP EFDSFBTFT JO NBHOJUVEF XJUI BCVOEBODF ɥF CJBT PG UIF TVNNFE JOUFOTJUZ FT
UJNBUPS EJNJOJTIFT GSPN BQQSPYJNBUFMZ Ǹǿ UP Ǹ BT QSPUFJO MFOHUI JODSFBTFT UIF CJBTFT
PG PVS PUIFS FTUJNBUPST FYIJCJUT MJUUMF TFOTJUJWJUZ UP QSPUFJO MFOHUI "HBJO XF TFF UIBU
PVS NPEFMCBTFE BQQSPBDI FOBCMFT VT UP DPNCJOF DPVOU BOE JOUFOTJUZ JOGPSNBUJPO JOUP
FTUJNBUPST UIBU PVUQFSGPSN CPUI DMBTTFT PG TUBOEBSE NFUIPET
Ǻǽ &ĞġĚģĚĔĒĝ ģĖĤĦĝĥĤ
)BWJOH FTUBCMJTIFE PVS NFUIPET QSPQFSUJFT PO TJNVMBUFE EBUB XF UVSO UP BDUVBM FYQFSJ
NFOUBM EBUB 8F VTF B RVBOUJUBUJWF QSPUFJO TUBOEBSE EFTDSJCFE JO 4FDUJPO Ǻǽǹ GPS UIFTF
FYQFSJNFOUT ɥJT TUBOEBSE QSPWJEFT LOPXO BCVOEBODFT GPS FWBMVBUJPO XJUI B SFBMJTUJD
TFU PG QSPUFJOT *O 4FDUJPO ǺǽǺ XF VTF UIFTF FYQFSJNFOUT UP DIFDL PVS NPEFM BTTVNQ
UJPOT BOE EFNPOTUSBUF UIFJS JNQMJDBUJPOT GPS SFBM EBUB *O 4FDUJPO Ǻǽǻ XF BTTFTT UIF
DPNQBSBUJWF QFSGPSNBODF PG UIF QSPQPTFENFUIPET XJUI SFTQFDU UP UIF TUBOEBSENFUIPET
QSFTFOUFE JO 4FDUJPO ǺǼǻ
Ǻǽǹ %ĒĥĒ
8F DPOEVDUFE B TFU PG -$.4.4 FYQFSJNFOUT VTJOH UIF 6OJWFSTBM 1SPUFPNF 4UBOEBSE Ǻ
	614Ǻ
 B DPOTUSVDUFE CJPMPHJDBM TBNQMF UIBU DPOUBJOT ǼȀ IVNBO QSPUFJOT ɥFTF QSPUFJOT
BSF QSFTFOU JO TJY DPODFOUSBUJPOT SBOHJOH GSPN ǽG. UP ǽǸǸǸǸ G. XJUI FJHIU LOPXO QSP
UFJOT BU FBDI DPODFOUSBUJPO ɥFTF QSPUFJOT BSF TFMFDUFE UP TQBO B CSPBE SBOHF PG QIZTJ
DBM QSPQFSUJFT 	TJ[F BOE IZESPQIPCJDJUZ
 XJUIJO FBDI DPODFOUSBUJPO SFNPWJOH B QPUFOUJBM
DPOGPVOEJOH GBDUPS XIJMF SFnFDUJOH UIF BDUVBM WBSJBUJPO BNPOH QSPUFJOT JO UZQJDBM TBN
ǿǸ
QMFT ɥF DPODFOUSBUJPO TQFDJmFE GPS FBDI QSPUFJO JO UIF TUBOEBSE XBT DPOmSNFE CZ UIF
NBOVGBDUVSFS VTJOH NVMUJQMF NFUIPET TP XF BSF DPNGPSUBCMF UBLJOH UIF DPODFOUSBUJPOT
SFQPSUFE CZ UIF NBOVGBDUVSFS BT HSPVOE USVUI GPS TVCTFRVFOU BOBMZTFT 8JUI JUT IJHI EZ
OBNJD SBOHF UIF TUBOEBSE QSPWJEFT B SFBMJTUJD BOE TUSJOHFOU UFTU PG PVS NFUIPE
8F SBO mWF -$.4.4 FYQFSJNFOUT VTJOH UIJT TUBOEBSE BU UISFF HSBEJFOU MFOHUIT ȁǸ
ǹȀǸ BOE ǻǾǸNJOVUFT XJUI UXP UXP BOE POF SFQMJDBUFT QFS HSBEJFOU MFOHUI SFTQFDUJWFMZ
&BDI HSBEJFOU MFOHUI JNQMJFT B EJĊFSFOU TFU PG QBSBNFUFST GPS UIFNJTTJOH EBUBNFDIBOJTN
-POHFS HSBEJFOUT BMMPX GPS UIF PCTFSWBUJPO PG B HSFBUFS WBSJFUZ.4Ǻ TQFDUSB BOE JT FYQFDUFE
UP EFDSFBTF UIF EFHSFF PG JOUFOTJUZCBTFE NJTTJOHOFTT )PXFWFS MPOHFS HSBEJFOUT DBO
BMTP SFEVDF UIF EZOBNJD SBOHF PG PCTFSWFE JOUFOTJUJFT BOE SFRVJSF TVCTUBOUJBMMZ HSFBUFS
FĊPSU GSPN UIF FYQFSJNFOUFS 0VS FYQFSJNFOUT BMMPX VT UP FYQMPSF UIFTF USBEFPĊT JO BT
XF FWBMVBUF PVS NFUIPE ɥF ȁǸNJOVUF HSBEJFOUT SFnFDU UIF EFHSFF PG DFOTPSJOH UZQJDBMMZ
PCTFSWFE JO BOBMZTFT PG NPSF DPNQMFY NJYUVSFT XIJMF UIF ǹȀǸ BOE ǻǾǸ NJOVUF HSBEJFOUT
QSPWJEF B iTBOJUZ DIFDLw PG PVS NFUIPET CFIBWJPS JO B TFUUJOH XJUI MFTT NJTTJOH EBUB
ǺǽǺ &ĩġĝĠģĒĥĠģĪ ĒğĒĝĪĤĚĤ Ēğĕ ĞĠĕĖĝ ĔęĖĔĜĚğĘ
6TJOH UIF FYQFSJNFOUBM EBUB XF FYBNJOFE UIF EJTUSJCVUJPOT PG JOUFOTJUJFT JEFOUJmDBUJPOT
BOE TUBUFT UP DIFDL UIF BTTVNQUJPOT PG PVS NPEFM 'JHVSF Ǻȁ TVNNBSJ[FT UIFTF SFTVMUT
1BOFM " PG UIJT mHVSF TIPXT UIF PCTFSWFE EJTUSJCVUJPO PG JOUFOTJUJFT CZ DPODFOUSBUJPO *U
JT JNNFEJBUFMZ DMFBS GSPN UIFTF IJTUPHSBNT UIBU UIF OVNCFS PG JOUFOTJUJFT PCTFSWFE BOE
UIF NFEJBO PCTFSWFE JOUFOTJUZ JODSFBTFT TUSPOHMZ XJUI UIF DPODFOUSBUJPO ɥF EJTUSJCV
UJPOT PG PCTFSWFE JOUFOTJUJFT BSF BMTP SJHIUTLFXFE GPS FBDI DPODFOUSBUJPO MFWFM XIJDI JT
DPOTJTUFOU XJUI UIF DPNCJOBUJPO PG JOUFOTJUZEFQFOEFOU DFOTPSJOH BOE BO VOEFSMZJOH MPH
OPSNBM EJTUSJCVUJPO PG JOUFOTJUJFT
1BOFMT # $ BOE % TIPX UIF SFMBUJPOTIJQ CFUXFFO DPODFOUSBUJPO BOE JEFOUJmDBUJPO NF
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6B;m`2 kXN, 1tTHQ`iQ`v /i MHvbBb mbBM; i?2 lSak [mMiBiiBp2 T`Qi2BM biM/`/X
ǿǺ
EJBO JOUFOTJUZ BOE TPCTJL JO HSFBUFS EFUBJM ɥF NFEJBO PCTFSWFE JOUFOTJUZ CZ QSPUFJO JO
DSFBTFT XJUI UIF QSPUFJOT DPODFOUSBUJPO BMUIPVHI UIF GPSNFS IBT GBS MFTT EZOBNJD SBOHF
UIBO UIF MBUUFS 	Ǻ PSEFST PG NBHOJUVEF WT ǽ
 *OUFOTJUZCBTFE DFOTPSJOH BU UIF TUBUF MFWFM
FYQMBJOT UIJT EJTDSFQBODZ BT UIF MPXFTUJOUFOTJUZ JPOT BSF QSFGFSFOUJBMMZ SFNPWFE GSPN UIF
TBNQMF 8F BMTP DPNQBSFE UIF OVNCFS PG TUBUFT UIBU QFQUJEFT XFSF EFUFDUFE JO BDSPTT QSP
UFJO DPODFOUSBUJPOT ɥF QIZTJDBM QSPDFTT UIBU HFOFSBUFT EJTUJODU QFQUJEF TUBUFT JT LOPXO
UP CF JOEFQFOEFOU PG QSPUFJO PS QFQUJEF BCVOEBODF TP UIF OVNCFS PG QPTTJCMF QFQUJEF
TUBUFT NVTU CF JOWBSJBOU UP UIF QFQUJEFT DPODFOUSBUJPO 4JODF JU JT OPU QPTTJCMF UP EFUFS
NJOF UIF OVNCFS PG QPTTJCMF TUBUFT QFS GPS QFQUJEF B QSJPSJ XF NPEFM UIJT WBMVF BT BO **%
SBOEPN WBSJBCMF JO PVS NPEFM )PXFWFS XF PCTFSWF B TUSPOH SFMBUJPOTIJQ CFUXFFO UIF
OVNCFS PG PCTFSWFE QFQUJEF TUBUFT BOE DPODFOUSBUJPO JO UIF FYQFSJNFOUBM EBUB ɥJT TVQ
QPSUT UIF BTTVNQUJPO PG JOUFOTJUZEFQFOEFOU TUBUFMFWFM DFOTPSJOH JO PVS NPEFM
ɥF QSPQPSUJPO PG QFQUJEFT JEFOUJmFE QFS QSPUFJO SBOHFT OFBSMZ ǹ GPS UIFNPTU BCVOEBOU
QSPUFJOT UP BQQSPYJNBUFMZ ǽǶ GPS UIF MFBTU BCVOEBOU XIJMF UIFɥJT JT NPTUMZ BUUSJCVUBCMF
UP TFMFDUJPO GPS BCVOEBOU JPOT XJUIJO UIF .4.4 FRVJQNFOU BT QBOFM & EFNPOTUSBUFT
#Z EFTJHO UIF TVCTFU PG QFQUJEFT TFMFDUFE GPS GSBHNFOUBUJPO JT EFUFSNJOFE CZ UIF JOTUSV
NFOUT TPGUXBSF JO SFBM UJNF BT UIF TBNQMF JT BOBMZ[FE 8IJMFXF GPDVT PO UIF TVCTFU PG QFQ
UJEFT UIBU BSF CPUI EFUFDUFE CZ UIF NBTT TQFDUSPNFUFS BOE TVDDFTTGVMMZ JEFOUJmFE OFBSMZ
BMM PG UIF QFQUJEFT JO UIF TBNQMF DBO CF RVBOUJmFE JO UFSNT PG UIFJS UPUBM JOUFOTJUZ¤ ɥJT
BMMPXT VT UP JOWFTUJHBUF UIF JOUFOTJUZEFQFOEFODF PG UIF QFQUJEF JEFOUJmDBUJPO QSPDFTT JO
EFUBJM BOE WBMJEBUF PVSNPEFM BTTVNQUJPOT $PNQBSJOH UIF EJTUSJCVUJPOT PG JEFOUJmFE BOE
VOJEFOUJmFE TUBUFMFWFM JOUFOTJUJFT JO 1BOFM & TIPXT UIBU 	ǹ
 UIF EJTUSJCVUJPO PG JEFOUJmFE
¤4PGUXBSF JT BCMF UP RVBOUJGZ QFQUJEFT UIBU XFSF OPU JEFOUJmFE JT EVF UP UIF CPUI NBTT BDDVSBDZ PG UIF
NBTT TQFDUSPNFUFS BOE UIF FĊFDUJWF TFQBSBUJPO PG UIF TBNQMF CZ DISPNBUPHSBQIZ ɥF TPGUXBSF VTFE UP
QSPDFTT UIF FYQFSJNFOUBM EBUB 	$PY BOE.BOO ǺǸǸȀ
 JT BCMF UP JEFOUJGZ BOE JOUFHSBUF PWFS BMM VOJRVF QSPmMFT
JO UIF N[ × JOUFOTJUZ × SFUFOUJPO UJNF TQBDF BT TIPXO JO 'JHVSF Ǻǹ $ ɥJT BMMPXT RVBOUJUBUJPO PG UIF
NBKPSJUZ PG QFQUJEFT IPXFWFS TJODF UIF NBKPSJUZ PG UIFTF BSF OPU JEFOUJmFE UIFSF JT OP XBZ UP NBQ UIFN
UP B TQFDJmD QSPUFJO )FODF XF FYDMVEF UIFN GSPN PVS NPEFMCBTFE JOGFSFODF
ǿǻ
Posterior mean Summed intensity Mean obs. intensity Median intensity emPAI
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6B;m`2 kXRy, AM72``2/ T`Qi2BM #mM/M+2b 7`QK 2tT2`BK2Mib rBi? lSak biM/`/X
h#H2 kX9, J2M b[m`2/ 2``Q`b ± biM/`/ 2``Q`b 7`QK 2tT2`BK2Mib rBi? lSak biM/`/X
(SBEJFOU MFOHUI
.FUIPE ȁǸN ǹȀǸN ǻǾǸN
1PTUFSJPS NFBO ï.óð± ï.ðð ï.òó± ï.ïö ï.òö± ï.ïõ
4VNNFE JOUFOTJUZ ð.ïõ± ï.ðñ ï.öõ± ï.ðó ï.õô± ï.ïö
.FBO PCT JOUFOTJUZ ñ.óô± ï.ðõ ð.÷ñ± ï.ñð ð.ñõ± ï.ï÷
.FEJBO JOUFOTJUZ ò.ð÷± ï.ðò ñ.ñõ± ï.ñð ð.÷ö± ï.ïõ
FN1"* ñ.÷ð± ï.ðï ò.ïò± ï.ðñ ò.ôô± ï.ðò
JOUFOTJUJFT TUPDIBTUJDBMMZ EPNJOBUFT UIBU PG UIF VOJEFOUJmFE JOUFOTJUJFT BOE 	Ǻ
 UIFSF JT
TVCTUBOUJBM PWFSMBQ CFUXFFO UIFTF EJTUSJCVUJPOT 	ǹ
 JT DPOTJTUFOU XJUI ɥFPSFN ǹ XIJMF
	Ǻ
 JT DPOTJTUFOU XJUI UIF BTTVNQUJPO PG B TUPDIBTUJD DFOTPSJOH NFDIBOJTN
Ǻǽǻ $ĠĞġĒģĚĤĠğ Ġė ĖĞġĚģĚĔĒĝ ģĖĤĦĝĥĤ
8FVTFE UIF FYQFSJNFOUT EFTDSJCFE JO 4FDUJPO Ǻǽǹ UP FWBMVBUF PVSNFUIPET QFSGPSNBODF
BHBJOTU UIF TUBOEBSE NFUIPET EFTDSJCFE JO 4FDUJPO ǺǼǻ 8F TVNNBSJ[F UIFTF SFTVMUT JO
'JHVSF ǺǹǸ BOE5BCMF ǺǼ BOEQSPWJEF DPNQMFUF UBCMFT PG SFTVMUT JO"QQFOEJY # 8F SFTUSJDU
ǿǼ
PVS BUUFOUJPO IFSF UP UIF CFTUQFSGPSNJOH TVCTFU PG UIF FTUJNBUPST QSFTFOUFE JO 4FDUJPO
ǺǼǻ 8F TFF GSPN5BCMF ǺǼ UIBU PVSNFUIPET QFSGPSNBODF JT QBSUJDVMBSMZ TUSPOH PO TIPSU
HSBEJFOUT QSPWJEJOH B GBDUPS PG ǺǾ SFEVDUJPO JO.4& SFMBUJWF UP UIF CFTU TUBOEBSE FTUJNB
UPS 	TVNNFE JOUFOTJUZ
 GPS UIF ȁǸ NJOVUF HSBEJFOUT BOE B GBDUPS PG ǺǺ SFEVDUJPO GPS UIF
ǹȀǸ NJOVUF HSBEJFOUT 0O UIF MPOHFTU HSBEJFOU 	ǻǾǸ NJOVUFT
 PVS NFUIPET .4& JT B GBD
UPS PG ǹȀ MPXFS UIBO UIBO UIBU PG UIF CFTU TUBOEBSE FTUJNBUPS ɥJT CFIBWJPS NBUDIFT PVS
FYQFDUBUJPOT CBTFE PO UIF SFMFWBOU QSPQFSUJFT PG UIF VOEFSMZJOH FYQFSJNFOUBM QSPDFTTFT
%FUBJMFE NPEFMJOH PG UIF NJTTJOH EBUB NFDIBOJTN ZJFMET UIF MBSHFTU HBJOT XIFO UIF TBN
QMF JT MFBTU TFQBSBUFE BOE UIFSF BSF GFXFS QPTTJCMF TQFDUSBJO UIF TIPSUFTU HSBEJFOUT *O
UIF MPOHFTU HSBEJFOU JOUFOTJUZCBTFE NJTTJOHOFTT EJNJOJTIFT JO JNQPSUBODF SFMBUJWF UP
PUIFS GBDUPST
'SPN 'JHVSF ǺǹǸ XF OPUF UIBU PVS NFUIPET JNQSPWFNFOUT BSF HSFBUFTU GPS MPX
BCVOEBODF QSPUFJOT "MM FTUJNBUPST DPOTJEFSFE QSPWJEF SFBTPOBCMZ HPPE FTUJNBUFT PG ζJ
GPS UIF IJHIFTUBCVOEBODF QSPUFJOT )PXFWFS NPTU PG UIF TUBOEBSE FTUJNBUPST FYIJCJU
B TVCTUBOUJBM QPTJUJWF CJBT 	ǹǺ PSEFST PG NBHOJUVEF
 GPS UIF MPXFTUBCVOEBODF QSPUFJOT
QBSUJDVMBSMZ PO TIPSU HSBEJFOUT *O DPOUSBTU PVS NFUIPE QSPWJEFT DPOTJTUFOUMZ BDDV
SBUF FTUJNBUFT GPS MPXBCVOEBODF QSPUFJOT BDSPTT BMM HSBEJFOU MFOHUIT 8F EJTDVTT UIF
JNQMJDBUJPOT PG UIJT DBQBCJMJUZ GPS CJPMPHJDBM BQQMJDBUJPOT JO 4FDUJPO ǺǾ
ǺǾ $ĠğĔĝĦĕĚğĘ ģĖĞĒģĜĤ
8F IBWF QSFTFOUFE B NPEFMCBTFE BQQSPBDI UP MBCFMGSFF BCTPMVUF RVBOUJUBUJPO JO -$.4
.4 QSPUFPNJDT FYQFSJNFOUT "T UIF SFTVMUT PG 4FDUJPOT ǺǼ BOE Ǻǽ TIPX BDDPVOUJOH
GPS OPOJHOPSBCMF NJTTJOH EBUB JO UIF QSPUFPNJDT DPOUFYU JNQSPWFT FTUJNBUFT PG BCTPMVUF
BCVOEBODFT 0VS NFUIPE BMTP QSPWJEFT XFMMDBMJCSBUFE NFBTVSFT PG VODFSUBJOUZ BT UIF
SFTVMUT PG 4FDUJPOT ǺǼǻ BOE Ǻǽǻ TIPX #FMPX XF QSPWJEF TPNF CSPBEFS DPOUFYU BOE
ǿǽ
QBSUJDVMBS JOTJHIUT PO UIJT DMBTT PG NFUIPET BOE QSPCMFNT GPDVTJOH PO UIF SPMF PG OPO
JHOPSBCMF NJTTJOH EBUB JO DPNQMFY FYQFSJNFOUT FċDJFOU DPNQVUBUJPO XJUI NJTTJOH EBUB
PG WBSJBCMF EJNFOTJPO BOE UIF SPMF PG BCTPMVUF RVBOUJUBUJPO JO CJPMPHJDBM BOBMZTFT 8F
BMTP EJTDVTTJPO FYUFOTJPOT PG UIF NFUIPET QSFTFOUFE UP UIF TFNJTVQFSWJTFE TFUUJOH BOE
EJTUSJCVUFE DPNQVUBUJPOBM FOWJSPONFOUT
ǺǾǹ .ĠĕĖĝĚğĘ Ēğĕ ĚğėĖģĖğĔĖ
ɥFDPSF PG PVSNPEFM GPS -$.4.4QSPUFPNJDT EBUB JT UIF TUSVDUVSF PG PVS OPOJHOPSBCMF
NJTTJOH EBUB NFDIBOJTN 8F FYQMJDJUMZ BDDPVOU GPS UIF EFQFOEFODF PG DFOTPSJOH QSPCB
CJMJUJFT PO VOPCTFSWFE QFQUJEF JOUFOTJUJFT BU UIF MFWFM PG JOEJWJEVBM QFQUJEF TUBUFT ɥJT
DSFBUFT BO BEEJUJPOBM DPNQMJDBUJPO BT UIF OVNCFS PG QPTTJCMF TUBUFT QFS QFQUJEF JT VO
LOPXO ɥVT XF NVTU BDDPVOU GPS USVODBUJPO BU UIF TUBUF MFWFM JO BEEJUJPO UP DFOTPSJOH
BU UIF QFQUJEF MFWFM )PXFWFS XF EP LOPX UIBU UIF EJTUSJCVUJPO PG UIFO OVNCFS QPTTJCMF
QFQUJEF TUBUFT JT JOWBSJBOU UP UIF QFQUJEFT DPODFOUSBUJPO *ODPSQPSBUJOH UIJT JOGPSNBUJPO
JOUP PVS NPEFM BMMPXT VT UP FYUSBDU JOGPSNBUJPO GSPN UIF OVNCFS PG TUBUFT PCTFSWFE QFS
QFQUJEF 	TPCTJL 

8PSLJOH XJUI TUBUFMFWFM EBUB QSPWJEFT mOFHSBJOFE NFBTVSFT PG NJTTJOHOFTT XIJDI
QSPWJEF B HSFBU EFBM PG JOGPSNBUJPO PO MPXBCVOEBODF QSPUFJOT XIFO VTFE QSPQFSMZ 'PS
IJHIBCVOEBODF QSPUFJOT UIF WBTU NBKPSJUZ PG QFQUJEF TUBUFT BSF PCTFSWFE QSPWJEJOH UIF
NBKPSJUZ PG UIF JOGPSNBUJPO PO UIF VOEFSMZJOH EJTUSJCVUJPO PG UIF OVNCFS PG TUBUFT QFS
QFQUJEFT 0VS NPEFM VTFT UIJT JOGPSNBUJPO UP JNQSPWF JOGFSFODFT PO UIF BCVOEBODFT PG
MPXBCVOEBODF QSPUFJOT MFWFSBHJOH BMM PG UIF BWBJMBCMF JOGPSNBUJPO GSPN UIFJS JOUFOTJUZ
BOE TUBUF JOGPSNBUJPO &YUSBDUJOH BMM PG UIJT JOGPSNBUJPO SFRVJSFT B TPQIJTUJDBUFE BQQSPBDI
UP JOGFSFODF BOE DPNQVUBUJPO IPXFWFS
ɥF QSFTFODF PG TUBUFMFWFM DFOTPSJOH XJUI BO VOLOPXO OVNCFS PG TUBUFT QFS QFQUJEF
NBLFT JOGFSFODF VOEFS PVSNJTTJOH EBUBNPEFM QBSUJDVMBSMZ DIBMMFOHJOH ɥF EJNFOTJPO PG
ǿǾ
PVS NJTTJOH EBUB !. WBSJFT BDSPTT ESBXT SFRVJSJOH NPSF TQFDJBMJ[FE DPNQVUBUJPOBM TUSBUF
HJFT UIBO TUBOEBSE .FUSPQPMJT)BTUJOHT VQEBUFT 8F JNQMFNFOUFE BO FYBDU NBSHJOBM
ESBX GSPN UIF DPOEJUJPOBM EJTUSJCVUJPO PG !. HJWFO !Θ VTJOH B DPNCJOBUJPO PG VOJEJNFO
TJPOBM OVNFSJDBM JOUFHSBUJPO BOE FċDJFOU SFKFDUJPO TBNQMJOH BT EFUBJMFE JO 4FDUJPO Ǻǻǹ
ɥF SFEVDUJPOT JO BVUPDPSSFMBUJPO QSPWJEFE CZ UIJT NBSHJOBM VQEBUF NPSF UIBO PĊTFU UIF
DPNQVUBUJPOBM DPTUT PG SFKFDUJPO TBNQMJOH BOE OVNFSJDBM BQQSPYJNBUJPO ɥJT BMMPXT GPS
FċDJFOU JOGFSFODF JO UIF QSFTFODF PG NJTTJOH EBUB PG VOLOPXO EJNFOTJPO BT UIF SFTVMUT
PG 4FDUJPO ǺǼ EFNPOTUSBUF 8F CFMJFWF UIBU UIJT UFDIOJRVF DBO QSPWJEF FĊFDUJWF DPNQV
UBUJPOBM UFDIOJRVFT GPS B SBOHF PG OPOJHOPSBCMF NJTTJOH EBUB QSPCMFNT PSJHJOBUJOH GSPN
DPNQMFY FYQFSJNFOUBM UFDIOJRVFT
ǺǾǺ "ġġĝĚĔĒĥĚĠğĤ
"CTPMVUF RVBOUJUBUJPO QSPWJEFT B EJĊFSFOU WJFX PO CJPMPHJDBM QSPDFTTFT UIBO SFMBUJWF RVBO
UJUBUJPO FOBCMJOH UIF TUVEZ PG OFX QIFOPNFOB 8IFSFBT SFMBUJWF RVBOUJUBUJPO DBO POMZ
NFBTVSF UIF QSPUFJOCZQSPUFJO EJĊFSFODFT JO BCVOEBODFT BDSPTT FYQFSJNFOUT BCTPMVUF
RVBOUJUBUJPO QSPWJEFT FTUJNBUFT PG UIF BCVOEBODFT PG EJĊFSFOU QSPUFJOT XJUIJO B TJOHMF
QPQVMBUJPO PG DFMMT 4VDI JOGPSNBUJPO JT TPNFXIBU JOUFSFTUJOH GPS IJHIBCVOEBODF QSP
UFJOT CVU JU QSPNJTFT UIF HSFBUFTU JOTJHIUT GSPN UIF TUVEZ PG MPXBCVOEBODF POFT
3FMJBCMF BDDVSBUF RVBOUJUBUJPO PG MPXBCVOEBODF QSPUFJOT BMTP NBLFT -$.4.4
NFUIPET BQQMJDBCMF UP OFX DMBTTFT PG CJPMPHJDBM JOWFTUJHBUJPOT 5XP PG UIF NPTU QSPNJT
JOH BSFBT BSF UIF TUVEZ PG NJTUSBOTMBUJPO BOE USBOTDSJQUJPO GBDUPST #PUI JOWPMWF QSPUFJOT
XIJDI BQQFBS BU MPX DPODFOUSBUJPOT CVU DBO IBWF BO PVUTJ[FE CJPMPHJDBM JNQBDU *O UIF
DBTF PG NJTUSBOTMBUJPO UIF DFMM NVTU TQFOE B HSFBU EFBM PG FOFSHZ IBOEMJOH EFGFDUJWF
QSPUFJOT UIF SBUF PG NJTUSBOTMBUJPO SFQSFTFOUT UIF MBSHFTU EFUFSNJOBOU PG UIFTF DPTUT
5SBOTDSJQUJPO GBDUPST SFHVMBUF UIF DPOWFSTJPO PG %/" JOUP N3/" QSPWJEJOH POF PG UIF
QSJNBSZ NFDIBOJTNT PG DPOUSPM BOE GFFECBDL GPS DFMMVMBS GVODUJPOT 0VS NFUIPE BMMPXT
ǿǿ
GPS SFMJBCMF FTUJNBUFT PG UIFTF QSPUFJOT DPODFOUSBUJPOT XJUIJO MBSHF QPQVMBUJPOT PG DFMMT
PQFOJOH OFX BSFBT GPS IJHIUISPVHIQVU SFTFBSDI
ǺǾǻ &ĩĥĖğĤĚĠğĤ
8F BSF EFWFMPQJOH UXP FYUFOTJPOT PG UIF QSPQPTFE NFUIPEPMPHZ XJUI B GPDVT PO MBSHFS
TIBMMPXFS EBUBTFUT *O SFMBUJWFMZ TIBMMPX EBUBTFUT GFX QSPUFJOT BSF PCTFSWFE BOE EVF UP
JOUFOTJUZCBTFE DFOTPSJOH UIF EZOBNJD SBOHF PG PCTFSWFE JOUFOTJUJFT JT DPNQSFTTFE ɥJT
NBLFT FTUJNBUJPO PG UIF DFOTPSJOH QBSBNFUFST 	η BOE ǊSOE
 GSPN PCTFSWFE EBUB EJċDVMU
SFEVDJOH UIF QSFDJTJPO PG PVS FTUJNBUFT ɥF RVBOUJUBUJWF QSPUFJO TUBOEBSE EFTDSJCFE JO
4FDUJPO Ǻǽǹ QSPWJEFT B QPUFOUJBM TPMVUJPO UP UIJT QSPCMFN 4VDI B TUBOEBSE DBO CF TQJLFE
JOUP UIF CJPMPHJDBM TBNQMF PG JOUFSFTU BOE VTFE BT B DBMJCSBUJPO TPVSDF " TFNJTVQFSWJTFE
WFSTJPO PG UIF NPEFM QSFTFOUFE JO 4FDUJPO ǺǺ DBO VTF UIF LOPXO QSPQFSUJFT PG UIJT TUBO
EBSE UP FOBCMF SFMJBCMF JOGFSFODFT BCPVU UIF DFOTPSJOH NFDIBOJTN JO TIBMMPX TBNQMFT "T
BO BEEJUJPOBM CFOFmU UIJT TVQFSWJTJPO DPVME TJNQMJGZ UIF DPOWFSTJPO PG PVS FTUJNBUFT CF
UXFFO UIF JOUFOTJUZ BOE BCVOEBODF TDBMFT
5P UBDLMF MBSHFS EBUBTFUT JODMVEJOH GVMMQSPUFPNF RVBOUJUBUJPO GPS DPNQMFY PSHBOJTNT
XF BSF BMTP EFWFMPQJOH B EJTUSJCVUFE WBSJBOU PG UIF .$.$ BMHPSJUIN QSFTFOUFE IFSF ɥF
HPBM JT UP TDBMF UIF TBNQMFS BDSPTT DPNQVUBUJPOBM DMVTUFST XJUI NJOJNBM DPNNVOJDBUJPO
XJUIJO JUFSBUJPOT ɥF DPOEJUJPOBM JOEFQFOEFODF TUSVDUVSF PG UIF NPEFM QSFTFOUFE JO 4FD
UJPO ǺǺ NBLFT TVDI EJTUSJCVUJPO CPUI BQQFBMJOH BOE GFBTJCMF
8F TFF B SJDI SBOHF PG PQQPSUVOJUJFT GPS TUBUJTUJDBM SFTFBSDI JO UIJT BSFB ɥF mFME PG
.4.4 QSPUFPNJDT JT ZPVOH BOE JU DBO QSPWJEF B VOJRVF WJFX PO UIF EFUBJMT PG CJPMPH
JDBM QSPDFTTFT &YUSBDUJOH UIJT UFDIOPMPHZT GVMM WBMVF SFRVJSFT DBSF EFFQ TVCKFDUNBUUFS
LOPXMFEHF BOE TPQIJTUJDBUFE TUBUJTUJDBM UFDIOJRVFT CVU UIF SFXBSET BSF HSFBU 8F IPQF
UIBU NPSF TUBUJTUJDJBOT XJMM FOUFS UIJT mFME BOE DPOUJOVF UP CVJME TUSPOH NFUIPEPMPHJDBM
GPVOEBUJPOT UP BEWBODF CJPMPHJDBM SFTFBSDI
ǿȀ
Ǻǿ "ĔĜğĠĨĝĖĕĘĞĖğĥĤ
ɥJT XPSL XBT QBSUJBMMZ TVQQPSUFE CZ UIF /BUJPOBM 4DJFODF 'PVOEBUJPO VOEFS HSBOUT OP
%.4ǸȁǸǿǸǸȁ BOE OP **4ǹǸǹǿȁǾǿ CZ UIF /BUJPOBM *OTUJUVUF PG )FBMUI VOEFS HSBOU OP
3Ǹǹ (.ǸȁǾǹȁǻ BMM UP )BSWBSE 6OJWFSTJUZ "EEJUJPOBM GVOEJOH XBT QSPWJEFE CZ UIF )BS
WBSE .FEJDBM 4DIPPMT .JMUPO 'VOE
ǺȀ 1ģĠĠė Ġė 5ęĖĠģĖĞ ǹ
1SPPG %FmOF : BT B SBOEPN WBSJBCMF XJUI B EJTUSJCVUJPO HJWFO CZ
E':(Z) =
ð
X
H(Z)E'Y(Z)
XIFSF X ≡ ∫R H(U)E'Y(U) ≡ 1(; = ð) 8F BTTVNF XF BSF JO B OPOUSJWJBM DBTF TP X ∈
(ï, ð) ɥFO EFmOF I ≡ H−ð(X) $POTJEFS UIF EJĊFSFODF %(U) ≡ '9(U) − ':(U) ɥJT
EJĊFSFODF JT FRVJWBMFOU UP
%(U) =
∫
R
(
ð− ð
X
H(Y)
)
E'9(Y)
8F OPX DPOTJEFS UXP DBTFT
	ǹ
 *G U ≤ I UIFO XF IBWF H(Y) ≤ X GPS BMM Y ∈ (−∞, I]) CZ NPOPUPOJDJUZ ɥVT PWFS
UIF TBNF SBOHF
(
ð− ðXH(Y)
) ≥ ï TP %(U) ≥ ï
	Ǻ
 *G U > I UIFO
%(U) =
∫ I
−∞
(
ð− ð
X
H(Y)
)
E'9(Y) +
∫ U
I
(
ð− ð
X
H(Y)
)
E'9(Y)
/PX XF IBWF %(I) ≥ ï GSPN DBTF 	ǹ
 BOE XF LOPX %(I) → ï BT U → ∞ BT JU JT
ǿȁ
UIF EJĊFSFODF PG $%'T #Z NPOPUPOJDJUZ GPS Y ≥ I H(Y) ≥ X TP ð − ðXH(Y) ≤ ï
GPS Y ∈ [I, U] ɥVT BT E'9(Y) ≥ ï XF LOPX UIBU
∫ U
I
(
ð− ðXH(Y)
)
E'9(Y) JT 	XFBLMZ

NPOPUPOF EFDSFBTJOH JO U BOE≤ ï ɥVT%(U) JODSFBTFTNPOPUPOJDBMMZ UP%(I) UIFO
EFDSFBTFT NPOPUPOJDBMMZ UP [FSP GSPN I BT U→∞
ɥFSFGPSF GPS BOZ WBMVF PG U XF IBWF TIPXO UIBU %(U) ≥ ï ɥVT : TUPDIBTUJDBMMZ EPNJ
OBUFT 9
ȀǸ
3
ɥF QSPNJTF BOE QFSJMT PG QSFQSPDFTTJOH
CVJMEJOH GPVOEBUJPOT GPS NVMUJQIBTF JOGFSFODF
ǻǹ 4ĦĞĞĒģĪ
1SFQSPDFTTJOH GPSNT BO PGUOFHMFDUFE GPVOEBUJPO GPS B XJEF SBOHF PG TUBUJTUJDBM BOE TDJ
FOUJmD BOBMZTFT )PXFWFS JU JT SJGF XJUI TVCUMFUJFT BOE QJUGBMMT %FDJTJPOT NBEF JO QSF
QSPDFTTJOH DPOTUSBJO BMM MBUFS BOBMZTFT BOE BSF UZQJDBMMZ JSSFWFSTJCMF )FODF EBUB BOBMZTJT
CFDPNFT B DPMMBCPSBUJWF FOEFBWPS CZ BMM QBSUJFT JOWPMWFE JO EBUB DPMMFDUJPO QSFQSPDFTTJOH
Ȁǹ
BOE DVSBUJPO BOE EPXOTUSFBN JOGFSFODF &WFO JG FBDI QBSUZ IBT EPOF JUT CFTU HJWFO UIF
JOGPSNBUJPO BOE SFTPVSDFT BWBJMBCMF UP UIFN UIF mOBM SFTVMU NBZ TUJMM GBMM TIPSU PG UIF CFTU
QPTTJCMF JO UIF USBEJUJPOBM TJOHMFQIBTF JOGFSFODF GSBNFXPSL ɥJT JT QBSUJDVMBSMZ SFMFWBOU
BT XF FOUFS UIF FSB PG iCJH EBUBw ɥF UFDIOPMPHJFT ESJWJOH UIJT EBUB FYQMPTJPO BSF TVCKFDU
UP DPNQMFY OFX GPSNT PG NFBTVSFNFOU FSSPS 4JNVMUBOFPVTMZ XF BSF BDDVNVMBUJOH JO
DSFBTJOHMZ NBTTJWF EBUBCBTFT PG TDJFOUJmD BOBMZTFT "T B SFTVMU QSFQSPDFTTJOH IBT CFDPNF
NPSF WJUBM 	BOE QPUFOUJBMMZ NPSF EBOHFSPVT
 UIBO FWFS CFGPSF
8F QSPQPTF B UIFPSFUJDBM GSBNFXPSL GPS UIF BOBMZTJT PG QSFQSPDFTTJOH VOEFS UIF CBOOFS
PG NVMUJQIBTF JOGFSFODF 8F QSPWJEF TPNF JOJUJBM UIFPSFUJDBM GPVOEBUJPOT GPS UIJT BSFB
JODMVEJOH EJTUSJCVUFE QSFQSPDFTTJOH CVJMEJOH VQPO QSFWJPVT XPSL JONVMUJQMF JNQVUBUJPO
8F NPUJWBUF UIJT GPVOEBUJPO XJUI UXP QSPCMFNT GSPN CJPMPHZ BOE BTUSPQIZTJDT JMMVTUSBU
JOH NVMUJQIBTF QJUGBMMT BOE QPUFOUJBM TPMVUJPOT ɥFTF FYBNQMFT BMTP FNQIBTJ[F UIF NP
UJWBUJPOT CFIJOE NVMUJQIBTF BOBMZTFTCPUI QSBDUJDBM BOE UIFPSFUJDBM 8F EFNPOTUSBUF
UIBU NVMUJQIBTF JOGFSFODFT DBO JO TPNF DBTFT FWFO TVSQBTT TUBOEBSE TJOHMFQIBTF FTUJ
NBUPST JO FċDJFODZ BOE SPCVTUOFTT 0VS XPSL TVHHFTUT TFWFSBM SJDI QBUIT GPS GVSUIFS SF
TFBSDI JOUP UIF TUBUJTUJDBM QSJODJQMFT VOEFSMZJOH QSFQSPDFTTJOH 5P UBDLMF PVS JODSFBTJOHMZ
DPNQMFY BOENBTTJWF EBUB XFNVTU FOTVSF UIBU PVS JOGFSFODFT BSF CVJMU VQPO TPMJE JOQVUT
BOE TPVOE QSJODJQMFT 1SJODJQMFE JOWFTUJHBUJPO PG QSFQSPDFTTJOH JT UIVT B WJUBM EJSFDUJPO
GPS TUBUJTUJDBM SFTFBSDI
ǻǺ 8ęĒĥ ĚĤ ĞĦĝĥĚġęĒĤĖ ĚğėĖģĖğĔĖü
ǻǺǹ %ĖėĚğĚğĘ ĞĦĝĥĚġęĒĤĖ ġģĠēĝĖĞĤ
1SFQSPDFTTJOH BOE UIF BOBMZTJT PG QSFQSPDFTTFE EBUB BSF VCJRVJUPVT DPNQPOFOUT PG TUBUJT
UJDBM BOBMZTJT CVU UIFJS USFBUNFOU IBT PGUFO CFFO JOGPSNBM 8F BJN UP EFWFMPQ B UIFPSZ
UIBU QSPWJEFT B TFU PG GPSNBM TUBUJTUJDBM QSJODJQMFT GPS TVDI QSPCMFNT VOEFS UIF CBOOFS PG
ȀǺ
NVMUJQIBTF JOGFSFODF ɥF UFSN iNVMUJQIBTFw SFGFST UP TFUUJOHT JO XIJDI JOGFSFODFT BSF
PCUBJOFE UISPVHI UIF BQQMJDBUJPO PG NVMUJQMF QSPDFEVSFT JO TFRVFODF XJUI FBDI QSPDF
EVSF UBLJOH UIF PVUQVU PG UIF QSFWJPVT QIBTF BT JUT JOQVU ɥJT FODPNQBTTFT TFUUJOHT TVDI
BT NVMUJQMF JNQVUBUJPO 	.* 3VCJO ǹȁȀǿ
 BOE FYUFOET UP PUIFS TJUVBUJPOT *O B NVMUJ
QIBTF TFUUJOH JOGPSNBUJPO DBO CF QBTTFE CFUXFFO QIBTFT JO BO BSCJUSBSZ GPSN JU OFFE
OPU DPOTJTU PG 	JOEFQFOEFOU
 ESBXT GSPN B QPTUFSJPS QSFEJDUJWF EJTUSJCVUJPO BT JT UZQJDBM
XJUI NVMUJQMF JNQVUBUJPO .PSFPWFS UIF BOBMZTJT QSPDFEVSF GPS TVCTFRVFOU QIBTFT JT OPU
DPOTUSBJOFE UP B QBSUJDVMBS SFDJQF TVDI BT 3VCJOT .* DPNCJOJOH SVMFT 	3VCJO ǹȁȀǿ

ɥF QSBDUJDF PG NVMUJQIBTF JOGFSFODF JT DVSSFOUMZ XJEFTQSFBE JO BQQMJFE TUBUJTUJDT *U JT
XJEFMZ VTFE BT BO BOBMZTJT UFDIOJRVF XJUIJO TJOHMF QVCMJDBUJPOTBOZ QBQFS UIBU VTFT B
iQJQFMJOFw UP PCUBJO JUT mOBM JOQVUT PS DMVTUFST FTUJNBUFT GSPN B QSFWJPVT BOBMZTJT QSPWJEFT
BO FYBNQMF 'VSUIFSNPSF QSPKFDUT JO BTUSPOPNZ CJPMPHZ FDPMPHZ BOE TPDJBM TDJFODFT 	UP
OBNF B TNBMM TBNQMJOH
 JODSFBTJOHMZ GPDVT PO CVJMEJOH EBUBCBTFT GPS GVUVSF BOBMZTFT BT
B QSJNBSZ PCKFDUJWF ɥFTF QSPKFDUT NVTU EFDJEF XIBU MFWFMT PG QSFQSPDFTTJOH UP BQQMZ UP
UIFJS EBUB BOE XIBU BEEJUJPOBM JOGPSNBUJPO UP QSPWJEF UP UIFJS VTFST 1SPWJEJOH BMM PG UIF
PSJHJOBM EBUB DMFBSMZ BMMPXT UIF NPTU nFYJCJMJUZ JO TVCTFRVFOU BOBMZTFT *O QSBDUJDF UIF
KPVSOFZ GSPN SBX EBUB UP B DPNQMFUF NPEFM JT UZQJDBMMZ UPP JOUSJDBUF BOE QSPCMFNBUJD GPS
UIF NBKPSJUZ PG VTFST XIP JOTUFBE DIPPTF UP VTF QSFQSPDFTTFE PVUQVU
6OGPSUVOBUFMZ EFDJTJPOT NBEF BU UIJT TUBHF DBO CF RVJUF USFBDIFSPVT 1SFQSPDFTTJOH JT
UZQJDBMMZ JSSFWFSTJCMF OFDFTTJUBUJOH BTTVNQUJPOT BCPVU CPUI UIF PCTFSWBUJPO NFDIBOJTNT
BOE GVUVSF BOBMZTFT ɥFTF BTTVNQUJPOT DPOTUSBJO BMM TVCTFRVFOU BOBMZTFT $POTFRVFOUMZ
JNQSPQFS QSPDFTTJOH DBO DBVTF B EJTQSPQPSUJPOBUF BNPVOU PG EBNBHF UP B XIPMF CPEZ PG
TUBUJTUJDBM SFTVMUT )PXFWFS QSFQSPDFTTJOH DBO CF B QPXFSGVM UPPM *U BMMFWJBUFT DPNQMFYJUZ
GPS EPXOTUSFBN SFTFBSDIFST BMMPXJOH UIFN UP EFBM XJUI TNBMMFS JOQVUT BOE 	IPQFGVMMZ

MFTT JOUSJDBUF NPEFMT ɥJT DBO QSPWJEF MBSHF NFOUBM BOE DPNQVUBUJPOBM TBWJOHT
5XP FYBNQMFT PG TVDI USBEFPĊT DPNF GSPN/"4" BOE IJHIUISPVHIQVU CJPMPHZ 8IFO
Ȁǻ
/"4" TBUFMMJUFT DPMMFDU SFBEJOHT UIF SBX EBUB BSF VTVBMMZ NBTTJWF ɥFTF SBX EBUB BSF SF
GFSSFE UP BT UIF i-FWFM Ǹw EBUB 	&WBOT FU BM ǺǸǸǾ
 ɥF -FWFM Ǹ EBUB BSF SBSFMZ VTFE EJSFDUMZ
GPS TDJFOUJmD BOBMZTFT *OTUFBE UIFZ BSF QSPDFTTFE UP -FWFMT ǹ Ǻ BOE ǻ FBDI PG XIJDI
JOWPMWFT B HSFBUFS EFHSFF PG SFEVDUJPO BOE BEKVTUNFOU -FWFM Ǻ JT UZQJDBMMZ UIF QPJOU BU
XIJDI UIF QSPDFTTJOH CFDPNFT JSSFWFSTJCMF #SBWFSNBO FU BM 	ǺǸǹǺ
 QSPWJEF BO FYDFMMFOU
JMMVTUSBUJPO PG UIJT QSPDFTT GPS UIF "UNPTQIFSJD *OGSBSFE 4PVOEFS 	"*34
 FYQFSJNFOU ɥJT
QSPDFTTJOH DBO CF RVJUF DPOUSPWFSTJBM XJUIJO UIF BTUSPOPNJDBM DPNNVOJUZ 4FWFSBM VQ
DPNJOH QSPKFDUT TVDI BT UIF "EWBODFE 5FDIOPMPHZ 4PMBS 5FMFTDPQF 	"545
 XJMM OPU CF BCMF
UP SFUBJO UIF -FWFM Ǹ PS -FWFM ǹ EBUB 	%BWFZ ǺǸǹǺ
 ɥJT JOBCJMJUZ UP PCUBJO SBX EBUB BOE
JODSFBTFE EFQFOEFODF PO QSFQSPDFTTJOH IBT USBOTGPSNFE MPXMFWFM UFDIOJDBM JTTVFT PG DBM
JCSBUJPO BOE SFEVDUJPO JOUP B QSFTTJOH DPODFSO
)JHIUISPVHIQVU CJPMPHZ GBDFT TJNJMBS DIBMMFOHFT 8IFSFBT SFQSPEVDJCJMJUZ JT NVDI
OFFEFE 	FH *PBOOJEJT BOE ,IPVSZ ǺǸǹǹ
 TIBSJOH SBX EBUBTFUT JT EJċDVMU CFDBVTF PG
UIFJS TJ[FT ɥF TJUVBUJPO XJUIJO FBDI BOBMZTJT JT TJNJMBS $POGSPOUFE XJUI BO PWFSXIFMN
JOH POTMBVHIU PG SBX EBUB FYUFOTJWF QSFQSPDFTTJOH IBT CFDPNF DSVDJBM BOE VCJRVJUPVT
$PNQMFY NPEFMT GPS HFOPNJD QSPUFPNJD BOE USBOTDSJQUPNJD EBUB BSF VTVBMMZ CVJMU VQPO
UIFTF IFBWJMZQSPDFTTFE JOQVUT ɥJT IBT NBEF UIF JOUSJDBUF EFUBJMT PG PCTFSWBUJPO NPEFMT
BOE UIF DPSSFTQPOEJOH QSFQSPDFTTJOH TUFQT UIF HSPVOEXPSL GPS FOUJSF mFMET
5P NBOZ TUBUJTUJDJBOT UIJT TFUUJOH QSFTFOUT TPNFUIJOH PG B DPOVOESVN "GUFS BMM UIF
JEFBM JOGFSFODF BOE QSFEJDUJPO XJMM HFOFSBMMZ VTF B DPNQMFUF DPSSFDUMZTQFDJmFE NPEFM FO
DPNQBTTJOH UIF VOEFSMZJOH QSPDFTT PG JOUFSFTU BOE BMM PCTFSWBUJPO QSPDFTTFT ɥFO XIZ
BSF XF JOUFSFTUFE JO NVMUJQIBTF 8F GPDVT PO TFUUJOHT XIFSF UIFSF JT B OBUVSBM TFQBSBUJPO
PG LOPXMFEHF CFUXFFO BOBMZTUT XIJDI USBOTMBUFT JOUP B TFQBSBUJPO PG FĊPSU ɥF mSTU BO
BMZTU	T
 JOWPMWFE JO QSFQSPDFTTJOH PGUFO IBWF CFUUFS LOPXMFEHF PG UIF PCTFSWBUJPO NPEFM
UIBO UIPTF QFSGPSNJOH TVCTFRVFOU BOBMZTFT 'PS FYBNQMF UIF mSTU BOBMZTU NBZ IBWF EF
UBJMFE LOPXMFEHF PG UIF TUSVDUVSF PG FYQFSJNFOUBM FSSPST UIF FRVJQNFOU VTFE PS UIF QBS
ȀǼ
UJDVMBST PG WBSJPVT QSPUPDPMT ɥJT LOPXMFEHF NBZ OPU CF FBTZ UP FODBQTVMBUF GPS MBUFS
BOBMZTUTUIF SFMFWBOU JOGPSNBUJPONBZ CF UPP MBSHF PS DPNQMFY PS UIFNFUIPET SFRVJSFE
UP FYQMPJU UIJT JOGPSNBUJPO JO TVCTFRVFOU BOBMZTFT NBZ CF QSPIJCJUJWFMZ JOUSJDBUF )FODF
UIF QSBDUJDBM PCKFDUJWF JO TVDI TFUUJOHT JT UP FOBCMF UIF CFTU QPTTJCMF JOGFSFODF HJWFO UIF
DPOTUSBJOUT JNQPTFE BOE QSPWJEF BO BDDPVOU PG UIF USBEFPĊT BOE EBOHFST JOWPMWFE 5P
CPSSPX UIF QISBTJOH PG .FOH BOE 3PNFSP 	ǺǸǸǻ
 BOE 3VCJO 	ǹȁȁǾ
 XF BJN GPS BDIJFW
BCMF QSBDUJDBM FċDJFODZ SBUIFS UIBO B UIFPSFUJDBM FċDJFODZ UIBU JT QSBDUJDBMMZ VOBUUBJOBCMF
.VMUJQIBTF JOGFSFODF DVSSFOUMZ SFQSFTFOUT B TFSJPVT HBQ CFUXFFO TUBUJTUJDBM UIFPSZ BOE
QSBDUJDF 8F UZQJDBMMZ EFMJOFBUF CFUXFFO UIF JOGPSNBM XPSL PG QSFQSPDFTTJOH BOE GFBUVSF
FOHJOFFSJOH BOE GPSNBM UIFPSFUJDBMMZNPUJWBUFEXPSL PG FTUJNBUJPO UFTUJOH BOE TP GPSUI
)PXFWFS UIF GPSNFS GVOEBNFOUBMMZ DPOTUSBJOTXIBU UIF MBUUFS DBO BDDPNQMJTI "T B SFTVMU
XF CFMJFWF UIBU JU SFQSFTFOUT B HSFBU DIBMMFOHF BOE PQQPSUVOJUZ UP CVJME OFX TUBUJTUJDBM
GPVOEBUJPOT UP JOGPSN TUBUJTUJDBM QSBDUJDF
ǻǺǺ 1ģĒĔĥĚĔĒĝ ĞĠĥĚħĒĥĚĠğĤ
8F QSFTFOU UXP FYBNQMFT UIBU TIPX CPUI UIF JNQFUVT GPS BOE QFSJMT PG VOEFSUBLJOH NVM
UJQIBTF BOBMZTFT JO QMBDF PG JOGFSFODF XJUI B DPNQMFUF KPJOU NPEFM ɥF mSTU DPODFSOT
NJDSPBSSBZT XIJDI BMMPX UIF BOBMZTJT PG UIPVTBOET PG HFOFT JO QBSBMMFM 8F GPDVT PO FY
QSFTTJPO NJDSPBSSBZT XIJDI NFBTVSF UIF MFWFM PG HFOF FYQSFTTJPO JO QPQVMBUJPOT PG DFMMT
CBTFE VQPO UIF DPODFOUSBUJPO PG 3/" GSPN EJĊFSFOU HFOFT ɥFTF BSF UZQJDBMMZ VTFE UP
TUVEZ DIBOHFT JO HFOF FYQSFTTJPO CFUXFFO EJĊFSFOU FYQFSJNFOUBM DPOEJUJPOT
*O TVDI TUVEJFT UIF FTUJNBOE PG JOUFSFTU JT UZQJDBMMZ UIF MPHGPME DIBOHF JO HFOF FY
QSFTTJPO CFUXFFO DPOEJUJPOT )PXFWFS UIF SBX EBUB DPOTJTU POMZ PG JOUFOTJUZ NFBTVSF
NFOUT GPS FBDI QSPCF PO UIF BSSBZ XIJDI BSF HSPVQFE CZ HFOF BMPOH XJUI TPNF GPSN PG
DPOUSPMT ɥFTF JOUFOTJUJFT BSF TVCKFDU UP TFWFSBM GPSNT PG PCTFSWBUJPO OPJTF JODMVEJOH
BEEJUJWF CBDLHSPVOE WBSJBUJPO BOE BEEJUJPOBM GPSNT PG JOUFSQSPCF BOE JOUFSDIJQ WBSJBUJPO
Ȁǽ
	UZQJDBMMZ NPEFMFE BTNVMUJQMJDBUJWF OPJTF
 5P EFBM XJUI UIFTF GPSNT PG PCTFSWBUJPO OPJTF
B XJEF SBOHF PG CBDLHSPVOE DPSSFDUJPO BOE OPSNBMJ[BUJPO TUSBUFHJFT IBWF CFFO EFWFMPQFE
	GPS B TBNQMJOH TFF 5VTIFS FU BM ǺǸǸǹ 2VBDLFOCVTI ǺǸǸǺ "ĊZNFUSJY ǺǸǸǺ *SJ[BSSZ
FU BM ǺǸǸǻ .D(FF BOE $IFO ǺǸǸǾ 3JUDIJF FU BM ǺǸǸǿ 9JF FU BM ǺǸǸȁ
 -BUFS BOBMZTFT
UIFO GPDVT PO UIF TDJFOUJmD RVFTUJPO PG JOUFSFTU XJUIPVU GPS UIFNPTU QBSU BEESFTTJOH UIF
VOEFSMZJOH EFUBJMT PG UIF PCTFSWBUJPO NFDIBOJTNT
#BDLHSPVOE DPSSFDUJPO JT B QBSUJDVMBSMZ DSVDJBM TUFQ JO UIJT QSPDFTT BT JU JT UZQJDBMMZ UIF
QPJOU BU XIJDI UIF BOBMZTJT NPWFT GSPN UIF PSJHJOBM JOUFOTJUZ TDBMF UP UIF MPHUSBOTGPSNFE
TDBMF "T B SFTVMU JU DBO IBWF B MBSHF FĊFDU PO TVCTFRVFOU JOGFSFODFT BCPVU MPHGPME
DIBOHFT FTQFDJBMMZ GPS HFOFT XJUI MPX FYQSFTTJPO MFWFMT JO POF DPOEJUJPO 	4NZUI ǺǸǸǽ
*SJ[BSSZ FU BM ǺǸǸǾ
 0OF DPNNPO NFUIPE 	."4ǽ
 QSPWJEFE CZ POF NJDSPBSSBZ NBOV
GBDUVSFS VTFT B DPNCJOBUJPO PG CBDLHSPVOE TVCUSBDUJPO BOE USVODBUJPO BU B mYFE MPXFS
UISFTIPME GPS UIJT UBTL 	"ĊZNFUSJY ǺǸǸǺ
 0UIFS NPSF TPQIJTUJDBUFE UFDIOJRVFT VTF
FYQMJDJU QSPCBCJMJUZ NPEFMT GPS UIJT EFDPOWPMVUJPO " NPEFM XJUI OPSNBMMZEJTUSJCVUFE
CBDLHSPVOE WBSJBUJPO BOE FYQPOFOUJBMMZ EJTUSJCVUFE FYQSFTTJPO MFWFMT IBT QSPWFO UP CF
UIF NPTU QPQVMBS JO UIJT mFME 	.D(FF BOE $IFO ǺǸǸǾ 9JF FU BM ǺǸǸȁ

6OGPSUVOBUFMZ FWFO UIF NPTU TPQIJTUJDBUFE BWBJMBCMF UFDIOJRVFT QBTT POMZ QPJOU FT
UJNBUFT POUP EPXOTUSFBN BOBMZTFT ɥJT OFDFTTJUBUFT BEIPD TDSFFOJOH BOE DPSSFDUJPOT
JO TVCTFRVFOU BOBMZTFT FTQFDJBMMZ XIFO TFBSDIJOH GPS TJHOJmDBOU DIBOHFT JO FYQSFTTJPO
	FH 5VTIFS FU BM ǺǸǸǹ
 3FUBJOJOH NPSF JOGPSNBUJPO GSPN UIF QSFQSPDFTTJOH QIBTFT PG
UIFTF BOBMZTFT XPVME BMMPX GPS CFUUFS TJNQMFS JOGFSFODF UFDIOJRVFT XJUI HSFBUFS QPXFS
BOE GFXFS IBDLT ɥF NPUJWBUJPO CFIJOE UIF DVSSFOU BQQSPBDI JT RVJUF VOEFSTUBOEBCMF
TDJFOUJmD JOWFTUJHBUPST XBOU UP GPDVT PO UIFJS QSPDFTTFT PG JOUFSFTU XJUIPVU CFDPNJOH FO
UBOHMFE JO UIF MPXMFWFM EFUBJMT PG PCTFSWBUJPONFDIBOJTNT /FWFSUIFMFTT UIJT TFQBSBUJPO
DBO DMFBSMZ DPNQSPNJTF UIF WBMJEJUZ PG UIFJS SFTVMUT
ɥF SPMF PG QSFQSPDFTTJOH JO NJDSPBSSBZ TUVEJFT FYUFOET XFMM CFZPOE CBDLHSPVOE DPS
ȀǾ
SFDUJPO /PSNBMJ[BUJPO PG FYQSFTTJPO MFWFMT BDSPTT BSSBZT TDSFFOJOH GPS EBUB DPSSVQUJPO
BOE PUIFS USBOTGPSNBUJPOT QSFDFEJOH GPSNBM BOBMZTJT BSF TUBOEBSE &BDI UFDIOJRVF DBO
ESBNBUJDBMMZ BĊFDU EPXOTUSFBN BOBMZTFT 'PS JOTUBODF RVBOUJMF OPSNBMJ[BUJPO FRVBUFT
RVBOUJMFT PG FYQSFTTJPO EJTUSJCVUJPOT CFUXFFO BSSBZT SFNPWJOH B DPOTJEFSBCMF BNPVOU PG
JOGPSNBUJPO ɥJT NVUFT TZTUFNBUJD FSSPST 	#PMTUBE FU BM ǺǸǸǻ
 CVU JU DBO TFSJPVTMZ DPN
QSPNJTF BOBMZTFT JO DFSUBJO DPOUFYUT 	FH NJ3/" TUVEJFT

"OPUIFS FYBNQMF PGNVMUJQIBTF JOGFSFODF DBO CF GPVOE JO UIF FTUJNBUJPO PG DPSSFMBUJPOT
CBTFE VQPO JOEJSFDU NFBTVSFNFOUT ɥJT BQQFBST JO NBOZ mFMET CVU BTUSPQIZTJDT QSP
WJEFT POF SFDFOU BOE TUSJLJOH DBTF ɥF SFMBUJPOTIJQT CFUXFFO UIF EVTUT EFOTJUZ TQFDUSBM
QSPQFSUJFT BOE UFNQFSBUVSF BSF PG JOUFSFTU JO TUVEJFT PG TUBSGPSNJOH EVTU DMPVET ɥFTF
DIBSBDUFSJTUJDT TIFE MJHIU PO UIF NFDIBOJTNT VOEFSMZJOH TUBS GPSNBUJPO BOE PUIFS BTUSP
OPNJDBM QSPDFTTFT 4FWFSBM TUVEJFT 	FH %VQBD FU BM ǺǸǸǻ %ÏTFSU FU BM ǺǸǸȀ "OEFSTPO
FU BM ǺǸǹǸ 1BSBEJT FU BM ǺǸǹǸ
 IBWF JOWFTUJHBUFE UIFTF SFMBUJPOTIJQT mOEJOH OFHBUJWF
DPSSFMBUJPOT CFUXFFO UIF EVTUT UFNQFSBUVSF BOE TQFDUSBM JOEFY ɥJT mOEJOH JT DPVOUFS UP
QSFWJPVT BTUSPQIZTJDBM UIFPSZ CVU JU IBT HFOFSBUFE NBOZ BMUFSOBUJWF FYQMBOBUJPOT
4VDI JOWFTUJHBUJPOTNBZ IPXFWFS CF DIBTJOH B QIBOUBTN ɥFTF DPSSFMBUJPOT IBWF CFFO
FTUJNBUFE CZ TJNQMZ DPSSFMBUJOH QPJOU FTUJNBUFT PG UIF SFMFWBOU RVBOUJUJFT 	UFNQFSBUVSF 5
BOE TQFDUSBM JOEFY β
 CBTFE PO B TJOHMF TFU PG VOEFSMZJOH PCTFSWBUJPOT "T B SFTVMU UIFZ
NBZ DPOnBUF QSPQFSUJFT PG UIJT FTUJNBUJPO QSPDFEVSF XJUI UIF VOEFSMZJOH QIZTJDBM NFDIB
OJTNT PG JOUFSFTU ɥJT IBT CFFO OPUFE JO UIF mFME CZ 4IFUUZ FU BM 	ǺǸǸȁ
 CVU UIF TDJFOUJmD
EFCBUF PO UIJT UPQJD DPOUJOVFT ,FMMZ FU BM 	ǺǸǹǺ
 QSPWJEF B QBSUJDVMBSMZ TUSPOH BSHVNFOU
VTJOH B DPIFTJWF IJFSBSDIJDBM #BZFTJBO BQQSPBDI UIBU JNQSPQFS NVMUJQIBTF BOBMZTFT IBWF
CFFO B QFSWBTJWF JTTVF JO UIJT TFUUJOH *NQSPQFS QSFQSPDFTTJOH MFE UP JODPSSFDU OFHBUJWF
FTUJNBUFT PG UIF DPSSFMBUJPO CFUXFFO UFNQFSBUVSF BOE TQFDUSBM JOEFY BDDPSEJOH UP ,FMMZ
FU BM 	ǺǸǹǺ
 ɥFTF JODPSSFDU FTUJNBUFT FWFO BQQFBSFE TUBUJTUJDBMMZ TJHOJmDBOU XJUI OBS
SPX DPOmEFODF JOUFSWBMT CBTFE PO TUBOEBSE NFUIPET 0O B CSPBEFS MFWFM UIJT DBTF BHBJO
Ȁǿ
EFNPOTUSBUFT TPNF PG UIF EBOHFST PG NVMUJQIBTF BOBMZTFT XIFO UIFZ BSF OPU DBSSJFE PVU
QSPQFSMZ ɥPTF BOBMZ[JOH UIJT EBUB GPMMPXFE BO JOUVJUJWF TUSBUFHZ FTUJNBUF XIBU XF XBOU
UP XPSL XJUI 	5 BOE β
 UIFO VTF JU UP FTUJNBUF UIF SFMBUJPOTIJQ PG JOUFSFTU 6OGPSUVOBUFMZ
TVDI JOUVJUJPO JT OPU B SFDJQF GPS WBMJE TUBUJTUJDBM JOGFSFODF
ǻǺǻ 3ĖĝĒĥĖĕ ĨĠģĜ
.VMUJQIBTF JOGFSFODF IBT XJEFSBOHJOH DPOOFDUJPOT UP CPUI UIF UIFPSFUJDBM BOE BQQMJFE
MJUFSBUVSFT *U JT JOUJNBUFMZ SFMBUFE UP QSFWJPVT XPSL PO NVMUJQMF JNQVUBUJPO BOE NJTTJOH
EBUB 	3VCJO ǹȁǿǾ ǹȁȀǿ .FOH ǹȁȁǼ 3VCJO ǹȁȁǾ .FOH BOE 3PNFSP ǺǸǸǻ 9JF BOE
.FOH ǺǸǹǺ
 *O HFOFSBM UIF QSPCMFN PG NVMUJQIBTF JOGFSFODF DBO CF GPSNVMBUFE BT POF
PG NJTTJOH EBUB )PXFWFS JO UIF NVMUJQIBTF TFUUJOH NJTTJOHOFTT BSJTFT GSPN UIF QSFQSP
DFTTJOH DIPJDFT NBEF OPU B QSPCBCJMJTUJD SFTQPOTF NFDIBOJTN ɥVT XF DBO MFWFSBHF UIF
NBUIFNBUJDBM BOE DPNQVUBUJPOBM NFUIPET PG UIJT MJUFSBUVSF CVU NBOZ PG JUT DPODFQUVBM
UPPMT OFFE UP CFNPEJmFE .VMUJQMF JNQVUBUJPO BEESFTTFTNBOZ PG UIF TBNF JTTVFT BTNVM
UJQIBTF JOGFSFODF BOE JT JOEFFE B TQFDJBM DBTF PG UIF MBUUFS $PODFQUT TVDI BT DPOHFOJBMJUZ
CFUXFFO JNQVUBUJPO BOE BOBMZTJT NPEFMT BOE TFMGFċDJFODZ 	.FOH ǹȁȁǼ
 IBWF OBUVSBM
BOBMPHVFT BOE SPMFT UP QMBZ JO UIF BOBMZTJT PG NVMUJQIBTF JOGFSFODF QSPCMFNT
.VMUJQIBTF JOGFSFODF JT BMTP UJHIUMZ DPOOFDUFE UP XPSL PO UIF DPNQBSJTPO PG FYQFSJ
NFOUT BOE BQQSPYJNBUF TVċDJFODZ HPJOH CBDL UP #MBDLXFMM 	ǹȁǽǹ ǹȁǽǻ
 BOE DPOUJOVJOH
UISPVHI -F $BN 	ǹȁǾǼ
 BOE (PFM BOE %F(SPPU 	ǹȁǿȁ
 BNPOH PUIFST ɥJT MJUFSBUVSF IBT
BEESFTTFE UIF SFMBUJPOTIJQ CFUXFFO EFDJTJPO QSPQFSUJFT BOE UIF QSPCBCJMJTUJD TUSVDUVSF PG
FYQFSJNFOUT UIF SFMBUJPOTIJQ CFUXFFO EJĊFSFOU OPUJPOT PG TUBUJTUJDBM JOGPSNBUJPO BOE
OPUJPOT PG BQQSPYJNBUF TVċDJFODZBMM PG UIFTF BSF RVJUF SFMFWBOU GPS UIF TUVEZ PG NVMUJ
QIBTF JOGFSFODF 8F WJFX UIF NVMUJQIBTF TFUUJOH BT BO FYUFOTJPO PG UIJT XPSL UP BEESFTT
B CSPBEFS SBOHF PG SFBMXPSME QSPCMFNT BT XF XJMM EJTDVTT JO 4FDUJPO ǻǻǻ
ɥF MJUFSBUVSF PO #BZFTJBO DPNCJOBUJPOT PG FYQFSUT BMTP JOGPSNT PVS UIJOLJOH PONVMUJ
ȀȀ
QIBTF QSPDFEVSFT ,BEBOF 	ǹȁȁǻ
 QSPWJEFT BO FYDFMMFOU SFWJFX PG UIF mFME XIJMF -JOEMFZ
FU BM 	ǹȁǿȁ
 QSPWJEFT UIF DPSF GPSNBMJTNT PG JOUFSFTU GPS UIF NVMUJQIBTF TFUUJOH 0WFSBMM
UIJT MJUFSBUVSF IBT GPDVTFE PO PCUBJOJOH DPIFSFOU 	PS PUIFSXJTF GBWPSBCMF
 EFDJTJPO SVMFT
XIFO DPNCJOJOH JOGPSNBUJPO GSPNNVMUJQMF #BZFTJBO BHFOUT JO UIF GPSN PG NVMUJQMF QPT
UFSJPS EJTUSJCVUJPOT 8F WJFX UIJT BT B CFTUDBTF TDFOBSJP GPDVTJOH PVS UIFPSFUJDBM EFWFM
PQNFOU UPXBSET UIF NFDIBOJDT PG QBTTJOH JOGPSNBUJPO CFUXFFO QIBTFT 8F BMTP GPDVT PO
UIF TFRVFOUJBM OBUVSF PG NVMUJQIBTF TFUUJOHT BOE UIF DIBMMFOHFT UIJT CSJOHT GPS CPUI QSF
QSPDFTTPST BOE EPXOTUSFBN BOBMZTUT JO DPOUSBTU UP UIF NPSF iQBSBMMFMw PS TJNVMUBOFPVT
GPDVT PG UIF MJUFSBUVSF NFOUJPOFE BCPWF
ɥFSF BSF BMTP GBTDJOBUJOH MJOLT CFUXFFO NVMUJQIBTF JOGFSFODF BOE UIF TJHOBM QSPDFTT
JOH MJUFSBUVSF ɥFSF IBT CFFO FYUFOTJWF SFTFBSDI PO UIF EFTJHO PG RVBOUJ[FST BOE PUIFS
DPNQSFTTJPO TZTUFNT TFF GPS FYBNQMF (SBZ BOE /FVIPĊ 	ǹȁȁȀ
 4VDI XPSL JT PGUFO GP
DVTFE PO QSBDUJDBM RVFTUJPOT CVU JU IBT BMTP ZJFMEFE TPNF SFNBSLBCMF UIFPSZ *O QBSUJDVMBS
UIF XPSL PG /HVZFO FU BM 	ǺǸǸȁ
 PO UIF SFMBUJPOTIJQ CFUXFFO TVSSPHBUF MPTT GVODUJPOT JO
RVBOUJ[FS EFTJHO BOE GEJWFSHFODFT TVHHFTUT QPTTJCMF XBZT UP EFWFMPQ BOE BOBMZ[F B XJEF
DMBTT PG NVMUJQIBTF QSPDFEVSFT BT XF TIBMM EJTDVTT JO 4FDUJPO ǻǽǺ
ǻǻ .ĦĝĥĚġęĒĤĖ ĝĠĘĚĔ Ēğĕ ĔĠğĔĖġĥĤ ėĠģ ġģĖġģĠĔĖĤĤĚğĘ
ǻǻǹ " ĞĠĕĖĝ ėĠģ ĥĨĠ ġęĒĤĖĤ
5P GPSNBMJ[F UIF OPUJPO PG NVMUJQIBTF JOGFSFODF XF CFHJO XJUI B GPSNBM NPEFM GPS UXP
QIBTF TFUUJOHT ɥF mSTU QIBTF DPOTJTUT PG UIF EBUB HFOFSBUJPO DPMMFDUJPO BOE QSFQSPDFTT
JOH XIJMF UIF TFDPOE QIBTF DPOTJTUT PG JOGFSFODF VTJOH UIF PVUQVU GSPN UIF mSTU QIBTF 8F
XJMM DBMM UIF mSTUQIBTF BHFOU UIF iQSFQSPDFTTPSw BOE UIF TFDPOEQIBTF BHFOU UIF iEPXO
TUSFBN BOBMZTUw ɥF QSFQSPDFTTPS PCTFSWFT UIF SBX EBUB : ɥJT JT B OPJTZ SFBMJ[BUJPO PG
9 WBSJBCMFT PG JOUFSFTU UIBU BSF OPU EJSFDUMZ PCUBJOBCMF GSPN B HJWFO FYQFSJNFOU FH HFOF
Ȁȁ
FYQSFTTJPO GSPN TFRVFODJOH EBUB PS TUFMMBS JOUFOTJUZ GSPN UFMFTDPQJD PCTFSWBUJPOT
8F BTTVNF UIBU UIF KPJOU EFOTJUZ PG 9 BOE : XJUI SFTQFDU UP QSPEVDU NFBTVSF 9 × :
DBO CF GBDUPSFE BT
Q:,9(:,9 | θ, ξ) = Q:(: |9, θ, ξ) · Q9(9 | θ, ξ) = Q:(: |9, ξ) · Q9(9 | θ) . 	ǻǹ

)FSF Q9 FODBQTVMBUFT UIF VOEFSMZJOH QSPDFTT PG JOUFSFTU BOE Q: FODBQTVMBUFT UIF PCTFSWB
UJPO QSPDFTT 8F BTTVNF UIBU θ JT PG mYFE EJNFOTJPO JO BMM BTZNQUPUJD TFUUJOHT *O QSBDUJDF
UIF QSFQSPDFTTPS TIPVME CF BCMF UP QPTUVMBUF B SFBTPOBCMF iPCTFSWBUJPONPEFMw Q:(: |9, ξ)
CVU XJMM OPU BMXBZT LOPX UIF USVF iTDJFOUJmD NPEFMw Q9(9 | θ) ɥJT JT BOBMPHPVT UP UIF .*
TFUUJOH XIFSF UIF JNQVUFS EPFT OPU LOPX UIF GPSN PG UIF mOBM BOBMZTJT
6TJOH UIJT NPEFM UIF QSFQSPDFTTPS QSPWJEFT UIF EPXOTUSFBN BOBMZTU XJUI TPNF PVUQVU
5 = 5(:,6) XIFSF6 JT B 	QPTTJCMZ TUPDIBTUJD
 BEEJUJPOBM JOQVU 8IFO5(:,6) JT TUPDIBTUJD
	FH BO.$.$ PVUQVU
 UIF DPOEJUJPOBM EJTUSJCVUJPO Q5(5|:) JT JUT UIFPSFUJDBM EFTDSJQUJPO
JOTUFBE PG JUT GVODUJPOBM GPSN )PXFWFS GPS TJNQMJDJUZ XF XJMM QSFTFOU PVS SFTVMUT XIFO
5 JT B EFUFSNJOJTUJD GVODUJPO PG : POMZ CVU NBOZ SFTVMUT HFOFSBMJ[F FBTJMZ (JWFO TVDI
5 EPXOTUSFBN BOBMZTUT DBO DBSSZ PVU UIFJS JOGFSFODF QSPDFEVSFT 'JHVSF ǻǹ EFQJDUT PVS
HFOFSBM NPEFM TFUVQ
ɥJT NPEFM JODPSQPSBUFT TFWFSBM SFTUSJDUJPOT 'JSTU JU JT .BSLPWJBO XJUI SFTQFDU UP : 9
BOE θ : JT DPOEJUJPOBMMZ JOEFQFOEFOU PG θ HJWFO 9 	BOE ξ
 4FDPOE UIF QBSBNFUFST HPWFSO
JOH UIF PCTFSWBUJPO QSPDFTT 	ξ
 BOE UIPTF HPWFSOJOH UIF TDJFOUJmD QSPDFTT 	θ
 BSF EJTUJODU
*O #BZFTJBO TFUUJOHT XF GVSUIFS BTTVNF UIBU ξ BOE θ BSF JOEFQFOEFOU B QSJPSJ ɥF QBSBN
FUFST ξ BSF OVJTBODF GSPN UIF QFSTQFDUJWF PG BMM JOWPMWFE UIF EPXOTUSFBN BOBMZTU XBOUT UP
ESBX JOGFSFODFT BCPVU 9 BOE θ BOE UIF QSFQSPDFTTPS XBOUT UP QBTT GPSXBSE JOGPSNBUJPO
UIBU XJMM CF VTFGVM GPS TBJE JOGFSFODFT *G EPXOTUSFBN JOGFSFODFT BSF #BZFTJBO XJUI SFTQFDU
ȁǸ
Preprocessor’s model
θ X Y
ξ
Downstream analyst’s model
θ X Y T
ξ
6B;m`2 jXR, :`T?B+H /B;`K Q7 Qm` ;2M2`B+ irQ@T?b2 b2iiBM;X h?2 T`2T`Q+2bbQ` Q#b2`p2b :
7`QK i?2 Q`B;BM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i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X h?2 /QrM@
bi`2K MHvbi Q#b2`p2b i?2 T`2T`Q+2bbQ`Ƕb QmiTmi 5 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b #Qi? 9 M/ : KBbbBM;X
UP ξ UIFO Q:(:|9) =
∫
Q:(:|9, ξ)Ǌξ(ξ)Eξ(ξ) 	XIJDI IPMET VOEFS 	ǻǹ

 JT TVċDJFOU GPS BMM
JOGFSFODF VOEFS UIF HJWFO NPEFM BOE QSJPS )FODF UIJT DPOEJUJPOBM EFOTJUZ JT GSFRVFOUMZ
PG JOUFSFTU JO PVS UIFPSFUJDBM EFWFMPQNFOU BT JT UIF DPSSFTQPOEJOH NBSHJOBMJ[FE NPEFM
Q9,:(:,9|θ) =
∫
Q:(:|9, ξ)Q9(9|θ)Ǌξ(ξ)Eξ(ξ) 8F XJMM DPNQBSF SFTVMUT PCUBJOFE XJUI B
mYFE QSJPS UP UIPTF PCUBJOFE JO B NPSF HFOFSBM TFUUJOH UP CFUUFS VOEFSTUBOE UIF FĊFDUT PG
OVJTBODF QBSBNFUFST JO NVMUJQIBTF JOGFSFODF
ɥFTF SFTUSJDUJPOT BSF TPNFXIBU TJNJMBS UP UIPTF VOEFSMZJOH 3VCJOT 	ǹȁǿǾ
 EFmOJUJPO
PG iNJTTJOH BU SBOEPNw IPXFWFS XF EP OPU IBWF NJTTJOH EBUB NFDIBOJTN 	.%.
 JO UIJT
TFUUJOH QFS TF ɥF EJTUJODUJPO CFUXFFO NJTTJOH BOE PCTFSWFE EBUB 	9 BOE :
 JT mYFE CZ
UIF TUSVDUVSF PG PVS NPEFM *O QMBDF PG .%. XF IBWF UXP JNQPTFE QBUUFSOT PG NJTTJOH
OFTT POF GPS UIF EBUBHFOFSBUJOH QSPDFTT BOE POF GPS UIF JOGFSFODF QSPDFTT ɥF mSTU JT
Q:(: |9, ξ) XIJDI DSFBUFT B OPJTZ WFSTJPO PG UIF EFTJSFE TDJFOUJmD WBSJBCMFT )FSF 9 DBO
CF DPOTJEFSFE UIF NJTTJOH EBUB BOE : UIF PCTFSWFE 'PS UIF JOGFSFODF QSPDFTT UIF EPXO
TUSFBN BOBMZTU PCTFSWFT 5 JO QMBDF PG : CVU EFTJSFT JOGFSFODF GPS θ CBTFE VQPO Q9(9|θ)
)FODF : BOE 9 BSF CPUI NJTTJOH GPS UIF EPXOTUSFBN BOBMZTU /FJUIFS QBUUFSO JT FOUJSFMZ
JOUSJOTJD UP UIF QSPCMFNCPUI BSF mYFE CZ DIPJDF ɥF TFMFDUJPO PG TDJFOUJmD WBSJBCMFT
9 GPS B HJWFO NBSHJOBM MJLFMJIPPE Q:(:|θ, ξ) =
∫
Q:(:|9, ξ)Q9(9|θ)E9(9) JT B NPEFMJOH
ȁǹ
EFDJTJPO ɥF TFMFDUJPO PG QSFQSPDFTTJOH 5(:) JT B EFTJHO EFDJTJPO ɥJT DPOUSBTUT XJUI
UIF UZQJDBM NJTTJOH EBUB TFUUJOH XIFSF .%. JT GPSDFE VQPO UIF BOBMZTU CZ OBUVSF 8JUI
NVMUJQIBTF QSPCMFNT XF TFFL UP EFTJHO BOE FWBMVBUF FOHJOFFSFE NJTTJOHOFTT ɥVT UIF
JOWFTUJHBUJPO PG NVMUJQIBTF JOGFSFODF SFRVJSFT UPPMT BOE JEFBT GSPN EFTJHO JOGFSFODF BOE
DPNQVUBUJPO JO BEEJUJPO UP UIF FTUBCMJTIFE UIFPSZ PG NJTTJOH EBUB
ǻǻǺ %ĖėĚğĚğĘ ĞĦĝĥĚġęĒĤĖ ġģĠĔĖĕĦģĖĤ
8JUI UIJTNPEFM JO QMBDF XF UVSO UP GPSNBMMZ EFmOJOHNVMUJQIBTF QSPDFEVSFT ɥJT JTNPSF
TVCUMF UIBO JU JOJUJBMMZ BQQFBST *O UIF .* TFUUJOH XF GPDVT PO DPNQMFUFEBUB QSPDFEVSFT
GPS UIF EPXOTUSFBN BOBMZTUT FTUJNBUJPO BOE EP OPU SFTUSJDU UIF EFQFOEFODF TUSVDUVSF
CFUXFFONJTTJOH EBUB BOE PCTFSWBUJPOT *O DPOUSBTU XF SFTUSJDU UIF EFQFOEFODF TUSVDUVSF
BT JO 	ǻǹ
 CVU QMBDF GBS GFXFS DPOTUSBJOUT PO UIF BOBMZTUT QSPDFEVSFT )FSF XF GPDVT PVS
EFmOJUJPOT BOE EJTDVTTJPO PO UIF UXP QIBTF DBTF PG B TJOHMF QSFQSPDFTTPS BOE EPXOTUSFBN
BOBMZTU ɥJT QSPWJEFT UIF GPSNBM TUSVDUVSF UP EFTDSJCF UIF JOUFSGBDF CFUXFFO BOZ UXP
QIBTFT JO B DIBJO PG NVMUJQIBTF BOBMZTFT
*O PVS NVMUJQIBTF TFUUJOH EPXOTUSFBN BOBMZTUT OFFE OPU IBWF BOZ DPNQMFUFEBUB QSP
DFEVSF JO UIF TFOTF PG POF GPS JOGFSSJOH θ GSPN 9 BOE : JOEFFE UIFZ OFFE OPU GPSNBMMZ
IBWF POF CBTFE POMZ VQPO 9 GPS JOGFSSJOH θ 8F SFRVJSF POMZ UIBU UIFZ IBWF B TFU PG QSP
DFEVSFT GPS UIFJS EFTJSFE JOGFSFODF VTJOH UIF RVBOUJUJFT QSPWJEFE GSPN FBSMJFS QIBTFT BT
JOQVUT 	5
 OPU OFDFTTBSJMZ VTJOH EJSFDU PCTFSWBUJPOT PG 9 PS : 4VDI TJUVBUJPOT BSF DPN
NPO JO QSBDUJDF BT NFUIPET BSF PGUFO CVJMU BSPVOE QSPQFSUJFT PG QSFQSPDFTTFE EBUB TVDI
BT TNPPUIOFTT PS TQBSTJUZ UIBU OFFE OPU IPME GPS UIF BDUVBM WBMVFT PG 9
'PS UIF QSFQSPDFTTPS UIF JOQVU JT : BOE UIF PVUQVU JT 5 )FSF 5 DPVME DPOTJTU PG B WFDUPS
PG NFBOT XJUI DPSSFTQPOEJOH TUBOEBSE FSSPST PS GPS EJTDSFUF : 5 DPVME DPOTJTU PG DBSF
GVMMZ TFMFDUFE DSPTTUBCVMBUJPOT *O HFOFSBM 5 DMFBSMZ OFFET UP CF SFMBUFE UP 9 UP DBQUVSF
JOGFSFOUJBM JOGPSNBUJPO CVU JUT BDUVBM GPSN JT JOnVFODFE CZ QSBDUJDBM DPOTUSBJOUT 	FH BH
ȁǺ
HSFHBUJPO UP MPXFS UIBO EFTJSFE SFTPMVUJPOT EVF UP EBUB TUPSBHF DBQBDJUZ

'PS UIF EPXOTUSFBN BOBMZTU UIF JOQVU JT 5 BOE UIF PVUQVU JT BO JOGFSFODF GPS θ ɥJT
BOBMZTU DBO PCWJPVTMZ BEBQU 'PS FYBNQMF TVQQPTF θ = &(9J) GPS FBDI FOUSZ J PG 9 *G
UIF QSFQSPDFTTPS QSPWJEFT 5ï = 9ˆ UIF BOBMZTU NBZ TJNQMZ VTF BO VOXFJHIUFE NFBO UP
FTUJNBUF θ *G UIF QSFQSPDFTTPS JOTUFBE HJWFT UIF BOBMZTU 5ð = (9ˆ, 4) XIFSF 4 DPOUBJOT
TUBOEBSE FSSPST UIF MBUUFS DPVME JOTUFBE VTF B XFJHIUFE NFBO UP FTUJNBUF θ ɥJT BEBQUB
UJPO FYUFOET UP BO BSCJUSBSZ OVNCFS PG QPTTJCMF JOQVUT 5L FBDI PG XIJDI DPSSFTQPOET UP B
TFU PG DPOTUSBJOUT GBDJOH UIF QSFQSPDFTTPS
5P GPSNBMJ[F UIJT OPUJPO PG BEBQUBUJPO XF mSTU EFmOF BO JOEFY TFU $ XJUI POF FOUSZ
GPS FBDI TVDI TFU PG DPOTUSBJOUT ɥJT NBQT CFUXFFO GPSNT PG JOQVU QSPWJEFE CZ UIF QSF
QSPDFTTPS BOE FTUJNBUPST TFMFDUFE CZ UIF EPXOTUSFBN BOBMZTU *O UIJT XBZ $ DBQUVSFT UIF
EPXOTUSFBN BOBMZTUT LOPXMFEHF PG QSFWJPVT QSPDFTTJOH BOE UIF VOEFSMZJOH QSPCBCJMJUZ
NPEFM ɥVT UIJT JOEFY TFU QMBZT BO DFOUSBM SPMF JO UIF EFmOJUJPO PG NVMUJQIBTF JOGFSFODF
QSPCMFNT GBS CFZPOE UIBU PG B NFSF NBUIFNBUJDBM GPSNBMJUZ JU SFHVMBUFT UIF BNPVOU PG
NVUVBM LOPXMFEHF TIBSFE CFUXFFO UIF QSFQSPDFTTPS BOE UIF EPXOTUSFBN BOBMZTU
/PX XF UVSO UP UIF FTUJNBUPST UIFNTFMWFT 8F TUBSU XJUI QPJOU FTUJNBUJPO BT B GPVO
EBUJPO GPS B CSPBEFS DMBTT PG QSPCMFNT 5FTUJOH CFHJOT XJUI FTUJNBUJOH SFKFDUJPO SFHJPOT
JOUFSWBM FTUJNBUJPO XJUI FTUJNBUJOH DPWFSBHF DMBTTJmDBUJPO XJUI FTUJNBUJOH DMBTT NFN
CFSTIJQ BOE QSFEJDUJPO XJUI FTUJNBUJOH GVUVSF PCTFSWBUJPOT BOE GSFRVFOUMZ JOUFSNFEJ
BUF QBSBNFUFST ɥF GSBNFXPSL XF QSFTFOU UIFSFGPSF QSPWJEFT UPPMT UIBU DBO CF BEBQUFE
GPS NPSF UIBO FTUJNBUJPO UIFPSZ 8F EFmOFNVMUJQIBTF FTUJNBUJPO QSPDFEVSFT BT GPMMPXT
%FmOJUJPO ǹ "NVMUJQIBTF FTUJNBUJPO QSPDFEVSFP JT B TFU PG FTUJNBUPST {θˆL(5L) : L ∈ $}
JOEFYFE CZ UIF TFU $ XIFSF 5L DPSSFTQPOET UP UIF PVUQVU PG UIF LUI mSTUQIBTF NFUIPE UIBU JT
P JT B GBNJMZ PG FTUJNBUPST XJUI EJĊFSFOU JOQVUT
8IFO DMFBS XF XJMM ESPQ UIF TVCTDSJQUT L BOE JOEFY UIF FTUJNBUPST JO P CZ UIFJS JO
ȁǻ
QVUT ɥJT EFmOJUJPO QSPWJEFT FOPVHI nFYJCJMJUZ UP DBQUVSF NBOZ QSBDUJDBM JTTVFT XJUI
NVMUJQIBTF JOGFSFODF BOE JU DBO CF JUFSBUFE UP EFmOF QSPDFEVSFT GPS BOBMZTFT JOWPMWJOH
B MPOHFS TFRVFODF PG QSFQSPDFTTPST BOE BOBMZTUT *U BMTP FODPNQBTTFT UIF EFmOJUJPO PG
B NJTTJOH EBUB QSPDFEVSF VTFE CZ .FOH 	ǹȁȁǼ
 4VDI QSPDFEVSFT DBOOPU PG DPVSTF CF
BSCJUSBSJMZ DPOTUSVDUFE JG UIFZ BSF UP EFMJWFS SFTVMUT XJUI HFOFSBM WBMJEJUZ )FODF IBWJOH
EFmOFE UIFTF QSPDFEVSFT XF XJMM DVMM NBOZ PG UIFN GSPN DPOTJEFSBUJPO JO 4FDUJPO ǻǻǻ
ɥF PCWJPVT DIPJDF PG PVS FTUJNBOE TVHHFTUFE CZ PVS OPUBUJPO UIVT GBS JT UIF QBSBNF
UFS GPS UIF TDJFOUJmDNPEFM θ ɥJT JT WFSZ BNFOBCMF UPNBUIFNBUJDBM BOBMZTJT BOE SFMFWBOU
UP NBOZ JOWFTUJHBUJPOT )FODF JU GPSNT UIF CBTJT GPS PVS SFTVMUT JO 4FDUJPO ǻǼ )PXFWFS
GPS NVMUJQIBTF BOBMZTFT PUIFS DMBTTFT PG FTUJNBOET NBZ QSPWF NPSF VTFGVM JO QSBDUJDF *O
QBSUJDVMBS GVODUJPOT PG 9 GVUVSF TDJFOUJmD WBSJBCMFT 9SFQ PS GVUVSF PCTFSWBUJPOT :SFQ NBZ
CF PG JOUFSFTU 1SFEJDUJPO PG TVDI RVBOUJUJFT JT B OBUVSBM GPDVT JO UIFNVMUJQIBTF TFUUJOH CF
DBVTF TVDI TUBUFNFOUT BSF NFBOJOHGVM UP CPUI UIF QSFQSPDFTTPS BOE EPXOTUSFBN BOBMZTU
4VDI FTUJNBOET OBUVSBMMZ FODPNQBTT B CSPBE SBOHF PG TUBUJTUJDBM QSPCMFNT JODMVEJOH QSF
EJDUJPO DMBTTJmDBUJPO BOE DMVTUFSJOH )PXFWFS UIFSF JT PGUFO B MBDL PG NVUVBM LOPXMFEHF
BCPVU Q9(9 | θ) TP UIF QSFQSPDFTTPS DBOOPU FYQFDU UP iUBSHFUw FTUJNBUJPO PG θ JO HFOFSBM
BT XF TIBMM EJTDVTT JO 4FDUJPO ǻǽ
ǻǻǻ 8ęĖğ ĚĤ ĞĠģĖ ēĖĥĥĖģü
*U JT OPU BVUPNBUJD GPS NVMUJQIBTF FTUJNBUJPO QSPDFEVSFT UP QSPEVDF CFUUFS SFTVMUT BT UIF
mSTU QIBTF QSPWJEFT NPSF JOGPSNBUJPO 5P PCUBJO B TFOTJCMF DPOUFYU GPS UIFPSFUJDBM EF
WFMPQNFOU XF NVTU SFHVMBUF UIF XBZ UIBU UIF EPXOTUSFBN BOBMZTU BEBQUT UP EJĊFSFOU
JOQVUT 'PS JOTUBODF UIFZ TIPVME PCUBJO CFUUFS SFTVMUT 	JO TPNF TFOTF
 XIFO QSPWJEFE
XJUI IJHIFSSFTPMVUJPO JOGPSNBUJPO ɥJT DBSSJFT PWFS GSPN UIF .* TFUUJOH 	.FOH ǹȁȁǼ
.FOH BOE 3PNFSP ǺǸǸǻ .FOH BOE 9JF ǺǸǹǻ 9JF BOE .FOH ǺǸǹǺ
 XIFSF OPUJPOT TVDI
BT TFMGFċDJFODZ BSF VTFGVM GPS SFHVMBUJOH UIF EPXOTUSFBN BOBMZTUT QSPDFEVSFT 8F EFmOF
ȁǼ
B TJNJMBS QSPQFSUZ GPSNVMUJQIBTF FTUJNBUJPO QSPDFEVSFT CVUXJUIPVU SFTUSJDUJOH PVSTFMWFT
UP UIF NJTTJOH EBUB TFUUJOH 4QFDJmDBMMZ MFU 5ð / 5ñ JOEJDBUF 5ð JT B EFUFSNJOJTUJD GVODUJPO
PG 5ñ *O QSBDUJDF 5ð DPVME CF B TVCWFDUPS BHHSFHBUJPO PS PUIFS TVNNBSZ PG 5ñ
%FmOJUJPO Ǻ 	3JTL NPOPUPOJDJUZ
 " NVMUJQIBTF FTUJNBUJPO QSPDFEVSF P JT SJTL NPOPUPOF
XJUI SFTQFDU UP B MPTT GVODUJPO - JG GPS BMM QBJST PG PVUQVUT 5ð, 5ñ 5ð / 5ñ JNQMJFT 3(θˆñ(5ñ), -) ≤
3(θˆð(5ð), -)
"O BTZNQUPUJD BOBMPHVF PG SJTL NPOPUPOJDJUZ JT EFmOFE BT XPVME CF FYQFDUFE TDBM
JOH UIF SFMFWBOU SJTLT BU BO BQQSPQSJBUF SBUF UP PCUBJO OPOUSJWJBM MJNJUT ɥJT JT B OBUVSBM
TUBSUJOH QPJOU GPS SFHVMBUJOH NVMUJQIBTF FTUJNBUJPO QSPDFEVSFT TUSPOHFS OPUJPOT NBZ CF
SFRVJSFE GPS DFSUBJO UIFPSFUJDBM SFTVMUT /PUF UIBU UIJT EFmOJUJPO EPFT OPU SFRVJSF UIBU
iIJHIFSRVBMJUZw JOQVUT OFDFTTBSJMZ MFBE UP MPXFS SJTL FTUJNBUPST 3JTL NPOPUPOJDJUZ SF
RVJSFT POMZ UIBU FTUJNBUPST CBTFE VQPO B MBSHFS TFU PG JOQVUT QFSGPSN OP XPSTF UIBO UIPTF
XJUI TUSJDUMZ MFTT JOGPSNBUJPO 	JO B EFUFSNJOJTUJD TFOTF
 )PXFWFS SJTL NPOPUPOJDJUZ JT
BDUVBMMZ RVJUF UJHIU JO BOPUIFS TFOTF *U SFRVJSFT UIBU BEEJUJPOBM JOGPSNBUJPO DBOOPU CF
NJTVTFE CZ UIF EPXOTUSFBN BOBMZTU JNQPTJOH B TUSPOH DPOTUSBJOU PO NVUVBM LOPXMFEHF
'PS BO FYBNQMF DPOTJEFS UIF DBTF PG VOXFJHIUFE BOEXFJHIUFENFBOT 5P PCUBJO CFUUFS SF
TVMUT XIFO QSFTFOUFE XJUI TUBOEBSE FSSPST UIF EPXOTUSFBN BOBMZTU NVTU LOPX UIBU UIFZ
BSF CFJOH HJWFO 	UIF DPSSFDU
 TUBOEBSE FSSPST BOE UP XFJHIU CZ JOWFSTF WBSJBODFT
ɥJT EFmOJUJPO JT SFMBUFE UP UIF DPNQBSJTPO PG FYQFSJNFOUT BT FYQMPSFE CZ #MBDLXFMM
	ǹȁǽǹ ǹȁǽǻ
 CVU EJWFSHFT PO B GVOEBNFOUBM MFWFM 0VS PSEFSJOH PG FYQFSJNFOUT CBTFE
PO EFUFSNJOJTUJD GVODUJPOT JT NPSF TUSJOHFOU UIBO UIBU PG #MBDLXFMM 	ǹȁǽǻ
 CVU UIFZ BSF
SFMBUFE *OEFFE PVS/ SFMBUJPO JNQMJFT UIBU PG #MBDLXFMM 	ǹȁǽǻ
 *O UIF MBUUFS XPSL BO FY
QFSJNFOUα JT EFmOFE BTNPSF JOGPSNBUJWF UIBO FYQFSJNFOU β EFOPUFEα ⊃ β JG BMM MPTTFT
BUUBJOBCMF GSPN β BSF BMTP BUUBJOBCMF GSPN α ɥJT SFMBUJPO JT BMTP JNQMJFE JG α JT TVċDJFOU
GPSβ 0VS TUSJOHFODZ TUFNT GSPNPVS CSPBEFS PCKFDUJWFT JO UIFNVMUJQIBTF TFUUJOH 'SPN B
ȁǽ
T1 T2
T3 T5 T7 T4 T6 T8
! !
"
! !
"
6B;m`2 jXk, AHHmbi`iBQM Q7 `BbF@KQMQiQM2 ǳ#bBbǴ +QMbi`m+iBQMX AM i?Bb +b2- 5ð M/ 5ñ
7Q`K i?2 #bBb b2i Q7 biiBbiB+bX 1+? Q7 i?2b2 ?b i?`22 /2b+2M/Mib U5ò, 5ô, 5ö 7`QK 5ð M/
5ó,5õ, 5÷ 7`QK 5ñVX h?2b2 /2b+2M/Mib `2 /2i2`KBMBbiB+ 7mM+iBQMb Q7 i?2B` T`2Mi- #mi i?2v
`2 MQi /2i2`KBMBbiB+ 7mM+iBQMb Q7 Mv Qi?2` #bBb biiBbiB+bX :Bp2M +Q``2+iHv@bT2+B}2/ KQ/@
2Hb 7Q` 5ð M/ 5ñ-  `BbF KQMQiQM2 T`Q+2/m`2 +M #2 +QMbi`m+i2/ 7Q` HH biiBbiB+b U5ð, . . . , 5÷V
b?QrM ?2`2 b /2b+`B#2/ BM i?2 i2tiX
EFDJTJPOUIFPSFUJD QFSTQFDUJWF UIF QBSUJBM PSEFSJOH PG FYQFSJNFOUT JOWFTUJHBUFE CZ #MBDL
XFMM BOE PUIFST EFBM XJUI XIJDI SJTLT BSF BUUBJOBCMF HJWFO QBJST PG FYQFSJNFOUT BMMPXJOH
GPS BSCJUSBSZ EFDJTJPO QSPDFEVSFT *O DPOUSBTU PVS DSJUFSJPO SFTUSJDUT QSPDFEVSFT CBTFE PO
XIFUIFS TVDI SJTLT BSF BDUVBMMZ BUUBJOFE XJUI SFTQFDU UP B QBSUJDVMBS MPTT GVODUJPO ɥJT
JT CFDBVTF JO UIF NVMUJQIBTF TFUUJOH JU JT OPU HFOFSBMMZ SFBMJTUJD UP FYQFDU EPXOTUSFBN
BOBMZTUT UP CF DBQBCMF PG PCUBJOJOH PQUJNBM FTUJNBUPST GPS BMM GPSNT PG QSFQSPDFTTJOH
ɥF DPODFQUVBMMZTJNQMFTU XBZ UP HFOFSBUF TVDI B QSPDFEVSF JT UP CFHJO XJUI B DPN
QMFUF QSPCBCJMJUZ NPEFM GPS Q:(:|θ) 6OEFS USBEJUJPOBM BTZNQUPUJD SFHJNFT BMM QSPDFEVSFT
DPOTJTUJOH PG #BZFT FTUJNBUPST CBTFE VQPO TVDI B NPEFM XJMM 	XJUI GVMM LOPXMFEHF PG UIF
USBOTGPSNBUJPOT JOWPMWFE JO FBDI 5L BOE B mYFE QSJPS
 CF SJTL NPOPUPOF ɥF TBNF JT USVF
BTZNQUPUJDBMMZ VOEFS UIF TBNF SFHJNFT 	GPS TRVBSFEFSSPS MPTT
 GPS QSPDFEVSFT DPOTJTU
JOH PG .-&T VOEFS B mYFE NPEFM 6OEFS TPNF PUIFS BTZNQUPUJD SFHJNFT IPXFWFS UIFTF
QSJODJQMFT PG FTUJNBUJPO EP OPU HVBSBOUFF SJTLNPOPUPOJDJUZ XF FYQMPSF UIJT GVSUIFS JO
4FDUJPO ǻǼǺ #VU TVDI UFDIOJRVFT BSF OPU UIF POMZ XBZ UP HFOFSBUF SJTL NPOPUPOF QSPDF
EVSFT GSPN QSPCBCJMJUZ NPEFMT ɥJT JT BOBMPHPVT UP TFMGFċDJFODZ XIJDI DBO CF BDIJFWFE
CZ QSPDFEVSFT UIBU BSF OFJUIFS #BZFTJBO OPS .-& 	.FOH ǹȁȁǼ 9JF BOE .FOH ǺǸǹǺ

" SJTL NPOPUPOF QSPDFEVSF DBO CF HFOFSBUFE GSPN BOZ TFU PG QSPCBCJMJUZ NPEFMT GPS
ȁǾ
EJTUJODU JOQVUT UIBU iTQBOw UIF TQBDF PG QPTTJCMF JOQVUT 4VQQPTF UIBU BO BOBMZTU IBT B TFU
PG QSPCBCJMJUZNPEFMT BMM DPSSFDUMZ TQFDJmFE GPS Q5C(5C|θ) XIFSF C SBOHFT PWFS B TVCTFU#PG
UIF SFMFWBOU JOEFY TFU$ 8F BMTP BTTVNF UIBU UIJT BOBMZTU IBT B QSJPS EJTUSJCVUJPO ǊC(θ) GPS
FBDI TVDI CBTJTNPEFMT ɥFTF QSJPST OFFE OPU BHSFF CFUXFFONPEFMT UIF BOBMZTU DBO CVJME
B SJTLNPOPUPOF QSPDFEVSF GSPN BO JODPOTJTUFOU TFU PG QSJPS CFMJFGT 4VQQPTF UIBU UIF
JOQVUT {5C : C ∈ #} BSF OPU EFUFSNJOJTUJD GVODUJPOT PG FBDI PUIFS BOE BMM PUIFS JOQVUT DBO
CF HFOFSBUFE BT OPOUSJWJBM EFUFSNJOJTUJD USBOTGPSNBUJPOT PG POF PG UIFTF JOQVUT 'PSNBMMZ
XF SFRVJSF 5C */ 5D GPS BMM EJTUJODU C, D ∈ # BOE GPS FBDI L ∈ $ UIFSF FYJTUT B VOJRVF C ∈ #
TVDI UIBU 5L / 5C 	FBDI PVUQVU JT VOJRVFMZ EFTDFOEFE GSPN B TJOHMF 5C
 BT JMMVTUSBUFE JO
'JHVSF ǻǺ ɥJT TFU DBO GPSN B CBTJT JO B TFOTF GPS UIF HJWFO QSPDFEVSF
6TJOH UIF HJWFO QSPCBCJMJUZ NPEFMT XJUI B TJOHMF MPTT GVODUJPO BOE TFU PG QSJPST 	QPUFO
UJBMMZ EJĊFSFOU GPS FBDI NPEFM
 UIF BOBMZTU DBO EFSJWF B #BZFT SVMF VOEFS FBDI NPEFM 'PS
FBDI C ∈ # XF SFRVJSF θˆ(5C) UP CF BO BQQSPQSJBUF #BZFT SVMF PO TBJENPEFM "T 5L = HL(5C)
GPS TPNF GVODUJPO HL XF UIFO IBWF UIF JNQMJFE Q5L(5L|θ) =
∫
U:HL(U)=5L
Q5C(U|θ)EU ZJFMEJOH
UIF #BZFT SVMF GPS FTUJNBUJOH θ CBTFE PO 5L XIJDI JT OP MFTT SJTLZ UIBO θˆ(5C) ɥF SFRVJSF
NFOU UIBU FBDI PVUQVU 5L EFSJWFT GSPN B VOJRVF 5C NFBOT UIBU FBDI CBTJT DPNQPOFOU 5C
IBT B VOJRVF MJOF PG EFTDFOEBOUT 8JUIJO FBDI MJOF FBDI EFTDFOEBOU JT DPNQBSBCMF UP POMZ
B TJOHMF 5C JO UIF TFOTF PG EFUFSNJOJTUJD EFQFOEFODF #FUXFFO UIFTF MJOFT TVDI DPNQBS
JTPOT BSF OPU QPTTJCMF ɥJT FOTVSFT UIF PWFSBMM SJTLNPOPUPOJDJUZ
#JPMPHZ QSPWJEFT BO JMMVTUSBUJPO PG TVDI CBTFT " XJEF BSSBZ PG NFUIPEPMPHJDBM BQ
QSPBDIFT IBWF CFFO VTFE UP BOBMZ[F IJHIUISPVHIQVU HFOF FYQSFTTJPO EBUB 0OF BQQSPBDI
CVJMET VQPO PSEFS BOE SBOL TUBUJTUJDT 	(FNBO FU BM ǺǸǸǼ 5BO FU BM ǺǸǸǽ (FNBO ǺǸǹǺ

"OPUIFS DPNNPO BQQSPBDI VTFT EJĊFSFODFT JO HFOF FYQSFTTJPO CFUXFFO DPOEJUJPOT PS
FYQFSJNFOUT PGUFO BHHSFHBUJOH PWFS QBUIXBZT SFQMJDBUFT BOE TP GPSUI &BDI DMBTT PG
NFUIPET JT CBTFE VQPO B EJĊFSFOU GPSN PG QSFQSPDFTTJOH SBOLT USBOTGPSNBUJPOT GPS UIF
GPSNFS OPSNBMJ[BUJPO BOE BHHSFHBUJPO GPS UIF MBUUFS 5BLJOH QSPDFEVSFT CBTFE PO SBOL
ȁǿ
TUBUJTUJDT BOE BHHSFHBUF EJĊFSFODFT JO FYQSFTTJPO BT B CBTJT XF DBO DPOTJEFS DPOTUSVDUJOH
B SJTLNPOPUPOF QSPDFEVSF BT BCPWF ɥVT UIF HJWFO GPSNVMBUJPO DBO CSJOH UPHFUIFS
BQQBSFOUMZ EJTQBSBUF NFUIPET BT B mSTU TUFQ JO BOBMZ[JOH UIFJS NVMUJQIBTF QSPQFSUJFT
4VDI DPOTUSVDUJPOT BSF VOGPSUVOBUFMZ OPU TVċDJFOU UP HFOFSBUF BMM QPTTJCMF SJTLNPOP
UPOF QSPDFEVSFT 0CUBJOJOHNPSF HFOFSBM DPOEJUJPOT BOE DPOTUSVDUJPOT GPS SJTLNPOPUPOF
QSPDFEVSFT JT B UPQJD GPS GVSUIFS XPSL
ǻǻǼ 3ĖħĚĤĚĥĚğĘ ĠĦģ ĖĩĒĞġĝĖĤ Ēğĕ ġģĠēĚğĘ ĠĦģ ēĠĦğĕĒģĚĖĤ
#Z DBTUJOH UIF FYBNQMFT JO 4FDUJPO ǻǺǺ JOUP UIF GPSNBM TUSVDUVSF KVTU FTUBCMJTIFE XF DBO
DMBSJGZ UIF QSBDUJDBM SPMF PG FBDI NBUIFNBUJDBM DPNQPOFOU BOE TFF IPX UP NBQ UIFPSFUJDBM
SFTVMUT JOUP BQQMJFE HVJEBODF 8F BMTP QSPWJEF BO FYBNQMF UIBU JMMVTUSBUFT UIF CPVOEBSJFT
PG UIF GSBNFXPSLT VUJMJUZ BOE BOPUIFS UIBU EFNPOTUSBUFT JUT GPSNBM MJNJUT ɥFTF QSPWJEF
QFSTQFDUJWF PO UIF USBEFPĊT NBEF JO GPSNBMJ[JOH UIF NVMUJQIBTF JOGFSFODF QSPCMFN
ɥF DBTF PG NJDSPBSSBZ QSFQSPDFTTJOH QSFTFOUFE QSFWJPVTMZ mUT RVJUF OJDFMZ JOUP UIF
NPEFM PG 4FDUJPO ǻǻǹ ɥFSF : DPSSFTQPOET UP UIF PCTFSWFE QSPCFMFWFM JOUFOTJUJFT 9
DPSSFTQPOET UP UIF USVF FYQSFTTJPO MFWFM GPS FBDI HFOF VOEFS FBDI DPOEJUJPO BOE θ DPSSF
TQPOET UP UIF QBSBNFUFST HPWFSOJOH UIF PSHBOJTNT QBUUFSOT PG HFOF FYQSFTTJPO *O UIF
NJDSPBSSBZ TFUUJOH Q: XPVME DIBSBDUFSJ[F UIF SFMBUJPOTIJQ CFUXFFO FYQSFTTJPO MFWFMT BOE
PCTFSWFE JOUFOTJUJFT HPWFSOFE CZ ξ ɥFTF OVJTBODF QBSBNFUFST DPVME JODMVEF DIJQMFWFM
PĊTFUT QSPQFSUJFT PG BOZ BEEJUJWF CBDLHSPVOE BOE UIF NBHOJUVEFT PG PUIFS TPVSDFT PG
WBSJBUJPO ɥF BTTVNQUJPOT PG B .BSLPWJBO EFQFOEFODF TUSVDUVSF BOE EJTUJODU QBSBNF
UFST GPS FBDI QBSU PG UIF NPEFM BQQFBS RVJUF SFBTPOBCMF JO UIJT DBTF BT 	ǹ
 UIF PCTFSWBUJPO
: DBO POMZ 	QIZTJDBMMZ
 EFQFOE VQPO UIF TBNQMF QSFQBSBUJPO FYQFSJNFOUBM QSPUPDPM BOE
3/" DPODFOUSBUJPOT JO UIF TBNQMF BOE 	Ǻ
 UIF EJTUSJCVUJPOT Q9 BOE Q: DBQUVSF QIZTJDBMMZ
EJTUJODU QPSUJPOT PG UIF FYQFSJNFOU #BDLHSPVOE DPSSFDUJPO OPSNBMJ[BUJPO BOE UIF SF
EVDUJPO PG PCTFSWBUJPOT UP MPHGPME DIBOHFT BSF DPNNPO FYBNQMFT PG QSFQSPDFTTJOH 5(:)
ȁȀ
"T EJTDVTTFE QSFWJPVTMZ FTUJNBOET CBTFE VQPO 9NBZ CF PG HSFBUFS TDJFOUJmD JOUFSFTU UIBO
UIPTF CBTFE VQPO θ 'PS JOTUBODF XFNBZXBOU UP LOPXXIFUIFS HFOF FYQSFTTJPO DIBOHFE
CFUXFFO UXP USFBUNFOUT JO B QBSUJDVMBS FYQFSJNFOU 	B TUBUFNFOU BCPVU 9
 UIBO XIFUIFS B
QBSBNFUFS SFHVMBUJOH UIF PWFSBMM QBUUFSOT PG HFOF FYQSFTTJPO UBLFT PO B QBSUJDVMBS WBMVF
'PS UIF BTUSPQIZTJDBM FYBNQMF UIF mU JT TJNJMBSMZ UJEZ ɥF SBX BTUSPOPNJDBM PCTFSWB
UJPOT DPSSFTQPOE UP : UIF USVF UFNQFSBUVSF EFOTJUZ BOE TQFDUSBM QSPQFSUJFT PG FBDI QBSU
PG UIF EVTU DMPVE CFDPNF 9 BOE UIF QBSBNFUFST HPWFSOJOH UIF SFMBUJPOTIJQ CFUXFFO UIFTF
RVBOUJUJFT 	FH UIFJS DPSSFMBUJPO
 GPSN θ ɥF Q: EJTUSJCVUJPO HPWFSOT UIF QIZTJDBM PCTFS
WBUJPO QSPDFTT DPOUSPMMFE CZ ξ ɥJT QSPDFTT UZQJDBMMZ JODMVEFT UIF JOTUSVNFOUT SFTQPOTF
UP BTUSPOPNJDBM TJHOBMT BUNPTQIFSJD EJTUPSUJPOT BOE PUIFS FBSUICPVOE QIFOPNFOB "T
CFGPSF UIF DPOEJUJPOBM JOEFQFOEFODF PG θ BOE : HJWFO 9 BOE ξ JT TFOTJCMF CBTFE VQPO UIF
QSPCMFN TUSVDUVSF BT JT UIF TFQBSBUJPO PG θ BOE ξ )FSF 9 DPSSFTQPOET UP TJHOBMT FNJUUFE
CJMMJPOT PS USJMMJPOT PG NJMFT GSPN &BSUI XIFSFBT UIF PCTFSWBUJPO QSPDFTT PDDVST XJUIJO
HSPVOE PS TQBDFCBTFE UFMFTDPQFT )FODF BOZ OPO.BSLPWJBO FĊFDUT BSF RVJUF JNQMBVTJ
CMF 1SFQSPDFTTJOH 5(:) DPSSFTQPOET UP UIF 	QPJOU
 FTUJNBUFT PG UFNQFSBUVSF EFOTJUZ BOE
TQFDUSBM QSPQFSUJFT GSPN TJNQMF NPEFMT PG : HJWFO 9 BOE ξ
ɥFNVMUJQIBTF GSBNFXPSL FODPNQBTTFT B CSPBE SBOHF PG TFUUJOHT CVU JU EPFT OPU TIFE
BEEJUJPOBM MJHIU PO BMM PG UIFN *G 5 JT B NBOZUPPOF USBOTGPSNBUJPO PG : UIFO PVS GSBNF
XPSL JNQMJFT UIBU UIF QSFQSPDFTTPS BOE EPXOTUSFBN BOBMZTU GBDF TUSVDUVSBMMZ EJĊFSFOU
JOGFSFODF 	BOE NJTTJOH EBUB
 QSPCMFNT ɥJT JT UIF FTTFODF PG NVMUJQIBTF JOGFSFODF JO
PVS WJFX 4FUUJOHT XIFSF Q:(:|9, ξ) JT EFHFOFSBUF PS 5 JT B POFUPPOF GVODUJPO PG : BSF
CPVOEBSZ DBTFT XIFSF PVS NVMUJQIBTF JOUFSQSFUBUJPO BOE GSBNFXPSL BEE MJUUMF
'PS B DPODSFUF FYBNQMF PG UIFTF DBTFT DPOTJEFS B UJNFUPGBJMVSF FYQFSJNFOU XJUI UIF
UJNFT PG GBJMVSF 8J ∼ JJE &YQP(θ) J = ð, . . . , O /PX TVQQPTF UIBU UIF FYQFSJNFOUFST
BDUVBMMZ SBO UIF FYQFSJNFOU JON FRVBMMZTJ[FE CBUDIFT ɥFZ PCTFSWF FBDI CBUDI POMZ VOUJM
JUT mSTU GBJMVSF UIBU JT UIFZ PCTFSWF BOE SFQPSU :C = NJO{8J : J JO CBUDI C} GPS FBDI CBUDI
ȁȁ
C 4VCTFRVFOU BOBMZTUT IBWF BDDFTT POMZ UP 5 = (:ð, . . . , :C) ɥJT TFFNT UP CF B DBTF PG
QSFQSPDFTTJOH CVU JU BDUVBMMZ SFTJEFT BU UIF WFSZ FEHF PG PVS GSBNFXPSL
8F DPVME UBLF UIF DPNQMFUF PCTFSWBUJPOT UP CF 9 BOE UIF CBUDI NJOJNB UP CF : ɥJT
XPVME TBUJTGZ PVS .BSLPW DPOTUSBJOU XJUI B TJOHVMBS BOE IFODF EFUFSNJOJTUJD PCTFSWB
UJPO QSPDFTT Q:(:|9) TJNQMZ TFMFDUJOH B QBSUJDVMBS PSEFS TUBUJTUJD XJUIJO FBDI CBUDI )PX
FWFS 5(:) JT POFUPPOF UIF QSFQSPDFTTPS PCTFSWFT POMZ UIF PSEFS TUBUJTUJDT BT EPFT UIF
EPXOTUSFBN BOBMZTU ɥFSF JT OP TFQBSBUJPO PG JOGFSFODF CFUXFFO QIBTFT UIF TBNF RVBO
UJUJFT BSF PCTFSWFE BOE NJTTJOH UP CPUI UIF QSFQSPDFTTPS BOE UIF EPXOTUSFBN BOBMZTU
4RVFF[JOH UIJT DBTF JOUP UIF NVMUJQIBTF GSBNFXPSL JT UFDIOJDBMMZ WBMJE CVU VOQSPEVDUJWF
ɥF GSBNFXPSL XF QSFTFOU JT OPU IPXFWFS DPNQMFUFMZ HFOFSJD $POTJEFS B DIFNJDBM
FYQFSJNFOU JOWPMWJOH B TFU PG SFBDUJPOT ɥF VOEFSMZJOH QBSBNFUFST θ EFTDSJCF UIF DIFN
JDBM QSPQFSUJFT ESJWJOH UIF SFBDUJPOT 9 BSF UIF BDUVBM TUBUFT PG UIF SFBDUJPO BOE : BSF UIF
	JOEJSFDUMZ
 NFBTVSFE PVUQVUT PG UIF SFBDUJPOT ɥFNFBTVSFNFOU QSPDFTT GPS UIFTF FYQFS
JNFOUT BT EFTDSJCFE CZ Q:(:|9, ξ) DPVME FBTJMZ WJPMBUF UIF TUSVDUVSF PG PVS NPEFM JO UIJT
DBTF 'PS JOTUBODF UIF TBNF DIFNJDBM QBSBNFUFST DPVME BĊFDU CPUI UIF NFBTVSFNFOU BOE
SFBDUJPO QSPDFTTFT WJPMBUJOH UIF BTTVNFE TFQBSBUJPO PG θ BOE ξ
&WFO DBSFGVM QSFQSPDFTTJOH JO TVDI B TFUUJOH DBO DSFBUF B GVOEBNFOUBM JODPIFSFODF 4VQ
QPTF UIF EPXOTUSFBN BOBMZTJT XJMM CF #BZFTJBO TP UIF QSFQSPDFTTPS QSPWJEFT UIF DPOEJ
UJPOBM EFOTJUZ PG : BT B GVODUJPO PG 9 Q:(:|9) GPS UIF PCTFSWFE : *G θ BOE ξ TIBSF DPNQP
OFOUT BOE UIF QSFQSPDFTTPS VTFT UIFJS QSJPS PO ξ UP DSFBUF Q:(:|9) UIF DPOEJUJPOBM EFOTJUZ
OFFE OPU CF TVċDJFOU GPS θ VOEFS UIF EPXOTUSFBN BOBMZTUT NPEFM #FDBVTF UIF EPXO
TUSFBN BOBMZTUT QSJPS PO θ OFFE OPU CF DPNQBUJCMF XJUI UIF QSFQSPDFTTPST QSJPS PO ξ JO
GFSFODFT CBTFE PO UIF QSFQSPDFTTPST Q:(:|9) DBO CF TFSJPVTMZ nBXFE JO UIJT TFUUJOH )FODF
XF FYDMVEF TVDI DBTFT GSPN PVS JOWFTUJHBUJPO GPS UIF UJNF CFJOH
ɥJOLJOH #BZFTJBOMZ PVS NPEFM 	ǻǹ
 PCWJPVTMZ EPFT OPU FYDMVEF UIF QPTTJCJMJUZ UIBU
UIF EPXOTUSFBN BOBMZTU IBT NPSF LOPXMFEHF BCPVU θ UIBO UIF QSFQSPDFTTPS JO UIF GPSN
ǹǸǸ
PG B QSJPS PO θ )PXFWFS QSJPS JOGPSNBUJPO NFBOT UIBU JU JT CBTFE PO TUVEJFT UIBU EP OPU
PWFSMBQ XJUI UIF DVSSFOU POF 1SPCBCJMJTUJDBMMZ TQFBLJOH UIJT NFBOT UIBU PVS NPEFM QFS
NJUT UIF EPXOTUSFBN BOBMZTU UP GPSNBMMZ JODPSQPSBUF BOPUIFS EBUB TFU ; BT MPOH BT ; JT
DPOEJUJPOBMMZ JOEFQFOEFOU PG UIF TDJFOUJmD WBSJBCMFT 9 BOE PCTFSWBUJPOT : HJWFO (θ, ξ) PS
θ 'PS FYBNQMF UIF EPXOTUSFBN BOBMZTU DPVME PCTFSWF DPNQMFUFMZ TFQBSBUF FYQFSJNFOUT
QFSUBJOJOH UP UIF TBNF VOEFSMZJOH QSPDFTT HPWFSOFE CZ θ PS UIF PVUDPNFT PG TFQBSBUF DBM
JCSBUJPO QFSUBJOJOH UP ξ CVU OPU BEEJUJPOBM SFQMJDBUFT HPWFSOFE CZ UIF TBNF SFBMJ[BUJPO
PG 9 *O B CJPMPHJDBM TFUUJOH UIJT NFBOT UIBU UIF EPXOTUSFBN BOBMZTU DPVME IBWF BDDFTT UP
SFTVMUT GSPN TBNQMFT OPU BWBJMBCMF UP UIF QSFQSPDFTTPS 	FH CJPMPHJDBM SFQMJDBUFT
 QPTTJCMZ
VTJOH UIF TBNF FRVJQNFOU IPXFWFS UIFZ DPVME OPU IBWF BDDFTT UP BEEJUJPOBM BOBMZTFT PG
UIF TBNF CJPMPHJDBM TBNQMF 	FH UFDIOJDBM SFQMJDBUFT
 BT B TJOHMF CJPMPHJDBM TBNQMF XPVME
UZQJDBMMZ DPSSFTQPOE UP B TJOHMF SFBMJ[BUJPO PG 9
ɥFTF FYBNQMFT SFNJOE VT UIBU PVS NVMUJQIBTF TFUUJOH EPFT OPU FODPNQBTT BMM PG TUB
UJTUJDBM JOGFSFODF ɥJT JT RVJUF B SFMJFG UP VT 0VS XPSL BJNT UP PQFO OFX EJSFDUJPOT GPS
TUBUJTUJDBM SFTFBSDI CVU JU DBOOPU QPTTJCMZ BEESFTT FWFSZ QSPCMFN VOEFS UIF TVO
ǻǻǽ $ĠğĤĥģĒĚğĥĤ ĨĚĝĝ ĤĖĥ ĪĠĦģ ĥęĖĠģĪ ėģĖĖ
.VMUJQIBTF UIFPSZ IJOHFT PO QSPDFEVSBM DPOTUSBJOUT $POTJEFS GPS FYBNQMF mOEJOH UIF
PQUJNBM NVMUJQIBTF FTUJNBUJPO QSPDFEVSF JO UFSNT PG UIF mOBM FTUJNBUPST #BZFT SJTL
8JUIPVU TUSJOHFOU QSPDFEVSBM DPOTUSBJOUT UIF SFTVMU JT USJWJBM DPNQVUF UIF BQQSPQSJBUF
#BZFT FTUJNBUPS VTJOH UIF EJTUSJCVUJPO PG 5 HJWFO θ 4JNJMBSMZ UIF PQUJNBM QSFQSPDFTTJOH
5 XJMM XJUIPVU UJHIU DPOTUSBJOUT TJNQMZ DPNQVUF BO PQUJNBM FTUJNBUPS VTJOH : BOE QBTT
JU GPSXBSE /PUF UIBU CPUI PG UIFTF DBTFT SFTQFDU SJTLNPOPUPOJDJUZ UP UIF MFUUFS JU JT OPU
TVċDJFOUMZ UJHIU UP FOBCMF JOUFSFTUJOH SFMFWBOU UIFPSZ .PSF DPOTUSBJOUT CBTFE VQPO
DBSFGVM DPOTJEFSBUJPO PG BQQMJFE QSPCMFNT BSF DMFBSMZ SFRVJSFE
ɥJT JT OPU BMUPHFUIFS CBEOFXT 8FOFFE POMZ MPPL UP UIF IJTUPSZ PGNVMUJQMF JNQVUBUJPO
ǹǸǹ
UP TFF IPX SJDI UIFPSZ DBO BSJTF GSPN TUSJOHFOU QSBHNBUJD DPOTUSBJOUT .VMUJQMF JNQVUB
UJPO GPSNT B OBSSPX TVCTFU PG NVMUJQIBTF QSPDFEVSFT 9 DPSSFTQPOET UP UIF DPNQMFUF EBUB
	:DPN JO .* OPUBUJPO
 : DPSSFTQPOET UP UIF PCTFSWFE EBUB :PCT BOE NJTTJOH EBUB JOEJDBUPS
3 BOE 5 VTVBMMZ DPOTJTUT PG QPTUFSJPS QSFEJDUJWF ESBXT PG UIF NJTTJOH EBUB UPHFUIFS XJUI
UIF PCTFSWFE EBUB ɥF .BSLPWJBO QSPQFSUZ EFQJDUFE JO 'JHVSF ǻǹ IPMET XIFO UIF QB
SBNFUFS 	ξ
 GPS UIF NJTTJOH EBUB NFDIBOJTN Q(3|:DPN, ξ
 JT EJTUJODU GSPN UIF QBSBNFUFS PG
JOUFSFTU 	θ
 JO Q(:DPN|θ) XIJDI JT B DPNNPO BTTVNQUJPO JO QSBDUJDF ɥF TFDPOEQIBTF QSP
DFEVSF JT UIFO SFTUSJDUFE UP SFQFBUFEMZ BQQMZJOH B DPNQMFUFEBUB QSPDFEVSF BOE DPNCJOJOH
UIF SFTVMUT ɥFTF DPOTUSBJOUT XFSF PSJHJOBMMZ JNQPTFE GPS QSBDUJDBM SFBTPOTJO QBSUJDV
MBS UP NBLF UIF SFTVMUJOH QSPDFEVSF GFBTJCMF XJUI FYJTUJOH TPGUXBSF )PXFWFS UIFZ IBWF
PQFOFE UIF EPPS UP EFFQ UIFPSFUJDBM JOWFTUJHBUJPOT
*O UIBU TQJSJU XF DPOTJEFS UXP UZQFT PG QSBDUJDBMMZNPUJWBUFE DPOTUSBJOUT GPSNVMUJQIBTF
JOGFSFODF SFTUSJDUJPOT PO UIF EPXOTUSFBN BOBMZTUT QSPDFEVSF BOE SFTUSJDUJPOT PO UIF QSF
QSPDFTTPST NFUIPET ɥFTF DPOTUSBJOUT BSF JOUFOEFE UP XPSL JO DPODFSU XJUI DPIFSFODF
DPOEJUJPOT 	FH SJTL NPOPUPOJDJUZ
 OPU JO JTPMBUJPO UP FOBCMF NFBOJOHGVM UIFPSZ
$POTUSBJOUT PO UIF EPXOTUSFBN BOBMZTU BSF JOUFOEFE UP SFnFDU QSBDUJDBM MJNJUBUJPOT PG
UIFJS BOBMZUJD DBQBDJUZ &YBNQMFT JODMVEF SFTUSJDUJOH UIF EPXOTUSFBN BOBMZTU UP OBSSPX
DMBTTFT PG FTUJNBUPST 	FH MJOFBS GVODUJPOT PG QSFQSPDFTTFE JOQVUT
 UP TQFDJmD QSJODJQMFT
PG FTUJNBUJPO 	FH .-&T
 PS UP TQFDJBM DBTFT PG B NFUIPE XF DBO SFBTPOBCMZ BTTVNF UIF
EPXOTUSFBN BOBMZTU DPVME IBOEMF TVDI BT B DPNQMFUFEBUB FTUJNBUPS θˆ(9) BWBJMBCMF GSPN
TPGUXBSF XJUI BQQSPQSJBUF JOQVUT &TUJNBUPST EFSJWFE GSPN OFTUFE GBNJMJFT PG NPEFMT BSF
PGUFO TVJUBCMF GPS UIJT QVSQPTF 'PS FYBNQMF XIFSFBT θˆ(9) NBZ JOWPMWF POMZ BO PSEJOBSZ
SFHSFTTJPO UIF DPNQVUBUJPO PG θˆ(5)NBZ SFRVJSF B XFJHIUFE MFBTUTRVBSFT SFHSFTTJPO
"OPUIFS DPOTUSBJOU PO UIF EPXOTUSFBN BOBMZTU QFSUBJOT UP OVJTBODF QBSBNFUFST 4VDI
DPOTUSBJOUT BSF PG HSFBU QSBDUJDBM BOE UIFPSFUJDBM JOUFSFTU BT XF CFMJFWF UIBU UIF QSFQSP
DFTTPS XJMM UZQJDBMMZ IBWF CFUUFS LOPXMFEHF BOE TUBUJTUJDBM SFTPVSDFT BWBJMBCMF UP BEESFTT
ǹǸǺ
OVJTBODF QBSBNFUFST UIBO UIF EPXOTUSFBN BOBMZTU "O FYUSFNF CVU SFBMJTUJD DBTF PG UIJT
JT UP BTTVNF UIBU UIF EPXOTUSFBN BOBMZTU DBOOPU BEESFTT OVJTBODF QBSBNFUFST BU BMM "T
XF TIBMM EJTDVTT JO 4FDUJPO ǻǼ UIJT XPVME GPSDF UIF QSFQSPDFTTPS UP FJUIFS NBSHJOBMJ[F
PWFS UIF OVJTBODF QBSBNFUFST mOE B QJWPU XJUI SFTQFDU UP UIFN PS USVTU UIF EPXOTUSFBN
BOBMZTU UP VTF B NFUIPE SPCVTU UP UIF QSPCMFNBUJD QBSBNFUFST
5VSOJOH UP UIF QSFQSPDFTTPS XF DPOTJEFS SFTUSJDUJOH FJUIFS UIF GPSN PG UIF QSFQSPDFT
TPST PVUQVU PS UIF NFDIBOJDT PG UIFJS NFUIPET *O UIF TJNQMFTU DBTF PG UIF GPSNFS XF
DPVME SFRVJSF UIBU 5 DPOTJTU PG UIF QPTUFSJPS NFBO 	9ˆ
 BOE QPTUFSJPS DPWBSJBODF 	7
 PG UIF
VOLOPXO 9 VOEFS UIF QSFQSPDFTTPST NPEFM " SJDIFS CVU TUJMM SFBMJTUJD DMBTT PG PVUQVU
XPVME CF mOJUFEJNFOTJPOBM SFBM PS JOUFHFS WFDUPST 3FTUSJDUJOH PVUQVU UP TVDI B DMBTT
XPVME QSFWFOU UIF QSFQSPDFTTPS GSPN QBTTJOH BSCJUSBSZ GVODUJPOT POUP UIF EPXOTUSFBN
BOBMZTU ɥJT MFBET OBUVSBMMZ UP UIF JOWFTUJHBUJPO PG 	mOJUFEJNFOTJPOBM
 BQQSPYJNBUJPOT
UP UIF QSFQSPDFTTPST DPOEJUJPOBM EFOTJUZ BHHSFHBUJPO BOE PUIFS TVDI UFDIOJRVFT
0O UIF NFDIBOJDBM TJEF XF DBO SFTUSJDU FJUIFS UIF QBSUJDVMBST PG UIF QSFQSPDFTTPST
NFUIPET PS UIFJS CSPBEFS QSPQFSUJFT &YBNQMFT PG UIF GPSNFS JODMVEF QBSUJDVMBS DPNQV
UBUJPOBM BQQSPYJNBUJPOT UP UIF MJLFMJIPPE GVODUJPO PS SFTUSJDUJPOT UP QBSUJDVMBS QSJODJQMFT
PG JOGFSFODF 	FH TVNNBSJFT PG UIF MJLFMJIPPE PS QPTUFSJPS EJTUSJCVUJPO PG 9 HJWFO (:, ξ)

4VDI DBO GPDVT PVS JORVJSJFT UP TQFDJmD GFBTJCMF NFUIPET PG JOUFSFTU PS SFnFDU UIF DPSF
TUBUJTUJDBM QSJODJQMFT XF CFMJFWF UIF QSFQSPDFTTPS TIPVME UBLF JOUP BDDPVOU *O B EJĊFS
FOU WFJO XF DBO SFRVJSF UIBU QSFQSPDFTTPST QSPDFEVSFT CF EJTUSJCVUBCMF BDSPTT NVMUJQMF
SFTFBSDIFST FBDI XJUI UIFJS PXO FYQFSJNFOUT BOE TDJFOUJmD WBSJBCMFT PG JOUFSFTU 4VDI
TFUUJOHT BSF PG JOUFSFTU GPS CPUI UIF BDDVNVMBUJPO PG TDJFOUJmD SFTVMUT GPS MBUFS VTF BOE GPS
UIF EFWFMPQNFOU PG EJTUSJCVUFE TUBUJTUJDBM DPNQVUBUJPO ɥJT MFBET UP QSFQSPDFTTJOH CBTFE
VQPO GBDUPSFE iXPSLJOHw NPEFMT GPS 9 BT XF FYQMPSF GVSUIFS JO 4FDUJPO ǻǼǹ /VJTBODF
QBSBNFUFST QMBZ BO JNQPSUBOU SPMF JO UIFTF DPOTUSBJOUT OBSSPXJOH UIF DMBTT PG GFBTJCMF
NFUIPET 	FH NBSHJOBMJ[BUJPO PWFS TVDI QBSBNFUFST NBZ CF FYDFFEJOHMZ EJċDVMU
 BOE
ǹǸǻ
MBSHFMZ EFUFSNJOJOH UIF FYUFOU UP XIJDI QSFQSPDFTTJOH DBO CF EJTUSJCVUFE 8F FYQMPSF
UIFTF JTTVFT JO NPSF EFUBJM UISPVHIPVU 4FDUJPO ǻǼ
ǻǼ " ėĖĨ ĥęĖĠģĖĥĚĔĒĝ ĔĠģğĖģĤĥĠğĖĤ
8FOPXQSFTFOU B GFX TUFQT UPXBSET B UIFPSZ PGNVMUJQIBTF JOGFSFODF *O UIJT XF FOEFBWPS
UP BEESFTT UISFF CBTJD RVFTUJPOT 	ǹ
 IPX DBO XF EFUFSNJOF XIBU UP SFUBJO 	Ǻ
 XIBU MJNJUT
UIF QFSGPSNBODF PG NVMUJQIBTF QSPDFEVSFT BOE 	ǻ
 XIBU BSF TPNF NJOJNBM SFRVJSFNFOUT
GPS CFJOH BO JEFBM QSFQSPDFTTPS 8F mOE JOTJHIU JOUP UIF mSTU RVFTUJPO GSPN UIF MBOHVBHF
PG DMBTTJDBM TVċDJFODZ 8F MFWFSBHF BOE TQFDJBMJ[F SFTVMUT GSPN UIFNJTTJOHEBUB MJUFSBUVSF
UP BEESFTT UIF TFDPOE 'PS UIF UIJSE RVFTUJPO XF UVSO UP UIF UPPMT PG EFDJTJPO UIFPSZ
ǻǼǹ %ĖĥĖģĞĚğĚğĘ ĨęĒĥ ĥĠ ģĖĥĒĚğ
4VQQPTF XF IBWF B HSPVQ PG SFTFBSDIFST FBDI XJUI UIFJS PXO FYQFSJNFOUT ɥFZ XBOU
UP QSFQSPDFTT UIFJS EBUB UP SFEVDF TUPSBHF SFRVJSFNFOUT FBTF TVCTFRVFOU BOBMZTFT BOE
	QPUFOUJBMMZ
 QSPWJEF SPCVTUOFTT UPNFBTVSFNFOU FSSPST ɥJT HSPVQ JT LFFOMZ BXBSF PG UIF
QFSJMT PG QSFQSPDFTTJOH BOE XBOU UP FOTVSF UIBU UIF PVUQVU UIFZ QSPWJEF XJMM CF NBYJNBMMZ
VTFGVM GPS MBUFS BOBMZTFT ɥFJS RVFTUJPO JT i8IJDI TUBUJTUJDT TIPVME XF SFUBJO w
*G FBDI PG UIFTF SFTFBSDIFST XBT DPOEVDUJOH UIF mOBM BOBMZTJT UIFNTFMWFT VTJOH POMZ
UIFJS PXO EBUB UIFZ XPVME CF JO B TJOHMFQIBTF TFUUJOH ɥF PQUJNBM TUSBUFHZ UIFO JT
UP LFFQ B NJOJNBM TVċDJFOU TUBUJTUJD GPS FBDI SFTFBSDIFST NPEFM 4JNJMBSMZ JG UIF mOBM
BOBMZTJT XFSF QMBOOFE BOE BHSFFE VQPO BNPOH BMM SFTFBSDIFST XF XPVME BHBJO IBWF B
TJOHMFQIBTF TFUUJOH BOE JU JT PQUJNBM UP SFUBJO UIF TVċDJFOU TUBUJTUJDT GPS UIF BHSFFE
VQPO NPEFM 8F VTF UIF UFSN PQUJNBM IFSF CFDBVTF JU BDIJFWFT NBYJNBM EBUB SFEVDUJPO
XJUIPVU MPTJOH JOGPSNBUJPO BCPVU UIF QBSBNFUFST PG JOUFSFTU 4VDI MPTTMFTT DPNQSFTTJPOo
JO UIF HFOFSBM TFOTF PG BWPJEJOH TUBUJTUJDBM SFEVOEBODZoJT PGUFO JNQSBDUJDBM CVU JU QSPWJEFT
ǹǸǼ
B VTFGVM UIFPSFUJDBM HPME TUBOEBSE
*O UIF NVMUJQIBTF TFUUJOH FTQFDJBMMZ XJUI NVMUJQMF SFTFBSDIFST JO UIF mSTU QIBTFT
BDIJFWJOH PQUJNBM QSFQSPDFTTJOH JT GBS NPSF DPNQMJDBUFE FWFO JO UIFPSZ *G 5(:) JT UIF
PVUQVU PG UIF FOUJSF QSFQSPDFTTJOH QIBTF UIFO JO PSEFS UP SFUBJO BMM JOGPSNBUJPO XF NVTU
SFRVJSF 5(:) UP CF B TVċDJFOU TUBUJTUJDT GPS {θ, ξ} VOEFS NPEFM 	ǻǹ
 UIBU JT
-(θ, ξ|5(:)) = -(θ, ξ|:), 	ǻǺ

XIFSF - EFOPUFT B MJLFMJIPPE GVODUJPO PS BU MFBTU JO UIF 	NBSHJOBM
 #BZFTJBO TFOTF
1(θ|5(:)) = 1(θ|:), 	ǻǻ

XIFSF1(θ|%) JT UIF QPTUFSJPS PG θ HJWFO EBUB%XJUI UIF MJLFMJIPPE HJWFO CZ 	ǻǹ
 /PUF UIBU
	ǻǺ
 JNQMJFT 	ǻǻ
 BOE 	ǻǻ
 JT VTFGVM XIFO UIF EPXOTUSFBN BOBMZTU XBOUT POMZ B #BZFTJBO
JOGFSFODF PG θ *O FJUIFS DBTF UIF DPOTUSVDUJPO PG UIF TVċDJFOU TUBUJTUJD HFOFSBMMZ EFQFOET
PO UIF KPJOU NPEFM GPS : BT JNQMJFE CZ 	ǻǹ
 SFRVJSJOH NPSF LOPXMFEHF UIBO JOEJWJEVBM
SFTFBSDIFST UZQJDBMMZ QPTTFTT
0GUFO IPXFWFS JU JT SFBTPOBCMF UP BTTVNF UIF GPMMPXJOH DPOEJUJPOBM JOEFQFOEFODF -FU
{:J,9J, ξJ} CF UIF TQFDJmDBUJPO PG {:,9, ξ} GPS SFTFBSDIFS J (= ð, . . . , S) XIFSF {:ð, . . . , :S}
GPSNT B QBSUJUJPO PG : 8F UIFO BTTVNF UIBU
Q:(:|9, ξ) =
S∏
J=ð
Q:J(:J|9J, ξJ) . 	ǻǼ

/PUF JO UIF BCPWF EFmOJUJPO JNQMJDJUMZ XF BMTP BTTVNF UIF CBTFMJOFNFBTVSF : JT B QSPEVDU
NFBTVSF
∏S
J=ð :J  TVDI BT -FCFTHVF NFBTVSF ɥF BTTVNQUJPO 	ǻǼ
 IPMET GPS FYBNQMF JO
NJDSPBSSBZ BQQMJDBUJPOT XIFO EJĊFSFOU MBCT QSPWJEF DPOEJUJPOBMMZJOEFQFOEFOU PCTFSWB
UJPOT PG QSPCFMFWFM JOUFOTJUJFT ɥF QSFDFEJOH EJTDVTTJPO TVHHFTUT UIBU UIJT BTTVNQUJPO JT
ǹǸǽ
OFDFTTBSZ GPS FOTVSJOH 	ǻǺ
 PS FWFO 	ǻǻ
 CVU PCWJPVTMZ JU JT GBS GSPN TVċDJFOU CFDBVTF JU
TBZT OPUIJOH BCPVU UIF NPEFM PO 9
*U JT SFBTPOBCMFPS BU MFBTU NPSF MPHJDBM UIBO OPUUP BTTVNF FBDI SFTFBSDIFS IBT UIF
CFTU LOPXMFEHF UP TQFDJGZ IJTIFS PXO PCTFSWBUJPO NPEFM Q:J(:J|9J, ξJ) 	J = ð, . . . , S) #VU
GPS UIF TDJFOUJmD NPEFM Q9(9|θ) VTFE CZ UIF EPXOTUSFBN BOBMZTU UIF CFTU XF DBO IPQF JT
UIBU FBDI SFTFBSDIFS IBT BXPSLJOHNPEFM Q˜9(9J|HJ(η)) UIBU JT JO TPNFXBZ SFMBUFE UP Q9(9|θ)
ɥF OPUBUJPO HJ(η) SFnFDUT PVS IPQF UP DPOTUSVDU B DPNNPO XPSLJOH QBSBNFUFS η UIBU DBO
VMUJNBUFMZ CF MJOLFE UP UIF TDJFOUJmD QBSBNFUFS θ
(JWFO UIJT XPSLJOH NPEFM UIF JUI SFTFBSDIFS DBO PCUBJO UIF DPSSFTQPOEJOH 	NJOJNBM

TVċDJFOU TUBUJTUJD 5J(:) GPS {HJ(η), ξJ} XJUI SFTQFDU UP
Q˜9(:J|HJ(η), ξJ) =
∫
Q:(:J|9J, ξJ)Q˜9(9J|HJ(η))E9J(9J), J = ð, . . . , S. 	ǻǽ

8IFO POF IBT B QSJPS ǊξJ(ξJ) GPS ξJ POF DPVME BMUFSOBUFMZ EFDJEF UP SFUBJO UIF 	#BZFTJBO

TVċDJFOU TUBUJTUJD 5#J (:J) XJUI SFTQFDU UP UIF NPEFM
Q˜:(:J|HJ(η)) =
∫ ∫
Q:(:J|9J, ξJ)Q˜9(9J|HJ(η))ǊξJ(ξJ)E9J(9J)Eξ(ξJ) . 	ǻǾ

0VS DFOUSBM JOUFSFTU IFSF JT UP EFUFSNJOF XIFO UIF DPMMFDUJPO 5(:) = {5J(:J) : J =
ð, . . . , S} XJMM TBUJTGZ 	ǻǺ
 BOE XIFO 5#(:) = {5#J (:J) : J = ð, . . . , S} XJMM TBUJTGZ 	ǻǻ
 ɥJT
UVSOT PVU UP CF BO FYDFFEJOHMZ EJċDVMU QSPCMFN JG XF TFFL B OFDFTTBSZ BOE TVċDJFOU DPO
EJUJPO GPS XIFO UIJT PDDVST )PXFWFS JU JT OPU EJċDVMU UP JEFOUJGZ TVċDJFOU DPOEJUJPOT
UIBU DBO QSPWJEF VTFGVM QSBDUJDBM HVJEFMJOFT 8F QSPDFFE CZ mSTU DPOTJEFSJOH DBTFT XIFSF
{9ð, . . . ,9S} GPSNT B QBSUJUJPO PG 9 $PNQBSFE UP UIF BTTVNQUJPO PO QBSUJUJPOJOH : UIJT
BTTVNQUJPO JT MFTT MJLFMZ UP IPME JO QSBDUJDF CFDBVTF EJĊFSFOU SFTFBSDIFST DBO TIBSF DPN
NPO QBSUT PG 9T PS FWFO UIF FOUJSF TDJFOUJmD WBSJBCMF 9 )PXFWFS BT XF TIBMM EFNPOTUSBUF
ǹǸǾ
TIPSUMZ XF DBO FYUFOE PVS SFTVMUT GPSNBMMZ UP BMM NPEFMT GPS 9 BT MPOH BT XF BSF XJMMJOH UP
QVU UJHIU SFTUSJDUJPOT PO UIF BMMPXFE DMBTT PG XPSLJOH NPEFMT 4QFDJmDBMMZ UIF GPMMPXJOH
DPOEJUJPO EFTDSJCFT B DMBTT PG XPSLJOH NPEFMT UIBU BSF JEFBM CFDBVTF UIFZ QFSNJU TFQBSBUF
QSFQSPDFTTJOH ZFU SFUBJO KPJOU JOGPSNBUJPO /PUF BHBJO UIBU BO JNQMJDJU BTTVNQUJPO IFSF
JT UIBU UIF CBTFMJOF NFBTVSF 9 JT B QSPEVDU NFBTVSF
∏S
J=ð 9J 
%FmOJUJPOǻ 	%JTUSJCVUFE 4FQBSBCJMJUZ $POEJUJPO 	%4$

 "TFU PGXPSLJOHNPEFMT{Q˜9(9J|HJ(η)) :
J = ð, . . . , S} JT TBJE UP TBUJTGZ UIF EJTUSJCVUFE TFQBSBCJMJUZ DPOEJUJPO XJUI SFTQFDU UP Q9(9|θ)
JG UIFSF FYJTUT B QSPCBCJMJUZ NFBTVSF Qη(η|θ) TVDI UIBU
Q9(9|θ) =
∫
η
[
S∏
J=ð
Q˜9(9J|HJ(η))
]
EQη(η|θ). 	ǻǿ

ɥFPSFN Ǻ 6OEFS UIF BTTVNQUJPOT 	ǻǼ
 BOE 	ǻǿ
 XF IBWF
	ǹ
 ɥF DPMMFDUJPO PG JOEJWJEVBM TVċDJFOU TUBUJTUJDT GSPN 	ǻǽ
 UIBU JT 5(:) = {5J(:J), J =
ð, . . . , S} JT KPJOUMZ TVċDJFOU GPS {θ, ξ} JO UIF TFOTF UIBU 	ǻǺ
 IPMET
	Ǻ
 6OEFS UIF BEEJUJPOBM BTTVNQUJPO UIBU {ξð, . . . , ξS} GPSNT B QBSUJUJPO PG ξ BOE Ǌ(ξ)Eξ =∏S
J=ð ǊξJ(ξJ)EξJ  CPUI 5(:) DPSSFTQPOEJOH UP 	ǻǽ
 BOE 5
#(:) DPSSFTQPOEJOH UP 	ǻǾ
 BSF
#BZFTJBOMZ TVċDJFOU GPS θ JO UIF TFOTF UIBU 	ǻǻ
 IPMET
1SPPG #Z UIF TVċDJFODZ PG 5J GPS (HJ(η), ξJ) XF DBO XSJUF
∫
9J
Q:(:J|9J, ξJ)Q˜9(9J|HJ(η))E9J(9J) = Q˜:(:J|HJ(η), ξJ) = IJ(:J)GJ(5J; HJ(η), ξJ). 	ǻȀ

ǹǸǿ
ɥJT JNQMJFT UIBU
Q:(:|θ, ξ) =
∫
9
Q:(:|9, ξ)Q9(9|θ)E9(9)
[CZ (ò.ó) BOE (ò.ö)] =
∫
9
[
S∏
J=ð
Q:(:J|9J, ξJ)
]
·[∫
η
[
S∏
J=ð
Q˜9(9J|HJ(η))
]
EQη(η|θ)
]
E9(9)
[CZ GBDUPSJ[BUJPO PG 9] =
∫
η
S∏
J=ð
[∫
9J
Q:(:J|9J, ξJ)Q˜9(9J|HJ(η))E9J(9J)
]
EQη(η|θ)
[CZ (ò.÷)] =
[
S∏
J=ð
IJ(:J)
][∫
η
S∏
J=ð
GJ(5J; HJ(η), ξJ)EQη(η|θ)
]
.
ɥJT FTUBCMJTIFT 	ǹ
 CZ UIF GBDUPSJ[BUJPO UIFPSFN "TTFSUJPO 	Ǻ
 JT FBTJMZ FTUBCMJTIFE WJB BO
BOBMPHPVT BSHVNFOU CZ JOUFHSBUJOH BMM UIF FYQSFTTJPOT BCPWFXJUI SFTQFDU UP Ǌ(ξ)E(ξ) =∏S
J=ð ǊξJ(ξJ)EξJ(ξJ)
8F FNQIBTJ[F UIBU %4$ EPFT OPU SFRVJSF JOEJWJEVBM SFTFBSDIFST UP NPEFM UIFJS QBSUT PG
9 JO UIF TBNF XBZ BT UIF EPXOTUSFBN BOBMZTU XPVME XIJDI XPVME NBLF JU BO FTTFOUJBMMZ
UBVUPMPHJDBM DPOEJUJPO 3BUIFS JU SFRVJSFT UIBU JOEJWJEVBM SFTFBSDIFST VOEFSTUBOE UIFJS
PXO QSPCMFNT BOE IPX UIFZ DBO mU JOUP UIF CSPBEFS BOBMZTJT IJFSBSDIJDBMMZ ɥJT NFBOT
UIBU UIF XPSLJOH NPEFM GPS FBDI 9J (J = ð, . . . , S) DBO CF NPSF TBUVSBUFE UIBO UIF EPXO
TUSFBN BOBMZTUT NPEFM GPS UIF TBNF QBSU PG 9
$POTJEFS B TJNQMF DBTF XJUI S = ð XIFSF UIF QSFQSPDFTTPS DPSSFDUMZ BTTVNFT UIF NVMUJ
WBSJBUF OPSNBMJUZ GPS 9 CVU JT VOBXBSF UIBU JUT DPWBSJBODF BDUVBMMZ IBT B CMPDL TUSVDUVSF PS
JT VOXJMMJOH UP JNQPTF TVDI B SFTUSJDUJPO UP BMMPX GPS NPSF nFYJCMF EPXOTUSFBN BOBMZTFT
$MFBSMZ BOZ TVċDJFOU TUBUJTUJD VOEFS UIF VOTUSVDUVSFE NVMUJWBSJBUF NPEFM JT BMTP TVċ
DJFOU GPS BOZ 	OFTUFE
 TUSVDUVSFE POFT ɥF QSJDF QBJE IFSF JT GBJMJOH UP BDIJFWF UIF HSFBU
FTU QPTTJCMF TVċDJFOU SFEVDUJPO PG UIF EBUB CVU UIJT TBDSJmDF NBZ CF OFDFTTBSZ UP FOTVSF
ǹǸȀ
UIF CSPBEFS WBMJEJUZ PG EPXOTUSFBN BOBMZTFT 'PS FYBNQMF FWFO JG EPXOTUSFBN BOBMZTUT
BEPQU B CMPDLTUSVDUVSFE DPWBSJBODF UIFZ NBZ TUJMM XBOU UP QFSGPSN B NPEFM DIFDLJOH
XIJDI XPVME OPU CF QPTTJCMF JG BMM UIFZ BSF HJWFO JT B NJOJNBM TVċDJFOU TUBUJTUJD GPS UIF
NPEFM UP CF DIFDLFE
,OPXMFEHF TVJUBCMF GPS TQFDJGZJOH B TBUVSBUFE NPEFM JT NPSF BUUBJOBCMF UIBO DPNQMFUF
LOPXMFEHF PG Q9(9|θ) BMUIPVHI FOTVSJOH DPNNPO LOPXMFEHF PG JUT 	QPUFOUJBM
 IJFSBSDIJ
DBM TUSVDUVSF TUJMM SFRVJSFT TPNF DPPSEJOBUJPO BNPOH UIF SFTFBSDIFST &BDI PG UIFN DPVME
JOEFQFOEFOUMZ EFUFSNJOF GPS XIJDI DMBTTFT PG TDJFOUJmDNPEFMT UIFJS XPSLJOHNPEFM TBUJT
mFT UIF %4$ )PXFWFS XJUIPVU LOPXMFEHF PG UIF QBSUJUJPO PG 9 BDSPTT SFTFBSDIFST BOE UIF
PWFSBSDIJOHNPEFM	T
 PG JOUFSFTU UIFJS FWBMVBUJPOT OFFE OPU QSPWJEF BOZ VTFGVM DPOTFOTVT
ɥJT TVHHFTUT UIF OFDFTTJUZ PG TPNF HFOFSBM DPNNVOJDBUJPOT BOE B QSBDUJDBM HVJEFMJOF GPS
EJTUSJCVUFE QSFQSPDFTTJOH FWFO XIFO XF IBWF DIPTFO B XJTF EJWJTJPO PG MBCPST UIBU QFS
NJUT %4$ UP IPME
'PSNBMMZ %4$ JT TJNJMBS JO nBWPS UP EF 'JOFUUJT UIFPSFN CVU JU EPFT OPU SFRVJSF UIF
DPNQPOFOUT PG UIF GBDUPSJ[FE XPSLJOH NPEFM UP CF FYDIBOHFBCMF %4$ IPXFWFS JT CZ OP
NFBOT OFDFTTBSZ 	FWFO VOEFS 	ǻǺ

 BT BO FYBNQMF JO 4FDUJPO ǻǼǼ XJMM EFNPOTUSBUF *UT
MJNJUT TUFN GSPN iVOQBSBNFUFSJ[FEw EFQFOEFODFEFQFOEFODF CFUXFFO 9JT UIBU JT OPU
DPOUSPMMFE CZ θ 8IFO TVDI EFQFOEFODF JT QSFTFOU TUBUJTUJDT DBO FYJTU UIBU BSF TVċDJFOU
GPS CPUI η BOE θ XJUIPVU UIF XPSLJOH NPEFM TBUJTGZJOH %4$
)PXFWFS B TJNQMF OFDFTTBSZ DPOEJUJPO GPS EJTUSJCVUFE TVċDJFODZ JT BWBJMBCMF 6OTVS
QSJTJOHMZ JU MJOLT UIF KPJOU TVċDJFODZ PG 5(:) = {5J(:J) : J = ð, . . . , S} VOEFS Q:(:|θ) UP
UIF KPJOU TVċDJFODZ PG 4(9) = {4J(9J), J = ð, . . . , S} VOEFS UIF TDJFOUJmD NPEFM Q9(9|θ)
XIFSF 4J(9J) JT BOZ TVċDJFOU TUBUJTUJD GPS UIF XPSLJOH NPEFM Q˜9(9J|HJ(η)), J = ð, . . . , S
ɥFPSFNǻ *G GPS BMM PCTFSWBUJPONPEFMT TBUJTGZJOH 	ǻǼ
 UIF DPMMFDUJPOT PG JOEJWJEVBM TVċDJFOU
TUBUJTUJDT GSPN 	ǻǽ
 5(:) = {5J(:J), J = ð, . . . , S} BSF KPJOUMZ TVċDJFOU GPS {θ, ξ} JO UIF TFOTF
ǹǸȁ
UIBU 	ǻǺ
 IPMET UIFO BOZ DPMMFDUJPO PG JOEJWJEVBM TVċDJFOU TUBUJTUJDT VOEFS {Q˜9(9J|HJ(η)), J =
ð, . . . , S} UIBU JT 4(9) NVTU CF TVċDJFOU GPS θ VOEFS Q9(9|θ)
ɥF QSPPG PG UIJT DPOEJUJPO FNFSHFT FBTJMZ CZ DPOTJEFSJOH UIF USJWJBM PCTFSWBUJPO NPEFM
Q:(:J|9J, ξ) = δ{:J=9J} XIFSF δ" JT UIF JOEJDBUPS GVODUJPO PG TFU " ɥFPSFN ǻ IPMET FWFO JG
XF SFRVJSF UIF PCTFSWBUJPO NPEFM UP CF OPOUSJWJBM BT UIF DBTF PG Q:(:J|9J, ξ) ∝ δ{:J∈#ε[9J]}
GPS BSCJUSBSZ εOFJHICPSIPPET PG 9J EFNPOTUSBUFT ɥF SFTVMU TBZT UIBU JG XF XBOU EJT
USJCVUFE QSFQSPDFTTJOH UP QSPWJEF B MPTTMFTT DPNQSFTTJPO SFHBSEMFTT PG UIF BDUVBM GPSN PG
UIF PCTFSWBUJPO NPEFM UIFO FWFO VOEFS UIF DPOEJUJPOBM JOEFQFOEFODF BTTVNQUJPO 	ǻǼ

XF NVTU SFRVJSF UIF JOEJWJEVBM XPSLJOH NPEFMT UP DPMMFDUJWFMZ QSFTFSWF TVċDJFODZ VOEFS
UIF TDJFOUJmD NPEFM /PUF UIBU QSFTFSWJOH TVċDJFODZ GPS B NPEFM JT B NVDI XFBLFS SF
RVJSFNFOU UIBO QSFTFSWJOH UIF NPEFM JUTFMG *OEFFE UXP NPEFMT DBO IBWF WFSZ EJĊFSFOU
NPEFM TQBDFT ZFU TIBSF UIF TBNF GPSN PG TVċDJFOU TUBUJTUJDT BT TFFO XJUI JJE 1PJTTPO()
BOE /(, ð)NPEFMT CPUI ZJFMEJOH UIF TBNQMF BWFSBHF BT B DPNQMFUF TVċDJFOU TUBUJTUJD
"MUIPVHIXF mOE UIJT TVċDJFODZQSFTFSWJOH DPOEJUJPO RVJUF JOGPSNBUJWF BCPVU UIF MJN
JUT PG MPTTMFTT EJTUSJCVUFE QSFQSPDFTTJOH JU JT OPU B TVċDJFOU DPOEJUJPO "T B DPVOUFSFY
BNQMF DPOTJEFS :JK|9J ∼ /(J, σñJK) JOEFQFOEFOU GPS J = ð, . . . , O K = ð, . . . ,N XIFSF
9J ≡ (J, σñJð, . . . , σñJN) 'PS UIF USVF NPEFM XF BTTVNF Q9(9|θ) BT GPMMPXT J|θ ∼ /(θ, ð)
σñJK ∼ ð/χðñ BOE BMM WBSJBCMFT BSF NVUVBMMZ JOEFQFOEFOU 'PS UIF XPSLJOH NPEFM XF UBLF
Q˜9(9|η) BT GPMMPXT J|ηJ ∼ /(ηJ, ð) JOEFQFOEFOUMZ BOE σñJK = ð XJUI QSPCBCJMJUZ ǹ GPS BMM J, K
0CWJPVTMZ 4 = (ð, . . . , O) JT B TVċDJFOU TUBUJTUJD GPS CPUI Q˜9(9|η) BOE Q9(9|θ) CFDBVTF
PG UIFJS OPSNBMJUZ #FDBVTF 4 JT NJOJNBMMZ TVċDJFOU GPS η UIJT JNQMJFT UIBU BOZ TVċDJFOU
TUBUJTUJD GPS Q˜9(9|η) NVTU CF TVċDJFOU GPS Q9(9|θ) UIFSFGPSF UIF TVċDJFODZ QSFTFSWJOH
DPOEJUJPO IPMET
)PXFWFS UIF DPMMFDUJPO PG UIF DPNQMFUF TVċDJFOU TUBUJTUJDT 5J =
∑
K ZJK/N, J = ð, . . . , S
GPS η VOEFS Q:(:|η) JT OPU TVċDJFOU GPS θ VOEFS Q:(:|θ) CFDBVTF UIF MBUUFS JT OP MPOHFS BO
ǹǹǸ
FYQPOFOUJBM GBNJMZ ɥF USPVCMF JT DBVTFE CZ UIF GBJMVSF PG UIF XPSLJOH NPEFMT UP DBQUVSF
BEEJUJPOBM nFYJCJMJUZ JO UIF TDJFOUJmDNPEFM UIBU JT OPU DPOUSPMMFE CZ JUT QBSBNFUFS θ ɥFSF
GPSF PCUBJOJOH B DPOEJUJPO UIBU JT CPUI OFDFTTBSZ BOE TVċDJFOU GPS MPTTMFTT DPNQSFTTJPO
WJB EJTUSJCVUFE QSFQSPDFTTJOH JT B DIBMMFOHJOH UBTL 4VDI B DPOEJUJPO BQQFBST TVCTUBOUJBMMZ
NPSF JOUSJDBUF UIBO UIPTF QSFTFOUFE JOɥFPSFNT Ǻ BOE ǻ BOENBZ UIFSFGPSF CF MFTT VTFGVM
BT BO BQQMJFE HVJEFMJOF #FMPX XF EJTDVTT B GFX GVSUIFS TVCUMFUJFT
-JLFMJIPPE TVċDJFODZ WFSTFT #BZFTJBO FċDJFODZ "MUIPVHIɥFPSFN Ǻ DPWFST CPUI MJLF
MJIPPE BOE #BZFTJBO DBTFT JU JT JNQPSUBOU UP OPUF B TVCUMF EJTUJODUJPO CFUXFFO UIFJS HFO
FSBM JNQMJDBUJPOT *O UIF MJLFMJIPPE TFUUJOH 	ǻǺ
 XF BDIJFWF MPTTMFTT DPNQSFTTJPO GPS BMM
EPXOTUSFBN BOBMZTFT UBSHFUJOH (θ, ξ) ɥJT BMMPXT UIF EPXOTUSFBN BOBMZTU UP PCUBJO JOGFS
FODFT UIBU BSF SPCVTU UP UIF QSFQSPDFTTPST CFMJFGT BCPVU ξ BOE UIFZ BSF GSFF UP SFWJTF UIFJS
JOGFSFODFT JG OFX JOGPSNBUJPO BCPVU ξ CFDPNFT BWBJMBCMF #VU UIF EPXOTUSFBN BOBMZTU
NVTU BEESFTT UIF OVJTBODF QBSBNFUFS ξ GSPN UIF QSFQSPDFTTJOH TUFQ B UBTL B EPXOTUSFBN
BOBMZTU NBZ OPU CF BCMF PS XJMMJOH UP IBOEMF
*O DPOUSBTU UIF EPXOTUSFBN BOBMZTU OFFE OPU XPSSZ BCPVU ξ JO UIF #BZFTJBO TFUUJOH
	ǻǻ
 )PXFWFS UIJT JT BSDIJWFE BU UIF DPTU PG SPCVTUOFTT "MM EPXOTUSFBN BOBMZTFT BSF
QPUFOUJBMMZ BĊFDUFE CZ UIF QSFQSPDFTTPST CFMJFGT BCPVU ξ 'VSUIFSNPSF CFDBVTF 5#(:) JT
SFRVJSFE POMZ UP CF TVċDJFOU GPS θ JU NBZ OPU DBSSZ BOZ JOGPSNBUJPO GPS B EPXOTUSFBN
BOBMZTU UP DIFDL UIF QSFQSPDFTTPST BTTVNQUJPOT BCPVU ξ 'PSUVOBUFMZ BT JU JT HFOFSBMMZ
MPHJDBM UP FYQFDU UIF QSFQSPDFTTPS UP IBWF CFUUFS LOPXMFEHF BEESFTTJOH ξ UIBO UIF EPXO
TUSFBN BOBMZTU TVDI SPCVTUOFTTNBZ OPU CF B TFSJPVT DPODFSO GSPN B QSBDUJDBM QFSTQFDUJWF
ɥFPSFUJDBMMZ UIF USBEFPĊ CFUXFFO SPCVTUOFTT BOE DPOWFOJFODF JT OPU DMFBSDVU UIFZ DBO
DPJODJEF GPS PUIFS UZQFT PG QSFQSPDFTTJOH BT TFFO JO 4FDUJPO ǻǼǺ CFMPX
%FUFSNJOJTUJD EFQFOEFODJFT BNPOH 9JT "T EJTDVTTFE FBSMJFS 	DPOEJUJPOBM
 EFQFOEFO
DJFT BNPOH UIF PCTFSWBUJPO WBSJBCMFT :J BDSPTT EJĊFSFOU JT XJMM HFOFSBMMZ SVMF PVU UIF
ǹǹǹ
QPTTJCJMJUZ PG BDIJFWJOH MPTTMFTT DPNQSFTTJPO CZ DPMMFDUJOH JOEJWJEVBM TVċDJFOU TUBUJT
UJDT ɥJT QPJOUT UP UIF JNQPSUBODF PG BQQSPQSJBUF TFQBSBUJPO PG MBCPST XIFO EFTJHOJOH
EJTUSJCVUFE QSFQSPDFTTJOH *O DPOUSBTU EFQFOEFODJFT BNPOH 9JT BSF QFSNJUUFE BU UIF
FYQFOTF PG SFEVOEBODZ JO TVċDJFOU TUBUJTUJDT 8F mSTU DPOTJEFS EFUFSNJOJTUJD EFQFOEFO
DJFT BOE GPS TJNQMJDJUZ UBLF S = ñ BOE DPOTUSBJO BUUFOUJPO UP UIF DBTF PG TVċDJFODZ
GPS θ 4VQQPTF XF IBWF 9ð BOE 9ñ GPSNJOH B QBSUJUJPO PG 9 XJUI B XPSLJOH NPEFM
Q˜9(9|!η) = Q˜9ð(9ð|ηð)Q˜9ñ(9ñ|ηñ) UIBU TBUJTmFE UIF %4$ GPS TPNF Qη(η|θ) *NBHJOF XF
OFFE UP BEE B DPNNPO WBSJBCMF ; UP CPUI 9ð BOE 9ñ UIBU JT DPOEJUJPOBMMZ JOEFQFOEFOU PG
{9ð,9ñ} HJWFO θ BOE IBT EFOTJUZ Q;(;|θ) XJUI UIF SFNBJOJOH NPEFM VODIBOHFE )PXFWFS
UIF UXP SFTFBSDIFST BSF VOBXBSF PG UIF TIBSJOH PG ; TP UIFZ TFU VQ 9′ð = {9ð, ;ð} BOE
9′ñ = {9ñ, ;ñ} XJUI Q9′ð(9′ð|η′ð) BOE Q˜9′ñ(9′ñ|η′ñ) BT UIFJS SFTQFDUJWF XPSLJOH NPEFMT
"U UIF mSTU TJHIU UIJT TFFNT UP CF B IPQFMFTT TJUVBUJPO GPS BQQMZJOH UIF %4$ DPOEJUJPO
CFDBVTF9′ = {9′ð,9′ñ} = {9ð, ;ð,9ñ, ;ñ} EPFT OPU DPSSFTQPOE UP UIF TDJFOUJmD WBSJBCMF9 =
{9ð,9ñ, ;} PG JOUFSFTU )PXFWFS XF OPUJDF UIBU JG XF DBO GPSDF ;ð = ;ñ = ; JO 9′ UIFO XF
DBO SFDPWFS 9 ɥJT GPSDJOH JT OPU BNFSFNBUIFNBUJDBM USJDL 3BUIFS JU SFnFDUT BO FYUSFNF
ZFU QSBDUJDBM TUSBUFHZ XIFO SFTFBSDIFST BSF VOTVSF XIFUIFS UIFZ TIBSF TPNF DPNQPOFOUT
PG UIFJS 9′JT XJUI PUIFST ɥF TUSBUFHZ JT TJNQMZ UP SFUBJO TUBUJTUJDT TVċDJFOU GPS UIF FOUJSF
QBSU UIBU UIFZ NBZ TVTQFDU UP CF DPNNPO XIJDI JO UIJT DBTF NFBOT UIBU CPUI SFTFBSDIFST
XJMM SFUBJO TUBUJTUJDT TVċDJFOU GPS UIF ;′JT (J = ð, ñ) JO UIFJS FOUJSFUZ .BUIFNBUJDBMMZ UIJT
DPSSFTQPOET UP MFUUJOH Q˜9′J (9
′
J|η′J) = Q˜9J(9J|ηJ)δ{;J=ζJ} XIFSF η′J = {ηJ, ζJ} *U JT UIFO FBTZ UP
WFSJGZ UIBU %4$ IPMET JG XF UBLF Q′η(η′|θ) = Qη(η|θ)Q;(ζð|θ)δ{ζð=ζñ} XIFSF η′ = {η, ζð, ζñ}.
ɥJT JT CFDBVTF XIFO ;ð *= ;ñ CPUI TJEFT PG 	ǻǿ
 BSF [FSP 8IFO ;ð = ;ñ = ; XF IBWF
ǹǹǺ
	BEPQUJOH JOUFHSBUJPO PWFS δ GVODUJPOT

∫
η′
[
ñ∏
J=ð
Q˜9′J (9
′
J|η′J)
]
EQ′η(η′|θ) =
∫
η
∫
ζð
[
ñ∏
J=ð
Q˜9J(9J|ηJ)δ{;=ζJ}
]
EQη(η|θ)δ{ζð=ζñ}EQ;(ζð|θ)
=
[∫
η
ñ∏
J=ð
Q˜9J(9J|ηJ)EQη(η|θ)
]∫
ζð
δ{ζð=;}EQ;(ζð|θ)
= Q9(9ð,9ñ|θ)Q;(;|θ) = Q9(9|θ).
ɥJT UFDIOJRVF PG FYQBOEJOH η UP JODMVEF TIBSFE QBSUT PG UIF9 BMMPXT UIF%4$ BOEɥFPSFN
Ǻ UP CF BQQMJFE UP BMM NPEFMT Q9(9|θ) OPU POMZ UIPTF XJUI XJUI EJTUJODU 9JT )PXFWFS
UIJT DPOTUSVDUJPO BMTP SFTUSJDUT XPSLJOH NPEFMT UP UIPTF XJUI EFUFSNJOJTUJD SFMBUJPOTIJQT
CFUXFFO QBSUT PG η BOE FBDI 9J
ɥF EFSJWBUJPO BCPWF EFNPOTUSBUFT CPUI UIF CSPBEFS BQQMJDBUJPOT PG %4$ BT B UIFPSFUJ
DBM DPOEJUJPO BOE JUT SFTUSJDUJWF OBUVSF BT B QSBDUJDBM HVJEFMJOF 3FUBJOJOH TVċDJFOU TUBUJT
UJDT GPS CPUI ;ð BOE ;ñ DBO DSFBUF SFEVOEBODZ *G FBDI QSFQSPDFTTPS PCTFSWFT ; XJUIPVU
OPJTF UIFO POMZ POF PG UIFN BDUVBMMZ OFFET UP SFUBJO BOE SFQPSU UIFJS PCTFSWBUJPO PG ;
)PXFWFS JG FBDI PCTFSWFT ; XJUI JOEFQFOEFOU OPJTF UIFO CPUI PG UIFJS PCTFSWBUJPOT BSF
SFRVJSFE UP PCUBJO B TVċDJFOU TUBUJTUJD GPS θ ɥF OPJTFGSFF DBTF BMTP QSPWJEFT B TUSBJHIU
GPSXBSE DPVOUFSFYBNQMF UP UIF OFDFTTJUZ PG %4$ "TTVNJOH CPUI QSFQSPDFTTPST PCTFSWF ;
EJSFDUMZ BT MPOH BT POF PG UIF DPQJFT PG ; JT SFUBJOFE WJB UIF VTF PG UIF TBUVSBUFE δ EFOTJUZ
UIF PUIFS DPQZ DBO CF NPEFMFE JO BOZ XBZ BOE IFODF DBO CF NBEF UP WJPMBUF %4$
XJUIPVU BĊFDUJOH UIFJS KPJOU TVċDJFODZ GPS θ
3FHBSEMFTT PG UIF EFQFOEFODJFT BNPOH UIF 9JT UIFSF JT BMXBZT B TBGF PQUJPO PQFO UP UIF
QSFQSPDFTTPST GPS EBUB SFEVDUJPO SFUBJO 5J TVċDJFOU GPS (9J, ξJ) VOEFS Q:(:J|9J, ξJ) ɥJT
XJMM QSFTFSWF TVċDJFODZ GPS θ VOEFS BOZ TDJFOUJmD NPEFM Q9(9|θ)
ɥFPSFN Ǽ *G Q:(:|9, ξ) JT DPSSFDUMZ TQFDJmFE BOE TBUJTmFT 	ǻǼ
 UIFO BOZ DPMMFDUJPO PG JOEJWJE
VBM TVċDJFOU TUBUJTUJDT {5J : J = ð, . . . , S} XJUI FBDI 5J TVċDJFOU GPS (9J, ξJ) JT KPJOUMZ TVċDJFOU
ǹǹǻ
GPS (θ, ξ) JO UIF TFOTF PG 	ǻǺ
 GPS BMM Q9(9|θ)
1SPPG #Z UIF GBDUPSJ[BUJPO UIFPSFN XF IBWF Q:(:J|9J, ξJ) = IJ(:J)GJ(5J;9J, ξJ) GPS BOZ J
)FODF CZ 	ǻǼ
 Q:(:|θ) = [
∏S
J=ð IJ(:J)]
∫
9 [
∏S
J=ð Q5(5J|9J, ξJ)] Q9(9|θ)E9(9) ɥFSFGPSF
{5J : J = ð, . . . , S} JT TVċDJFOU GPS θ CZ UIF GBDUPSJ[BUJPO UIFPSFN GPS TVċDJFODZ
ɥFPSFN Ǽ QSPWJEFT B VOJWFSTBM TBGF TUSBUFHZ GPS TVċDJFOU QSFQSPDFTTJOH BOE B MPXFS
CPVOE PO UIF DPNQSFTTJPO BUUBJOBCMF GSPN EJTUSJCVUFE TVċDJFOU QSFQSPDFTTJOH "T BMM
NJOJNBM TVċDJFOU TUBUJTUJDT GPS θ BSF GVODUJPOT PG BOZ TVċDJFOU TUBUJTUJD GPS (9, ξ) SF
UBJOJOH NJOJNBM TVċDJFOU TUBUJTUJDT GPS FBDI (9J, ξJ) SFTVMUT JO MFTT DPNQSFTTJPO UIBO BOZ
BQQSPBDI QSPQFSMZ VTJOH LOPXMFEHF PG Q9(9|θ) )PXFWFS UIF DPNQSFTTJPO BDIJFWFE SFMB
UJWF UP SFUBJOJOH : JUTFMG NBZ TUJMM CF TJHOJmDBOU .JOJNBM TVċDJFOU TUBUJTUJDT GPS θ QSPWJEF
BO VQQFS CPVOE PO UIF BUUBJOBCMF EFHSFF PG DPNQSFTTJPO CZ UIF TBNF BSHVNFOU "DIJFW
JOH UIJT DPNQSFTTJPO HFOFSBMMZ SFRVJSFT UIBU FBDI QSFQSPDFTTPS LOPXT UIF USVF TDJFOUJmD
NPEFM Q9(9|θ) #FUXFFO UIFTF CPVOET UIF %4$ 	ǻǿ
 TIPXT B USBEFPĊ CFUXFFO UIF HFO
FSBMJUZ PG QSFQSPDFTTJOH 	XJUI SFTQFDU UP EJĊFSFOU TDJFOUJmD NPEFMT
 BOE UIF DPNQSFTTJPO
BDIJFWFE UIF TNBMMFS UIF TFU PG TDJFOUJmDNPEFMT GPS XIJDI B HJWFOXPSLJOHNPEFM TBUJTmFT
	ǻǿ
 UIF HSFBUFS UIF QPUFOUJBM DPNQSFTTJPO GSPN JUT TVċDJFOU TUBUJTUJDT
4UPDIBTUJD EFQFOEFODJFT BNPOH 9JT .PSF HFOFSBMMZ TUPDIBTUJD EFQFOEFODF BNPOH 9JT
SFEVDFT DPNQSFTTJPO BOE JODSFBTFT SFEVOEBODZ JO EJTUSJCVUFE QSFQSPDFTTJOH ɥFTF DPTUT
BSF QBSUJDVMBSMZ BDVUF XIFO FMFNFOUT PG θ DPOUSPM EFQFOEFODF BNPOH 9JT BT TFFO JO UIF
ǹǹǼ
GPMMPXJOH FYBNQMF XIFSF
9 = (9ð,9ñ)* ∼ /ó%
θð
!ðó%,

ð ï ï θñ
ï ð ï ï
ï ï ð ï
θñ ï ï ð
⊗ *%
 GPS % > ð,
:J = (:Jð, :Jñ)* |9J ∼ /ñ%(9J, *ñ%) JOEFQFOEFOUMZ GPS J = ð, ñ.
)FSF!ðó% JT B DPMVNO WFDUPS XJUI ó% ðT BT JUT DPNQPOFOUT BOE ⊗ JT UIF VTVBM ,SPOFDLFS
QSPEVDU *G θñ JT LOPXO UIFO FBDI SFTFBSDIFS DBO SFEVDF UIFJS PCTFSWBUJPOT :J UP B TDBMBS
TUBUJTUJD :*J !ðñ% BOE QSFTFSWF TVċDJFODZ GPS θð *G θñ JT VOLOPXO UIFO FBDI SFTFBSDIFSNVTU
SFUBJO BMM PG :JJ 	CVU OPU :JK GPS J *= K
 JO BEEJUJPO UP UIFTF TVNT UP FOTVSF TVċDJFODZ GPS
θ = (θð, θñ) CFDBVTF UIF NJOJNBM TVċDJFOU TUBUJTUJD GPS (θð, θñ) SFRVJSFT UIF DPNQVUB
UJPO PG :*ðð:ññ ɥVT UIF DPTU PG EFQFOEFODF IFSF JT % BEEJUJPOBM QJFDFT PG JOGPSNBUJPO QFS
QSFQSPDFTTPS %FQFOEFODF BNPOH UIF 9JT GPSDFT UIF QSFQSPDFTTPST UP SFUBJO FOPVHI JO
GPSNBUJPO UP QSPQFSMZ DPNCJOF UIFJS JOEJWJEVBM DPOUSJCVUJPOT JO UIF mOBM BOBMZTJT EPXO
XFJHIUJOH SFEVOEBOU JOGPSNBUJPO ɥJT JT USVF FWFO JG UIFZ BSF JOUFSFTUFE POMZ JO FċDJFOU
FTUJNBUJPO PG θð MFBEJOH UP MFTT SFEVDUJPO PG UIFJS SBX EBUB BOE MFTT DPNQSFTTJPO GSPN
QSFQSPDFTTJOH UIBO UIF JOEFQFOEFOU DBTF
1SBDUJDBM QFSTQFDUJWF 'SPN UIJT JOWFTUJHBUJPO XF TFF UIBU JU JT HFOFSBMMZ OPU FOPVHI
GPS FBDI SFTFBSDIFS JOWPMWFE JO QSFQSPDFTTJOH UP SFEVDF EBUB CBTFE PO FWFO B DPSSFDUMZ
TQFDJmFE NPEFM GPS UIFJS QSPCMFN BU IBOE 8F JOTUFBE OFFE UP MPPL UP PUIFS NPEFMT UIBU
JODMVEF FBDI FYQFSJNFOUFST EBUB IJFSBSDIJDBMMZ FYQMJDJUMZ DPOTJEFSJOH IJHIFSMFWFM TUSVD
UVSF BOE SFMBUJPOTIJQT )PXFWFS TJHOJmDBOU SFEVDUJPOT PG UIF EBUB BSF TUJMM QPTTJCMF EF
TQJUF UIFTF MJNJUBUJPOT &BDI 5J OFFE OPU CF TVċDJFOU GPS FBDI 9J OPS NVTU 5 CF TVċDJFOU
GPS 9 PWFSBMM ɥJT PGUFO JNQMJFT UIBU NVDI MFTT EBUB OFFE UP CF SFUBJOFE BOE TIBSFE UIBO
ǹǹǽ
SFUBJOJOH TVċDJFOU TUBUJTUJDT GPS FBDI 9J XPVME EFNBOE 'PS JOTUBODF JG B XPSLJOH NPEFM
XJUI 9J|ηJ ∼ /(J,ΣJ) TBUJTmFT UIF %4$ GPS B HJWFO NPEFM Q9(9|θ) BOE :JK|9J, ξJ ∼ /(9J, ξJ)
UIFO POMZ NFBOT BOE DPWBSJBODF NBUSJDFT PG :JK XJUIJO FBDI FYQFSJNFOU J OFFE UP CF SF
UBJOFE
ɥF EJTDVTTJPOT BCPWF EFNPOTUSBUF UIF JNQPSUBODF PG JOWPMWJOH EPXOTUSFBN BOBMZTUT
JO UIF EFTJHO PG QSFQSPDFTTJOH UFDIOJRVFT ɥFJS LOPXMFEHF PG Q9(9|θ) JT FYUSFNFMZ VTF
GVM JO EFUFSNJOJOH XIBU DPNQSFTTJPO JT BQQSPQSJBUF FWFO JG TBJE LOPXMFEHF JT JNQFSGFDU
$POTUSBJOJOH UIF TDJFOUJmD NPEFM UP B CSPBE DMBTT NBZ CF FOPVHI UP HVBSBOUFF FĊFDUJWF
QSFQSPDFTTJOH 'PS FYBNQMF TVQQPTF XF mY B XPSLJOH NPEFM BOE DPOTJEFS BMM TDJFOUJmD
NPEFMT UIBU DBO CF FYQSFTTFE BT 	ǻǿ
 CZ WBSZJOH UIF DIPJDFT PG Qη(η|θ) ɥJT ZJFMET B WFSZ
CSPBE DMBTT PG IJFSBSDIJDBM TDJFOUJmD NPEFMT GPS EPXOTUSFBN BOBMZTUT UP FWBMVBUF XIJMF
QFSNJUUJOH FĊFDUJWF EJTUSJCVUFE QSFQSPDFTTJOH CBTFE PO UIF HJWFO XPSLJOH NPEFM
1SBDUJDBMMZ XF TFF UXP QBUIT UP EJTUSJCVUFE QSFQSPDFTTJOH DPPSEJOBUJPO BOE DBVUJPO
$PPSEJOBUJPO SFGFST UP UIF EPXOTUSFBN BOBMZTU FWBMVBUJOH BOE HVJEJOH UIF EFTJHO PG QSF
QSPDFTTJOH BT OFFEFE 4VDI HVJEBODF DBO HVBSBOUFF UIBU QSFQSPDFTTFE PVUQVUT XJMM CF BT
DPNQBDU BOE VTFGVM BT QPTTJCMF )PXFWFS JU JT OPU BMXBZT GFBTJCMF *U NBZ CF QPTTJCMF UP
TQFDJGZ QSFQSPDFTTJOH JO EFUBJM JO TPNF JOEVTUSJBM BOE QVSFMZ DPNQVUBUJPOBM TFUUJOHT "D
DPNQMJTIJOH UIF TBNF JO BDBEFNJD SFTFBSDI PS GPS BOZ SFTFBSDI DPOEVDUFE PWFS UJNF JT BO
JNQSBDUJDBM HPBM 8JUIPVU TVDI PWFSBMM DPPSEJOBUJPO DBVUJPO JT OFFEFE *U JT OPU HFOFSBMMZ
QPTTJCMF UP NBJOUBJO TVċDJFODZ GPS θ XJUIPVU LOPXMFEHF PG UIF QPTTJCMF NPEFMT Q9(9|θ)
VOMFTT UIF SFUBJOFE TVNNBSJFT BSF TVċDJFOU GPS 9 JUTFMG 1SFQSPDFTTPST TIPVME UIFSFGPSF
QSPDFFE DBVUJPVTMZ DBSFGVMMZ DPOTJEFSJOH XIJDI TDJFOUJmD NPEFMT UIFZ FĊFDUJWFMZ FYDMVEF
UISPVHI UIFJS QSFQSPDFTTJOH DIPJDFT ɥJT JT BOBMPHPVT UP UIF PGUSFQFBUFE HVJEBODF UP JO
DMVEF BT NBOZ DPWBSJBUFT BOE JOUFSBDUJPOT BT QPTTJCMF JO JNQVUBUJPO NPEFMT 	.FOH ǹȁȁǼ
.FOH BOE 3PNFSP ǺǸǸǻ

ǹǹǾ
ǻǼǺ %ĠĚğĘ ĥęĖ ēĖĤĥ ĨĚĥę ĨęĒĥ ĪĠĦ ĘĖĥ
)BWJOH DPOTJEFSFE UIF MPTTMFTT QSFQSPDFTTJOH XF OPX UVSO UPNPSF SFBMJTUJD CVU MFTT DMFBS
DVU TJUVBUJPOT 8F DPOTJEFS B MFTT DBSFGVM QSFQSPDFTTPS BOE B TPQIJTUJDBUFE EPXOTUSFBN
BOBMZTU ɥF QSFQSPDFTTPS TFMFDUT BO PVUQVU 5 XIJDI NBZ EJTDBSE NVDI JOGPSNBUJPO JO
: CVU OFWFSUIFMFTT QSFTFSWFT UIF JEFOUJmBCJMJUZ PG θ BOE UIF EPXOTUSFBN BOBMZTU LOPXT
FOPVHI UP NBLF UIF CFTU PG XIBUFWFS PVUQVU UIFZ BSF HJWFO ɥBU JT UIF JOEFY TFU $ DPN
QMFUFMZ BOE BDDVSBUFMZ DBQUVSFT BMM SFMFWBOU QSFQSPDFTTJOHNFUIPET 5 = {5J : J = ð, . . . , S}
ɥJT EPFT OPU DPNQMFUFMZ DBQUVSF BMM UIF QSBDUJDBM DPOTUSBJOUT EJTDVTTFE JO 4FDUJPO ǻǻ
)PXFWFS JU JT JNQPSUBOU UP FTUBCMJTI BO VQQFS CPVOE PO NVMUJQIBTF QFSGPSNBODF CFGPSF
JODPSQPSBUJOH TVDI JTTVFT ɥJT VQQFS CPVOE JT PO UIF 'JTIFS JOGPSNBUJPO BOE IFODF B
MPXFS CPVOE PO UIF BTZNQUPUJD WBSJBODFT PG FTUJNBUPST θˆ PG θ "T XF XJMM TFF OVJTBODF
QBSBNFUFST 	ξ
 QMBZ B DSVDJBM SPMF JO UIFTF JOWFTUJHBUJPOT
8IFO VTJOH B MPTTZ DPNQSFTTJPO BO PCWJPVT RVFTUJPO JT IPX NVDI JOGPSNBUJPO JT MPTU
DPNQBSFE UP B MPTTMFTT DPNQSFTTJPO ɥJT RVFTUJPOIBT B TUBOEBSE BTZNQUPUJD BOTXFSXIFO
UIF EPXOTUSFBN BOBMZTU BEPQUT BO .-& PS #BZFT FTUJNBUPS TP MPOH BT OVJTBODF QBSBNF
UFST CFIBWF BQQSPQSJBUFMZ 	BT XJMM CF EJTDVTTFE TIPSUMZ
 *G UIF EPXOTUSFBN BOBMZTU BEPQUT
TPNF PUIFS QSPDFEVSFT TVDI BT BO FTUJNBUJOH FRVBUJPO UIFO UIFSF JT OP HVBSBOUFF UIBU
UIF QSPDFEVSF CBTFE PO : JT NPSF FċDJFOU UIBO UIF POF CBTFE PO 5 ɥBU JT POF DBO BDUV
BMMZ PCUBJO B NPSF FċDJFOU FTUJNBUPS XJUI MFTT EBUB XIFO POF JT OPU VTJOH QSPCBCJMJTUJDBMMZ
QSJODJQMFENFUIPET BT EJTDVTTFE JO EFUBJM JO .FOH BOE 9JF 	ǺǸǹǻ

ɥFSFGPSF BT B mSTU TUFQ JO PVS UIFPSFUJDBM JOWFTUJHBUJPOT XF XJMM GPDVT PO .-&T UIF
SFTVMUT BMTP BQQMZ UP #BZFTJBO FTUJNBUPST VOEFS UIF VTVBM SFHVMBSJUZ DPOEJUJPOT UP HVBS
BOUFF UIF BTZNQUPUJD FRVJWBMFODF CFUXFFO .-&T BOE #BZFTJBO FTUJNBUPST 4QFDJmDBMMZ
MFU (θˆ(:), ξˆ(:)) BOE (θˆ(5), ξˆ(5)) CF UIF .-&T PG (θ, ξ) CBTFE SFTQFDUJWFMZ PO : BOE 5 VO
EFS NPEFM 	ǻǹ
 8F QMBDF TUBOEBSE SFHVMBSJUZ DPOEJUJPOT GPS UIF KPJOU MJLFMJIPPE PG (θ, ξ)
ǹǹǿ
BTTVNJOH CPVOEFE UIJSE EFSJWBUJWFT PG UIF MPHMJLFMJIPPE DPNNPO TVQQPSUT PG UIF PC
TFSWBUJPO EJTUSJCVUJPOT XJUI SFTQFDU UP (θ, ξ) GVMM SBOL GPS BMM JOGPSNBUJPO NBUSJDFT BU UIF
USVF QBSBNFUFS WBMVF (θï, ξï) BOE UIF FYJTUFODF PG BO PQFO TVCTFU PG UIF QBSBNFUFS TQBDF
UIBU DPOUBJOT (θï, ξï) ɥFTF DPOEJUJPOT JNQMZ UIF mSTU BOE TFDPOE #BSUMFUU JEFOUJUJFT
)PXFWFS UIF NPTU DSVDJBM BTTVNQUJPO IFSF JT B TVċDJFOU BDDVNVMBUJPO PG JOGPSNB
UJPO JOEFYFE CZ BO JOGPSNBUJPO TJ[F /: UP DPOTUSBJO UIF CFIBWJPS PG SFNBJOEFS UFSNT JO
RVBESBUJD BQQSPYJNBUJPOT PG UIF SFMFWBOU TDPSF GVODUJPOT *OEFQFOEFOU JEFOUJDBMMZ EJT
USJCVUFE PCTFSWBUJPOT BOE mYFEEJNFOTJPOBM QBSBNFUFST XPVME TBUJTGZ UIJT SFRVJSFNFOU
JO XIJDI DBTF /: JT TJNQMZ UIF EBUB TJ[F PG : CVU XFBLFS DPOEJUJPOT DBO TVċDF 	GPS BO
PWFSWJFX TFF -FINBOO BOE $BTFMMB ǹȁȁȀ
 *O HFOFSBM UIJT BTTVNQUJPO SFRVJSFT UIBU UIF
EJNFOTJPO PG CPUI θ BOE ξ BSF CPVOEFE BT XF BDDVNVMBUF NPSF EBUB QSFWFOUJOH UIF UZQF
PG QIFOPNFOPO SFWFBMFE JO /FZNBO BOE 4DPUU 	ǹȁǼȀ
 'PS NVMUJQIBTF JOGFSFODFT DBTFT
XIFSF UIFTF EJNFOTJPOT BSF VOCPVOEFE BSF DPNNPO 	BU MFBTU JO UIFPSZ
 BOE SFQSFTFOU JO
UFSFTUJOH TFUUJOHT XIFSF QSFQSPDFTTJOH DBO BDUVBMMZ JNQSPWF BTZNQUPUJD FċDJFODZ BT XF
EJTDVTT TIPSUMZ
5P FMJNJOBUF UIF OVJTBODF QBSBNFUFS ξ XF XPSL XJUI UIF PCTFSWFE 'JTIFS JOGPSNBUJPO
NBUSJDFT CBTFE PO UIF QSPmMF MJLFMJIPPET GPS θ EFOPUFE CZ *: BOE *5 SFTQFDUJWFMZ -FU ' CF
UIF MJNJU PG *−ð: (*: − *5) UIF TPDBMMFE GSBDUJPO PG NJTTJOH JOGPSNBUJPO 	TFF .FOH BOE 3VCJO
ǹȁȁǹ
 BT /: → ∞ ɥF QSPPG PG UIF GPMMPXJOH SFTVMU GPMMPXT UIF TUBOEBSE BTZNQUPUJD
BSHVNFOUT GPS .-&T XJUI UIF TNBMM UXJTU PG BQQMZJOH UIFN UP QSPmMF MJLFMJIPPET JOTUFBE
PG GVMM MJLFMJIPPET 	8F DBO BMTP JOWPLF UIFNPSF HFOFSBM BSHVNFOUT CBTFE POEFDPNQPTJOH
FTUJNBUJOH FRVBUJPOT BT HJWFO JO 9JF BOE .FOH 	ǺǸǹǺ


ɥFPSFN ǽ 6OEFS UIF DPOEJUJPOT HJWFO BCPWF XF IBWF BTZNQUPUJDBMMZ BT /: →∞
7BS
(
θˆ(5)− θˆ(:)
) [
7BS
(
θˆ(5)
)]−ð → ', 	ǻȁ

ǹǹȀ
BOE
7BS
(
θˆ(:)
) [
7BS
(
θˆ(5)
)]−ð → *− '. 	ǻǹǸ

ɥJT FTUBCMJTIFT UIF DFOUSBM SPMF PG UIF GSBDUJPO PGNJTTJOH JOGPSNBUJPO ' JO EFUFSNJOJOH
UIF BTZNQUPUJD FċDJFODZ PGNVMUJQIBTF QSPDFEVSFT VOEFS UIF VTVBM BTZNQUPUJD SFHJNF "T
NFOUJPOFE BCPWF UIJT JT BO JEFBMDBTF CPVOE PO NVMUJQIBTF QFSGPSNBODF BOE JU JT CBTFE
PO UIF VTVBM TRVBSFEFSSPS MPTT CPUI UIF BTZNQUPUJD SFHJNF BOE BNPVOU PG LOPXMFEHF
IFME CZ UIF EPXOTUSFBN BOBMZTU BSF PQUJNJTUJD 8F FYQMPSF UIFTF JTTVFT CFMPX GPDVTJOH
PO 	ǹ
 NVUVBM LOPXMFEHF BOE BMUFSOBUJWF EFmOJUJPOT PG FċDJFODZ 	Ǻ
 UIF SPMF PG SFQB
SBNFUFSJ[BUJPO 	ǻ
 BTZNQUPUJD SFHJNFT BOE NVMUJQIBTF FċDJFODZ BOE 	Ǽ
 UIF JTTVF PG
SPCVTUOFTT JO NVMUJQIBTF JOGFSFODF
.ĦĥĦĒĝ ĜğĠĨĝĖĕĘĖ Ēğĕ ĖėėĚĔĚĖğĔĪ *O QSBDUJDF EPXOTUSFBN BOBMZTUT BSF VOMJLFMZ
UP IBWF DPNQMFUF LOPXMFEHF PG Q: ɥFSFGPSF FWFO JG UIFZ XFSF HJWFO UIF FOUJSF : UIFZ
XPVME OPU CF BCMF UP QSPEVDF UIF PQUJNBM FTUJNBUPS θˆ(:) NBLJOH UIF ' WBMVF HJWFO CZ
ɥFPSFN ǽ BO VOSFBMJTUJD ZBSETUJDL /FWFSUIFMFTT ɥFPSFN ǽ TVHHFTUT B EJSFDUJPO GPS B
NPSF SFBMJTUJD TUBOEBSE
ɥF DMBTTJDBM UIFPSZ PG FTUJNBUJPO GPDVTFT PO MPTTFT PG UIF GPSN -(θˆ, θï) XIFSF θï EF
OPUFT UIF USVUI 3JTL CBTFE PO UIJT UZQF PG MPTT HJWFO CZ 3(θˆ, θï) = &[-(θˆ, θï)] JT B SBX
NFBTVSF PG QFSGPSNBODF VTJOH UIF USVUI BT B CBTFMJOF "O BMUFSOBUJWF JT SFHSFU UIF EJG
GFSFODF CFUXFFO UIF SJTL PG B HJWFO FTUJNBUPS BOE BO JEFBM FTUJNBUPS θˆ∗ UIBU JT 3(θˆ, θï)−
3(θˆ∗, θï) 3FHSFU JT QPQVMBS JO UIF MFBSOJOH UIFPSZ DPNNVOJUZ BOE GPSNT UIF CBTJT GPS PS
BDMF JOFRVBMJUJFT *U QSPWJEFT B NPSF BEBQUJWF CBTFMJOF GPS DPNQBSJTPO UIBO SBX SJTL CVU
XF DBO QVTI GVSUIFS $POTJEFS FWBMVBUJOH MPTT XJUI SFTQFDU UP BO FTUJNBUPS SBUIFS UIBO
ǹǹȁ
UIF USVUI 'PS NFBOTRVBSFE FSSPS UIJT ZJFMET
3
(
θˆ(5), θˆ(:)
)
= &
[(
θˆ(5)− θˆ(:)
)* (
θˆ(5)− θˆ(:)
)]
. 	ǻǹǹ

$BO UIJT QSPWJEF B CFUUFS CBTFMJOF BOE XIBU BSF JUT QSPQFSUJFT 
'PS .-&T 3(θˆ(5), θˆ(:)) CFIBWFT UIF TBNF 	BTZNQUPUJDBMMZ
 BT BEEJUJWF SFHSFU CFDBVTF
ɥFPSFN ǽ JNQMJFT UIBU BT /: →∞ VOEFS UIF DMBTTJDBM BTZNQUPUJD SFHJNF
3(θˆ(5), θˆ(:)) = 7BS(θˆ(5)− θˆ(:)) = 7BS(θˆ(5))− 7BS(θˆ(:)) = 3(θˆ(5), θï)− 3(θˆ(:), θï).
	ǻǹǺ

'PS JOFċDJFOU FTUJNBUPST 	ǻǹǺ
 EPFT OPU IPME JO HFOFSBM CFDBVTF θˆ(5)− θˆ(:) JT OP MPOHFS
HVBSBOUFFE UP CF BTZNQUPUJDBMMZ VODPSSFMBUFE XJUI θˆ(:) *O TVDI DBTFT UIJT JT QSFDJTFMZ
UIF SFBTPO θˆ(5) DBO CF NPSF FċDJFOU UIBO θˆ(:) PS NPSF HFOFSBMMZ UIFSF FYJTUT B DPOTUBOU
λ *= ï TVDI UIBU λθˆ(5) + (ð − λ)θˆ(:) JT 	BTZNQUPUJDBMMZ
 NPSF FċDJFOU UIBO θˆ(:) *O UIF
UFSNJOPMPHZ PG .FOH 	ǹȁȁǼ
 UIF FTUJNBUJPO QSPDFEVSF θˆ(·) JT OPU TFMGFċDJFOU JG 	ǻǹǺ

EPFT OPU IPME WJFXJOH : BT UIF DPNQMFUF EBUB :DPN BOE5 BT UIF PCTFSWFE EBUB :PCT *OEFFE
JG 3(θˆ(5), θï) < 3(θˆ(:), θï) 3(θˆ(5), θˆ(:)) NBZ BDUVBMMZ CF MBSHFS GPS B CFUUFS θˆ(5) CFDBVTF
PG UIF JOBQQSPQSJBUF CBTFMJOF θˆ(:) JU JT B NFBTVSF PG EJĊFSFODF OPU EPNJOBODF JO TVDI
DBTFT )FODF TPNF DBSF JT OFFEFE JO JOUFSQSFUJOH UIJT NFBTVSF
ɥFSFGPSF XF DBO WJFX 	ǻǹǹ
 BT B HFOFSBMJ[BUJPO PG UIF VTVBM OPUJPO PG SFHSFU PS UIF
SFMBUJWF SFHSFU JG XF EJWJEF JU CZ 3(θˆ(:), θï) ɥJT HFOFSBMJ[BUJPO JT BQQFBMJOH GPS UIF TUVEZ
PG QSFQSPDFTTJOH XF BSF FWBMVBUJOH UIF FTUJNBUPS CBTFE PO QSFQSPDFTTFE EBUB EJSFDUMZ
BHBJOTU XIBU DPVME CF EPOF XJUI UIF DPNQMFUF SBX EBUB TBNQMF CZ TBNQMF BOE XF OP
MPOHFS OFFE UP JNQPTF UIF SFTUSJDUJPO UIBU UIF EPXOTUSFBN BOBMZTUT NVTU DBSSZ PVU UIF
NPTU FċDJFOU FTUJNBUJPO VOEFS B NPEFM UIBU DBQUVSFT UIF BDUVBM QSFQSPDFTTJOH ɥJT EJ
SFDUJPO JT DMPTFMZ SFMBUFE UP UIF JEFB PG TUSPOH FċDJFODZ GSPN 9JF BOE .FOH 	ǺǸǹǺ
 BOE
ǹǺǸ
.FOH BOE 9JF 	ǺǸǹǻ
 XIJDI HFOFSBMJ[FT UIF JEFB PG BTZNQUPUJD EFDPSSFMBUJPO CFZPOE UIF
TJNQMF 	CVU JOTUSVDUJWF
 TFUUJOH DPWFSFE IFSF 4VDI JEFBT GSPN UIF UIFPSZ PG NJTTJOH EBUB
QSPWJEF B TUSPOH VOEFSQJOOJOH GPS UIF TUVEZ PG NVMUJQIBTF JOGFSFODF BOE QSFQSPDFTTJOH
3ĖġĒģĒĞĖĥĖģĚīĒĥĚĠğ ɥFPSFN ǽ BMTP FNQIBTJ[FT UIF SBOHF PG FĊFDUT UIBU QSFQSP
DFTTJOH DBO IBWF FWFO JO JEFBM DBTFT $POTJEFS UIF SPMF UIBU ' QMBZT VOEFS EJĊFSFOU USBOT
GPSNBUJPOT PG θ "MUIPVHI UIF FJHFOWBMVFT PG ' BSF JOWBSJBOU VOEFS POFUPPOF USBOT
GPSNBUJPOT PG UIF QBSBNFUFST TVCNBUSJDFT PG ' DBO DIBOHF TVCTUBOUJBMMZ 'PSNBMMZ JG
θ = (θð, θñ) JT USBOTGPSNFE UP ω = (ωð,ωñ) = (Hð(θð, θñ), Hñ(θð, θñ)) UIFO UIF GSBDUJPO PG
NJTTJOH JOGPSNBUJPO GPSωð DBO CF WFSZ EJĊFSFOU GSPN UIBU GPS θð ɥFTF DIBOHFTNFBO UIBU
DIBOHFT JO QBSBNFUFSJ[BUJPO DBO SFBMMPDBUF UIF GSBDUJPOT PG NJTTJOH JOGPSNBUJPO BNPOH
SFTVMUJOH TVCQBSBNFUFST JO VOFYQFDUFEBOE TPNFUJNFT WFSZ VOQMFBTBOUXBZT ɥJT JT
USVF FWFO GPS MJOFBS USBOTGPSNBUJPOT B HJWFO QSFQSPDFTTJOH UFDIOJRVF DBO QSFTFSWF Fċ
DJFODZ GPS θð BOE θñ JOEJWJEVBMMZ XIJMF QFSGPSNJOH QPPSMZ GPS θð − θñ 4VDI JTTVFT IBWF
BSJTFO JO GPS JOTUBODF UIF XPSL PG 9JF BOE.FOH 	ǺǸǹǺ
 XIFO BUUFNQUJOH UP DIBSBDUFSJ[F
UIF CFIBWJPS PG NVMUJQMF JNQVUBUJPO FTUJNBUPST VOEFS VODPOHFOJBMJUZ
"ĤĪĞġĥĠĥĚĔ ģĖĘĚĞĖĤ Ēğĕ ĞĦĝĥĚġęĒĤĖ ĖėėĚĔĚĖğĔĪ 0O B GVOEBNFOUBM MFWFM ɥFP
SFN ǽ JT B OFHBUJWF SFTVMU GPS QSFQSPDFTTJOH BU MFBTU GPS .-&T 3FEVDJOH UIF EBUB GSPN :
UP 5 DBO POMZ IJOEFS UIF EPXOTUSFBN BOBMZTU 'PSNBMMZ UIJT NFBOT UIBU *5 ≤ *: 	BTZNQ
UPUJDBMMZ
 JO UIF TFOTF UIBU *:− *5 JT QPTJUJWF TFNJEFmOJUF "T B SFTVMU θˆ(:) XJMM EPNJOBUF
θˆ(5) JO BTZNQUPUJD WBSJBODF GPS BOZ QSFQSPDFTTJOH 5 ɥVT UIF POMZ KVTUJmDBUJPO GPS QSF
QSPDFTTJOH BQQFBST UP CF QSBHNBUJD JG UIF EPXOTUSFBN BOBMZTU DPVME OPU NBLF VTF PG Q:
GPS FċDJFOU JOGFSFODF PS TVDI LOPXMFEHF DPVME OPU CF FĊFDUJWFMZ USBOTNJUUFE QSFQSPDFTT
JOH QSPWJEFT B GFBTJCMF XBZ UP PCUBJO UIF JOGFSFODFT PG JOUFSFTU )PXFWFS UIJT DPODMVTJPO
EFQFOET DSVDJBMMZ PO UIF BTTVNFE CFIBWJPS PG UIF OVJTBODF QBSBNFUFS ξ
ǹǺǹ
ɥF VTVBM BTZNQUPUJD SFHJNF JT OPU SFBMJTUJD GPS NBOZ NVMUJQIBTF TFUUJOHT QBSUJDVMBSMZ
XJUI SFHBSET UP ξ *O NBOZ QSPCMFNT PG JOUFSFTU EJN(ξ)//: EPFT OPU UFOE UP [FSP BT /:
JODSFBTFT QSFWFOUJOH TVċDJFOU BDDVNVMBUJPO PG JOGPSNBUJPO PO UIF OVJTBODF QBSBNFUFS
ξ " UZQJDBM SFHJNF PG UIJT UZQF XPVME BDDVNVMBUF PCTFSWBUJPOT :J GSPN JOEJWJEVBM FY
QFSJNFOUT J FBDI PG XIJDI CSJOHT JUT PXO OVJTBODF QBSBNFUFS ξJ 4VDI B QSPDFTT DPVME
EFTDSJCF UIF BDDVNVMBUJPO PG EBUB GSPN NJDSPBSSBZT GPS JOTUBODF XJUI FBDI FYQFSJNFOU
DPSSFTQPOEJOH UP B DIJQ XJUI JUT PXO PCTFSWBUJPO QBSBNFUFST PS UIF HSPXUI PG BTUSPOPNJ
DBM EBUBTFUT XJUI UJNFWBSZJOH DBMJCSBUJPO *O TVDI B SFHJNF QSFQSPDFTTJOH DBO IBWFNVDI
NPSF ESBNBUJD FĊFDUT PO BTZNQUPUJD FċDJFODZ
*O UIF QSFTFODF PG OVJTBODF QBSBNFUFST JOGFSFODF CBTFE PO 5 DBO CF NPSF SPCVTU BOE
FWFO NPSF FċDJFOU UIBO JOGFSFODF CBTFE PO : *U JT XFMMLOPXO UIBU UIF .-& DBO CF JO
FċDJFOU BOE FWFO JODPOTJTUFOU JO SFHJNFT XIFSF EJN(ξ) → ∞ 	HPJOH CBDL UP BU MFBTU
/FZNBO BOE 4DPUU ǹȁǼȀ
 #BZFTJBO NFUIPET QSPWJEF OP QBOBDFB FJUIFS .BSHJOBMJ[BUJPO
PWFS UIF OVJTBODF QBSBNFUFS ξ JT BQQFBMJOH CVU SFTVMUJOH JOGFSFODFT BSF UZQJDBMMZ TFOTJUJWF
UP UIF QSJPS PO ξ FWFO BTZNQUPUJDBMMZ *ONBOZ DBTFT 	TVDI BT UIF DBOPOJDBM /FZNBO4DPUU
QSPCMFN
 POMZ B NJOJNBM TFU PG QSJPST QSPWJEF FWFO DPOTJTUFOU #BZFT FTUJNBUPST $BSFGVM
QSFQSPDFTTJOH DBO IPXFWFS FOBCMF QSJODJQMFE JOGFSFODF JO TVDI SFHJNFT
4VDI QIFOPNFOB TUBOE JO TUBSL DPOUSBTU UP UIF UIFPSZ PG NVMUJQMF JNQVUBUJPO *O UIBU
UIFPSZ DPNQMFUF EBUB JOGFSFODFT BSF UZQJDBMMZ BTTVNFE UP CF WBMJE 	JO UIF TFOTF PG TFMG
FċDJFODZ GPS FYBNQMF
 ɥVT VOEFS USBEJUJPOBM NJTTJOH EBUB NFDIBOJTNT UIF PCTFSWFE
EBUB 	DPSSFTQPOEJOH UP 5
 DBOOPU QSPWJEF CFUUFS JOGFSFODFT UIBO : ɥJT JT OPU OFDFTTBSJMZ
USVF JO NVMUJQIBTF TFUUJOHT *G UIF EPXOTUSFBN BOBMZTU JT DPOTUSBJOFE UP QBSUJDVMBS QSJO
DJQMFT PG JOGFSFODF 	FH .-& PS #BZFT
 UIFO FTUJNBUPST CBTFE PO 5 DBO QSPWJEF MPXFS
BTZNQUPUJD WBSJBODF UIBO UIPTF CBTFE PO : ɥJT PDDVST JO QBSU CFDBVTF UIF NFDIBOJTNT
HFOFSBUJOH : BOE 5 GSPN 9 BSF MFTT SFTUSJDUFE JO UIF NVMUJQIBTF TFUUJOH DPNQBSFE UP UIF
USBEJUJPOBM NJTTJOHEBUB GSBNFXPSL 1SJODJQMFE JOGFSFODFT CBTFE PO 9 XPVME JO UIF NVM
ǹǺǺ
UJQIBTF TFUUJOH HFOFSBMMZ EPNJOBUF UIPTF CBTFE PO FJUIFS : PS 5 )PXFWFS TVDI B SFMB
UJPOTIJQ OFFE OPU IPME CFUXFFO : BOE 5 XJUIPVU SFTUSJDUJPOT PO UIF CFIBWJPS PG ξ 8F
FNQIBTJ[F UIBU UIJT EPFT OPU DPOUSBEJDU UIF HFOFSBM DBMM JO .FOH BOE 9JF 	ǺǸǹǻ
 UP GPMMPX
UIF QSPCBCJMJTUJDBMMZQSJODJQMFE NFUIPET 	TVDI BT .-& BOE #BZFT SFDJQFT
 UP QSFWFOU WJP
MBUJPOT PG TFMGFċDJFODZ QSFDJTFMZ CFDBVTF UIF XFMMFTUBCMJTIFE QSJODJQMFT PG TJOHMFQIBTF
JOGFSFODF NBZ OFFE UP CF iSFQSJODJQMFEw CFGPSF UIFZ DBO CF FRVBMMZ FĊFDUJWF JO UIF GBS
NPSF DPNQMJDBUFE NVMUJQIBTF TFUUJOH
3ĠēĦĤĥğĖĤĤ Ēğĕ ğĦĚĤĒğĔĖ ġĒģĒĞĖĥĖģĤ *O UIF TJNQMFTU DBTF JG B 5 DBO CF GPVOE
TVDI UIBU JU JT B QJWPU XJUI SFTQFDU UP ξ BOE SFNBJOT EFQFOEFOU VQPO θ UIFO TFOTJUJW
JUZ UP UIF CFIBWJPS PG ξ DBO CF FMJNJOBUFE CZ QSFQSPDFTTJOH *O TVDI DBTFT BO .-& PS
#BZFT SVMF CBTFE PO 5 DBO EPNJOBUF UIBU CBTFE PO : FWFO BTZNQUPUJDBMMZ 0OF TVDI FYBN
QMF XPVME CF QSPWJEJOH [TUBUJTUJDT GSPN FBDI PG B TFU PG FYQFSJNFOUT UP UIF EPXOTUSFBN
BOBMZTU ɥJT DMFBSMZ MJNJUT UIF SBOHF PG GFBTJCMF EPXOTUSFBN JOGFSFODFT 8JUI UIFTF [
TUBUJTUJDT EFUFDUJPO PG TJHOBMT WJB NVMUJQMF UFTUJOH 	FH #FOKBNJOJ BOE )PDICFSH ǹȁȁǽ

XPVME CF TUSBJHIUGPSXBSE CVU FċDJFOU DPNCJOBUJPO PG JOGPSNBUJPO BDSPTT FYQFSJNFOUT
DPVME CF EJċDVMU ɥJT JT B VCJRVJUPVT USBEFPĊ PG QSFQSPDFTTJOH SFEVDUJPOT UIBU SFNPWF
OVJTBODF QBSBNFUFST BOE JNQSPWF SPCVTUOFTT OFDFTTBSJMZ SFEVDF UIF BNPVOU PG JOGPSNB
UJPO BWBJMBCMF GSPN UIF EBUB ɥFTF USBEFPĊTNVTU CF DPOTJEFSFE DBSFGVMMZXIFO EFTJHOJOH
QSFQSPDFTTJOH UFDIOJRVFTVOJWFSTBM VUJMJUZ JT VOBUUBJOBCMF XJUIPVU UIF PSJHJOBM EBUB
"NPSF TVCUMF DBTF JOWPMWFT UIF TFMFDUJPO PG5 BT B iQBSUJBM QJWPUw *O TPNF TFUUJOHT UIFSF
FYJTUT B EFDPNQPTJUJPO PG ξ BT (ξð, ξñ) TVDI UIBU EJN(ξð) < % GPS TPNF mYFE % BOE BMM /:
BOE UIF EJTUSJCVUJPO PG 5 JT GSFF PG ξñ GPS BMM WBMVFT PG ξð .BOZ OPSNBMJ[BUJPO UFDIOJRVFT
VTFE JO UIF NJDSPBSSBZ BQQMJDBUJPO PG 4FDUJPO ǻǺǺ DBO CF JOUFSQSFUFE JO UIJT MJHIU ɥFTF
NFUIPET BUUFNQU UP SFEVDF UIF VOCPVOEFE TFU PG FYQFSJNFOUTQFDJmD OVJTBODF QBSBNF
UFST BĊFDUJOH 5 UP B CPVOEFE NBOBHFBCMF TJ[F
ǹǺǻ
'PS FYBNQMF TVQQPTF FBDI QSPDFTTPS J PCTFSWFT ZJK ∼ /(βï + βðJYK, σñ) K = ð, . . . ,N
ɥF EPXOTUSFBN BOBMZTU XBOUT UP FTUJNBUF βï DPOTJEFSJOH {βðJ : J = ð, . . . , O} BOE σñ BT
OVJTBODF QBSBNFUFST *O PVS QSFWJPVT OPUBUJPO XF IBWF θ = βï BOE ξ = (σñ, βðð, . . . , βðO)
4VQQPTF FBDI QSFQSPDFTTPS SFEVDFT IFS EBUB UP 5J = ðN
∑N
K=ð(ZJK − βˆðJYK) XIFSF βˆðJ JT UIF
0-4 FTUJNBUPS PG βðJ CBTFE PO {ZJK : K = ð, . . . ,N} ɥF EJTUSJCVUJPO PG FBDI 5J EFQFOET PO
σñ CVU JT GSFF PG βðJ )FODF 5 = {5J : J = ð, . . . , O} JT B QBSUJBM QJWPU BT EFmOFE BCPWF XJUI
ξð = σñ BOE ξñ = {βðJ : J = ð, . . . , O}
4VDI QJWPUJOH UFDIOJRVFT DBO BMMPX θˆ(5) UP QPTTFTT GBWPSBCMF QSPQFSUJFT FWFOXIFO θˆ(:)
JT JODPOTJTUFOU PS HSPTTMZ JOFċDJFOU "T NFOUJPOFE CFGPSF UIJT LJOE PG DBSFGVM QSFQSP
DFTTJOH DBO EPNJOBUF #BZFTJBO QSPDFEVSFT JO UIF QSFTFODF PG OVJTBODF QBSBNFUFST XIFO
EJN(ξ) DBO HSPX XJUI /Z *O UIFTF SFHJNFT JOGPSNBUJWF QSJPST PO ξ DBO BĊFDU JOGFSFODFT
FWFO BTZNQUPUJDBMMZ )PXFWFS SFEVDJOH : UP 5 TP POMZ UIF ξðQBSU PG ξ JT SFMFWBOU GPS 5T
EJTUSJCVUJPO BMMPXT JOGPSNBUJPO UP BDDVNVMBUF PO ξð NBLJOH JOGFSFODFT GBS NPSF SPCVTU
UP UIF QSFQSPDFTTPST CFMJFGT BCPVU ξ
ɥFTF UFDIOJRVFT TIBSF B DPNNPO DPODFQUVBM GSBNFXPSL JOWBSJBODF *OWBSJBODF IBT
B SJDI IJTUPSZ JO UIF #BZFTJBO MJUFSBUVSF QSJNBSJMZ BT B NPUJWBUJPO GPS UIF DPOTUSVDUJPO
PG OPOJOGPSNBUJWF PS SFGFSFODF QSJPST 	FH +FĊSFZT ǹȁǼǾ )BSUJHBO ǹȁǾǼ (FJTTFS BOE
&EEZ ǹȁǿȁ #FSHFS BOE #FSOBSEP ǹȁȁǺ ,BTT BOE 8BTTFSNBO ǹȁȁǾ
 *U JT GVOEBNFOUBM
UP UIF QJWPUBM NFUIPET EJTDVTTFE BCPWF BOE BSJTFT JO UIF UIFPSZ PG QBSUJBM MJLFMJIPPE 	$PY
ǹȁǿǽ
 8F TFF JOWBSJBODF BT B DPSF QSJODJQMF PG QSFQSPDFTTJOH BMUIPVHI JUT BQQMJDBUJPO
JT TPNFXIBU EJĊFSFOU GSPN NPTU #BZFTJBO TFUUJOHT 8F BSF JOUFSFTUFE JO mOEJOH GVOD
UJPOT PG UIF EBUB UIBU BSF JOWBSJBOU UP TVCTFUT PG UIF QBSBNFUFS OPU QSJPST JOWBSJBOU UP
SFQBSBNFUFSJ[BUJPO 'PS JOTUBODF UIF SBOL TUBUJTUJDT UIBU GPSN UIF CBTJT GPS $PYT QSPQPS
UJPOBM IB[BSET SFHSFTTJPO JO UIF BCTFODF PG DFOTPSJOH 	ǹȁǿǺ
 DBO CF PCUBJOFE CZ SFRVJSJOH
B TUBUJTUJD JOWBSJBOU UPNPOPUPOF USBOTGPSNBUJPOT PG UJNF *OEFFE $PYT SFHSFTTJPO CBTFE
PO SBOL TUBUJTUJDT DBO CF WJFXFE BT BO FYDFMMFOU FYBNQMF PG FMJNJOBUJOH BO JOmOJUF EJNFO
ǹǺǼ
TJPOBM OVJTBODF QBSBNFUFS JF UIF CBTFMJOF IB[BSE WJB QSFQSPDFTTJOH XIJDI SFUBJOT POMZ
UIF SBOL TUBUJTUJDT ɥF SFMBUJPOTIJQ CFUXFFO JOWBSJBODF JO QSFQSPDFTTJOH NPEFMJOH BOE
QSJPS GPSNVMBUJPO JT B SJDI EJSFDUJPO GPS GVSUIFS JOWFTUJHBUJPO
"O JOUFSFTUJOH QSBDUJDBM RVFTUJPO BSJTFT GSPN UIJT EJTDVTTJPO PG SPCVTUOFTT IPX SFBM
JTUJD JT JU UP BTTVNF FċDJFOU JOGFSFODF XJUI QSFQSPDFTTFE EBUB ɥJT NBZ TFFN VOSFBM
JTUJD BT QSFQSPDFTTJOH JT GSFRVFOUMZ VTFE UP TJNQMJGZ QSPCMFNT TP DPNNPO NFUIPET DBO
CF BQQMJFE )PXFWFS QSFQSPDFTTJOH DBO NBLF NBOZ BTTVNQUJPOT NPSF BQQSPQSJBUF 'PS
FYBNQMF BHHSFHBUJPO DBO NBLF OPSNBMJUZ BTTVNQUJPOT NPSF SFBMJTUJD OPSNBMJ[BUJPO DBO
FMJNJOBUF OVJTBODF QBSBNFUFST BOE EJTDSFUJ[BUJPO HSFBUMZ SFEVDFT SFMJBODF PO QBSBNFUSJD
EJTUSJCVUJPOBM BTTVNQUJPOT BMUPHFUIFS *U NBZ UIFSFGPSF CF NPSF BQQSPQSJBUF UP BTTVNF
UIBU FċDJFOU FTUJNBUPST BSF HFOFSBMMZ VTFE XJUI QSFQSPDFTTFE EBUB UIBO XJUI SBX EBUB
ɥF SFTVMUT BOE FYBNQMFT FYQMPSFE IFSF TIPX UIBU QSFQSPDFTTJOH JT B DPNQMFY UPQJD JO
FWFO MBSHFTBNQMF TFUUJOHT *U BQQFBST GPSNBMMZ GVUJMF 	CVU QSBDUJDBMMZ VTFGVM
 JO TUBOEBSE
BTZNQUPUJD SFHJNFT 6OEFS PUIFS SFBMJTUJD BTZNQUPUJD SFHJNFT QSFQSPDFTTJOH FNFSHFT BT B
QPXFSGVM UPPM GPS BEESFTTJOH OVJTBODF QBSBNFUFST BOE JNQSPWJOH UIF SPCVTUOFTT PG JOGFS
FODFT )BWJOH FTUBCMJTIFE TPNFPG UIF GPSNBMNPUJWBUJPO BOE USBEFPĊT GPS QSFQSPDFTTJOH
XF EJTDVTT GVSUIFS FYUFOTJPOT PG UIFTF JEFBT JOUP NPSF EJċDVMU TFUUJOHT JO 4FDUJPO ǻǽǺ
ǻǼǻ (ĚħĚğĘ Ēĝĝ ĥęĒĥ ĪĠĦ ĔĒğ
*O TPNF DBTFT FĊFDUJWF QSFQSPDFTTJOH UFDIOJRVFT BSF RVJUF BQQBSFOU *G Q:(: |9, ξ) GPSNT
BO FYQPOFOUJBM GBNJMZ XJUI QBSBNFUFS 9 PS (9, ξ) UIFO XF IBWF B TUSBJHIUGPSXBSE QSPDF
EVSF SFUBJO BNJOJNBM TVċDJFOU TUBUJTUJD 5P CF QSFDJTF XFNFBO UIBU POF PG UIF GPMMPXJOH
ǹǺǽ
GBDUPSJ[BUJPOT IPMET GPS B TVċDJFOU TUBUJTUJD 5(:) PG CPVOEFE EJNFOTJPO
Q:(: |9, ξ) =H(:) FYQ
(
5(:)*G(9, ξ) + I(9, ξ)
)
;
Q:(: |9, ξ) =H(:; ξ) FYQ
(
5(:)*G(9) + I(9)
)
.
3FUBJOJOH UIJT TVċDJFOU TUBUJTUJD XJMM MFBE UP B MPTTMFTT DPNQSFTTJPO BTTVNJOH UIBU UIF
mSTUQIBTF NPEFM JT DPSSFDU 6OGPSUVOBUFMZ TVDI OJDF DBTFT BSF SBSF &WFO UIF #BZFTJBO
BQQSPBDI PĊFST MJUUMF SFQSJFWF *OUFHSBUJOH Q:(: |9, ξ) XJUI SFTQFDU UP B QSJPS Ǌξ(ξ) UZQJ
DBMMZ SFNPWFT UIF PCTFSWBUJPONPEFM GSPN UIF FYQPOFOUJBM GBNJMZDPOTJEFS GPS JOTUBODF
B OPSNBM NPEFM XJUI VOLOPXO WBSJBODF CFDPNJOH B U EJTUSJCVUJPO
*G MPH Q:(: |9) JT BQQSPYJNBUFMZ RVBESBUJD BT B GVODUJPO PG 9 UIFO SFUBJOJOH JUT NPEF
BOE DVSWBUVSF XPVME TFFN UP QSPWJEF NVDI PG UIF JOGPSNBUJPO BWBJMBCMF GSPN UIF EBUB UP
EPXOTUSFBN BOBMZTUT )PXFWFS TVDI JOUVJUJPO DBO CF USFBDIFSPVT *G B EPXOTUSFBN BOB
MZTU JT DPNCJOJOH JOGFSFODFT GSPN B TFU PG FYQFSJNFOUT FBDI PG XIJDI ZJFMEFE BO BQQSPYJ
NBUFMZ RVBESBUJD MJLFMJIPPE UIF JOEJWJEVBM BQQSPYJNBUJPOT NBZ OPU CF FOPVHI UP QSPWJEF
FċDJFOU JOGFSFODFT "QQSPYJNBUJPOT UIBU IPME OFBS UIF NPEF PG FBDI FYQFSJNFOUT MJLFMJ
IPPE OFFE OPU IPME BXBZ GSPN UIFTFNPEFTJODMVEJOH BU UIFNPEF PG UIF KPJOU MJLFMJIPPE
GSPN BMM FYQFSJNFOUT ɥVT SFNBJOEFS UFSNT DBO BDDVNVMBUF JO UIF DPNCJOBUJPO PG TVDI
BQQSPYJNBUJPOT EFHSBEJOH UIF mOBM JOGFSFODF PO θ 'VSUIFSNPSF UIF SFRVJSFNFOU UIBU
MPH Q:(: |9) CF BQQSPYJNBUFMZ RVBESBUJD JO 9 JT RVJUF TUSJOHFOU 5P KVTUJGZ TVDI BQQSPYJNB
UJPOT XF NVTU FJUIFS BQQFBM UP BTZNQUPUJD SFTVMUT GSPN MJLFMJIPPE UIFPSZ PS DPOmOF PVS
BUUFOUJPO UP B OBSSPX DMBTT PG PCTFSWBUJPO NPEFMT Q:(: |9) 6OGPSUVOBUFMZ BTZNQUPUJD
UIFPSZ JT PGUFO BO JOBQQSPQSJBUF KVTUJmDBUJPO JO NVMUJQIBTF TFUUJOHT CFDBVTF 9 HSPXT JO
EJNFOTJPO XJUI : JO NBOZ BTZNQUPUJD SFHJNFT PG JOUFSFTU TP UIFSF JT OP HFOFSBM SFBTPO
UP FYQFDU JOGPSNBUJPO UP BDDVNVMBUF PO 9 ɥFTF JTTVFT BSF PG QBSUJDVMBS DPODFSO BT TVDI
RVBESBUJD BQQSPYJNBUJPOT BSF B TUBOEBSE JNQMJDJU KVTUJmDBUJPO GPS QBTTJOH QPJOU FTUJNBUFT
ǹǺǾ
XJUI TUBOEBSE FSSPST POUP EPXOTUSFBN BOBMZTUT
.PWJOH BXBZ GSPN UIFTF DBTFT TPMVUJPOT CFDPNF MFTT BQQBSFOU /P QSPDFTTJOH 	TIPSU PG
QBTTJOH UIF FOUJSF MJLFMJIPPE GVODUJPO
 XJMM QSFTFSWF BMM JOGPSNBUJPO GSPN UIF TBNQMFXIFO
TVċDJFOU TUBUJTUJDT PG CPVOEFE EJNFOTJPO EP OPU FYJTU )PXFWFS NVMUJQIBTF BQQSPBDIFT
DBO TUJMM QPTTFTT GBWPSBCMF QSPQFSUJFT JO TVDI TFUUJOHT
8F CFHJO CZ DPOTJEFSJOH B TUVCCPSO EPXOTUSFBN BOBMZTUTIF IBT IFSNFUIPE BOE XJMM
OPU DPOTJEFS BOZUIJOH FMTF 'PS FYBNQMF UIJT BOBMZTU DPVME CF EFBE TFU PO VTJOH MJOFBS
EJTDSJNJOBOU BOBMZTJT PS "/07"ɥF QSFQSPDFTTPS IBT POMZ POF XBZ UP BĊFDU IFS SFTVMUT
DBSFGVMMZ EFTJHOJOH B QBSUJDVMBS 5 HJWFO UP UIF EPXOTUSFBN BOBMZTU 4VDI B TFUUJOH JT FY
USFNF 8F BSF TBZJOH UIBU UIF EPXOTUSFBN BOBMZTU XJMM DIBSHF BIFBE XJUI B HJWFO FTUJ
NBUPS SFHBSEMFTT PG IFS JOQVU XJUI OFJUIFS SFnFDUJPO OPS KVEHNFOU 8F JOWFTUJHBUF UIJT
TFUUJOH CFDBVTF JUNBYJNJ[FT UIF QSFQSPDFTTPST CVSEFO JO UFSNT PG IFS DPOUSJCVUJPO UP UIF
mOBM FTUJNBUFT RVBMJUZ 'PSNBMMZ XF DPOTJEFS B mYFE TFDPOETUBHF FTUJNBUPS θˆ(5) UIBU JT
UIF GPSN PG JUT JOQVU 5 BOE UIF GVODUJPO QSPEVDJOH θˆ BSF mYFE CVU UIFNFDIBOJTN BDUVBMMZ
VTFE UP HFOFSBUF 5 JT OPU 5 DPVME CF GPS FYBNQMF B WFDUPS PG mYFE EJNFOTJPO
"T XF EJTDVTT CFMPX BENJTTJCMF EFTJHOT GPS UIF mSTUQIBTF XJUI B mYFE TFDPOEQIBTF
NFUIPE BSF HJWFO CZ B 	HFOFSBMJ[FE
 #BZFT SVMF ɥJT VTFT UIF LOPXO QPSUJPO PG UIF NPEFM
Q:(: |9, ξ) UP DPOTUSVDU JOQVUT GPS UIF TFDPOE TUBHF BOE BTTVNFT UIBU BOZ QSJPS UIF QSF
QSPDFTTPS IBT PO ξ JT FRVJWBMFOU UP XIBU B EPXOTUSFBN BOBMZTU XPVME IBWF VTFE JO UIF
QSFQSPDFTTPST QPTJUJPO 'PSNBMMZ UIJT EFTDSJCFT BMM SVMFT UIBU BSF BENJTTJCMF BNPOH UIF
DMBTT PG QSPDFEVSFT VTJOH B HJWFO TFDPOETUBHF NFUIPE GPMMPXJOH GSPN QSFWJPVT DPNQMFUF
DMBTT SFTVMUT JO TUBUJTUJDBM EFDJTJPO UIFPSZ 	FH #FSHFS ǹȁȀǽ 'BSSFMM ǹȁǾȀ

"ĕĞĚĤĤĚēĚĝĚĥĪ "TTVNF UIBU UIF TFDPOETUBHF QSPDFEVSF θˆ(5) JT mYFE BT EJTDVTTFE
BCPWF BOE XF BSF PQFSBUJOH VOEFS UIF NPEFM 	ǻǹ
 'VSUIFS BTTVNF UIBU UIF QSFQSPDFT
TPST QSJPS PO ξ JT UIF POMZ TVDI QSJPS VTFE JO BMM #BZFT SVMF DPOTUSVDUJPOT 'PS 5 ∈ RE
ǹǺǿ
DPOTJEFS B TNPPUI TUSJDUMZ DPOWFY MPTT GVODUJPO - ɥFO VOEFS BQQSPQSJBUF SFHVMBSJUZ
DPOEJUJPOT 	FH #FSHFS ǹȁȀǽ 'BSSFMM ǹȁǾȀ
 JG θˆ(5) JT B TNPPUI GVODUJPO PG 5 UIFO BMM
BENJTTJCMF QSPDFEVSFT GPS HFOFSBUJOH 5 BSF #BZFT PS HFOFSBMJ[FE #BZFT SVMFT XJUI SFTQFDU
UP UIF SJTL 3(θˆ(5), θï) ɥF TBNF IPMET XIFO 5 JT SFTUSJDUFE UP B mOJUF TFU
ɥJT HVJEFMJOF GPMMPXT EJSFDUMZ GSPN DPOWFOUJPOBM DPNQMFUF DMBTT SFTVMUT JO EFDJTJPO UIF
PSZ 8F PNJU UFDIOJDBM EFUBJMT IFSF GPDVTJOH JOTUFBE PO UIF HVJEFMJOFT JNQMJDBUJPOT )PX
FWFS B TLFUDI PG JUT QSPPG QSPDFFET BMPOH UIF GPMMPXJOH MJOFT
ɥFSF BSF UXPXBZT UP BQQSPBDI UIJT BSHVNFOU JOUFSNFEJBUF MPTT BOE HFPNFUSZ ɥF JO
UFSNFEJBUF MPTT BQQSPBDI VTFT BO JOUFSNFEJBUF MPTT GVODUJPO -˜(5, θï) = -(θˆ(5), θï) ɥJT
-˜ JT UIF MPTT GBDJOH UIF QSFQSPDFTTPS HJWFO B mYFE EPXOTUSFBN QSPDFEVSF θˆ(5) *G -˜ JT
XFMMCFIBWFE JO UIF TFOTF PG TBUJTGZJOH TUBOEBSE DPOEJUJPOT 	TUSJDU DPOWFYJUZ PS B mOJUF
QBSBNFUFS TQBDF BOE TP PO
 UIFO UIF QSPPG JT DPNQMFUF GSPN QSFWJPVT SFTVMUT GPS SFBM 5
4JNJMBSMZ JG 5 JT SFTUSJDUFE UP B mOJUF EJTDSFUF TFU UIFO XF GBDF B DMBTTJDBM NVMUJQMF EFDJ
TJPO QSPCMFN BOE DBO BQQMZ QSFWJPVT SFTVMUT UP -˜(5, θï) ɥFTF TUSBJHIUGPSXBSE BSHVNFOUT
DPWFS BXJEF SBOHF PG SFBMJTUJD DBTFT BT #FSHFS 	ǹȁȀǽ
 IBT TIPXO 0UIFSXJTF XFNVTU UVSO
UP B NPSF JOUSJDBUF HFPNFUSJD BSHVNFOU #SPBEMZ UIJT DPOTUSVDUJPO VTFT B DPOWFY IVMM PG
SJTLT HFOFSBUFE CZ BUUBJOBCMF SVMFT
ɥJT HVJEFMJOF IBT EJSFDU CFBSJOH VQPO UIF EFWFMPQNFOU PG JOQVUT GPS NBDIJOF MFBSOJOH
BMHPSJUINT UZQJDBMMZ LOPXO BT GFBUVSF FOHJOFFSJOH (JWFO BO BMHPSJUIN UIBU VTFT B mYFE
TFU PG JOQVUT JU JNQMJFT UIBU VTJOH B DPSSFDUMZTQFDJmFE PCTFSWBUJPONPEFM UP EFTJHO UIFTF
JOQVUT JT OFDFTTBSZ UP PCUBJO BENJTTJCMF JOGFSFODFT ɥVT JU JT DPODFQUVBMMZ TJNJMBS UP
i3BP#MBDLXFMMJ[BUJPOw PWFS QBSU PG B QSPCBCJMJUZ NPEFM
)PXFWFS TFWFSBM NBKPS DBWFBUT BQQMZ UP UIJT SFTVMU 'JSTU PO B QSBDUJDBM MFWFM EFSJWJOH
TVDI #BZFT SVMFT JT RVJUF EJċDVMU GPS NPTU TFUUJOHT PG JOUFSFTU 4FDPOE BOE NPSF XPSSZ
JOHMZ UIJT SFTVMUT TDPQF JT BDUVBMMZ RVJUF MJNJUFE "T XF EJTDVTTFE JO 4FDUJPO ǻǼǺ FWFO
ǹǺȀ
#BZFTJBO FTUJNBUPST DBO CF JODPOTJTUFOU JO SFBMJTUJD NVMUJQIBTF SFHJNFT )PXFWFS UIFTF
FTUJNBUPST BSF TUJMM BENJTTJCMF BT UIFZ DBOOPU CF EPNJOBUFE JO SJTL GPS QBSUJDVMBS WBMVFT
PG UIF OVJTBODF QBSBNFUFST ξ "ENJTTJCJMJUZ UIFSFGPSF JT B NJOJNBM SFRVJSFNFOU XJUIPVU
JU UIF QSPDFEVSF DBO CF JNQSPWFE VOJGPSNMZ CVU XJUI JU JU DBO TUJMM CFIBWF CBEMZ JO NBOZ
XBZT 'JOBMMZ UIFSF JT UIF QSPCMFN PG SPCVTUOFTT "O PQUJNBM JOQVU GPS POF EPXOTUSFBN
FTUJNBUPS θˆð(5)NBZ CF B UFSSJCMF JOQVU GPS BOPUIFS FTUJNBUPS θˆñ(5) FWFO JG θˆð BOE θˆñ UBLF
UIF TBNF GPSN PG JOQVUT 4VDI DPOTJEFSBUJPOT BSF DFOUSBM UP NBOZ SFBMXPSME BQQMJDBUJPOT
PG QSFQSPDFTTJOH BT SFTFBSDIFST BJN UP DPOTUSVDU EBUBCBTFT GPS B CSPBE BSSBZ PG MBUFS BOBM
ZTFT )PXFWFS UIJT SFTVMU EPFT TIPX UIBU FOHJOFFSJOH JOQVUT GPS EPXOTUSFBN BOBMZTFT
VTJOH #BZFTJBO PCTFSWBUJPO NPEFMT DBO JNQSPWF PWFSBMM JOGFSFODFT )PX UP CFTU HP BCPVU
UIJT JO QSBDUJDF JT B SJDI BSFB GPS GVSUIFS XPSL
ǻǼǼ $ĠĦğĥĖģĖĩĒĞġĝĖĤ Ēğĕ ĔĠğĦğĕģĦĞĤ
"T CFmUT mSTU TUFQT XF BSF MFGU XJUI B GFX MPPTF FOET BOE QV[[MFT 4UBSUJOH XJUI UIF %4$
DPOEJUJPO 	ǻǿ
 PG 4FDUJPO ǻǼǹ XF QSPWJEF B TJNQMF DPVOUFSFYBNQMF UP JUT OFDFTTJUZ
4VQQPTF XF IBWF :ð, :ñ,9ð,9ñ ∈ RO -FU :J|9J ∼ /(9J, *) JOEFQFOEFOU PG FBDI PUIFS
/PX MFU 9ð = θ;ð ;ð ∼ /(ï, *) 9ñ = θ BCT(;ñ) ◦ TJHO(9ð) XIFSF ;ñ ∼ /(ï, *) ;ñ ⊥⊥ ;ð
TJHO(9ð) JT B WFDUPS PG TJHOT (−ð, ï, PS ð) GPS 9ð BCT() EFOPUFT UIF FMFNFOUXJTF BCTPMVUF
WBMVF BOE ◦ EFOPUFT UIF )BEBNBSE QSPEVDU 8F mY θ > ï
"T PVS XPSLJOH NPEFM XF QPTJU UIBU 9J|η ∼ /(ï, ηJ*) JOEFQFOEFOUMZ ɥFO XF DMFBSMZ
IBWF (:*ð :ð, :*ñ :ñ) = (5ð,5ñ) BT B TVċDJFOU TUBUJTUJD GPS CPUI η BOE θ )PXFWFS UIF %4$
EPFT OPU IPME GPS UIJT XPSLJOH NPEFM 8F DBOOPU XSJUF UIF BDUVBM KPJOU EJTUSJCVUJPO PG 9
BT BNBSHJOBMJ[BUJPO PG Q˜9(9|η)XJUI SFTQFDU UP TPNF EJTUSJCVUJPO PWFS η JO TVDI B XBZ UIBU
(5ð, 5ñ) JT TVċDJFOU GPS η 5P FOGPSDF TJHO(9ð) = TJHO(9ñ) VOEFS UIF XPSLJOH NPEFM BOZ
TVDI NPEFM NVTU VTF η UP TIBSF UIJT JOGPSNBUJPO
'PS UIJT FYBNQMF XF DBO PCUBJO B TUSPOHFS SFTVMU OP GBDUPSFE XPSLJOH NPEFM Q˜9(9|η)
ǹǺȁ
FYJTUT TVDI UIBU 	ǹ
 :*J :J JT TVċDJFOU GPS HJ(η) VOEFS Q˜:(:J|HJ(η)) BOE 	Ǻ
 UIF %4$ IPMET
'PS DPOUSBEJDUJPO BTTVNF TVDI B XPSLJOH NPEFM FYJTUT 6OEFS UIJT XPSLJOH NPEFM
:J JT DPOEJUJPOBMMZ JOEFQFOEFOU PG HJ(η) HJWFO :*J :J TP XF DBO XSJUF Q˜:(:J|HJ(η)) =
Q˜:(:J|:*J :J)IJ(:*J :J; HJ(η)) "T UIF %4$ IPMET GPS UIJT XPSLJOH NPEFM XF IBWF
Q:(:|θ) =
[
ñ∏
J=ð
Q˜:(:J|:*J :J)
]∫
η
[
ñ∏
J=ð
IJ(:*J :J; HJ(η))
]
Qη(Eη|θ).
)FODF XFNVTU IBWF:ð DPOEJUJPOBMMZ JOEFQFOEFOU PG:ñ HJWFO (:*ð :ð, :*ñ :ñ) )PXFWFS UIJT
DPOEJUJPOBM JOEFQFOEFODF EPFT OPU IPME VOEFS UIF USVF NPEFM )FODF UIF HJWFO XPSLJOH
NPEFM DBOOPU CPUI TBUJTGZ UIF %4$ BOE IBWF :*J :J TVċDJFOU GPS FBDI HJ(η)
ɥF JTTVF IFSF JT VOQBSBNFUFSJ[FE EFQFOEFODF BT NFOUJPOFE JO 4FDUJPO ǻǼǹ ɥF 9T
IBWF B EFQFOEFODF TUSVDUVSF UIBU JT OPU DBQUVSFE CZ θ ɥVT SFRVJSJOH UIBU B XPSLJOH
NPEFM QSFTFSWFT TVċDJFODZ GPS θ EPFT OPU FOTVSF UIBU JU IBT FOPVHI nFYJCJMJUZ UP DBQUVSF
UIF USVF EJTUSJCVUJPO PG : " XFBLFS DPOEJUJPO UIBO UIF %4$ 	ǻǿ
 UIBU JT OFDFTTBSZ BOE
TVċDJFOU UP FOTVSF UIBU BMM TVċDJFOU TUBUJTUJDT GPS η BSF TVċDJFOU GPS θ NBZ CF QPTTJCMF
'SPN4FDUJPOT ǻǼǺ BOE ǻǼǻ XF BSF MFGU XJUI QV[[MFT SBUIFS UIBO DPVOUFSFYBNQMFT "T
NFOUJPOFE QSFWJPVTMZ NBOZ PQUJNBMJUZ SFTVMUT BSF USJWJBM XJUIPVU TVċDJFOU DPOTUSBJOUT
'PS JOTUBODF NJOJNJ[JOH SJTL PS NBYJNJ[JOH 'JTIFS JOGPSNBUJPO OBJWFMZ ZJFME VOJOUFSFTU
JOH 	BOE JNQSBDUJDBM
 NVMUJQIBTF TUSBUFHJFT IBWF UIF QSFQSPDFTTPS DPNQVUF PQUJNBM FT
UJNBUPST UIFO QBTT UIFN EPXOTUSFBN 0WFSMZ UJHIU DPOTUSBJOUT CSJOH UIFJS PXO JTTVFT
3FTUSJDUJOH EPXOTUSFBN QSPDFEVSFT UP FYDFTTJWFMZ OBSSPX DMBTTFT 	FH QPJOU FTUJNBUFT
XJUI TUBOEBSE FSSPST
 MJNJUT UIF BQQMJFE VUJMJUZ PG SFTVMUJOH UIFPSZ BOE ZJFMET MJUUMF JOTJHIU
PO UIF PWFSBMM MBOETDBQF PG NVMUJQIBTF JOGFSFODF 4USJLJOH UIF DPSSFDU CBMBODF XJUI UIFTF
DPOTUSBJOUT JT B DPSF DIBMMFOHF GPS UIF UIFPSZ PG NVMUJQIBTF JOGFSFODF BOE XJMM SFRVJSF B
DPNCJOBUJPO PG DPNQVUBUJPOBM FOHJOFFSJOH BOE TUBUJTUJDBM JOTJHIUT
ǹǻǸ
ǻǽ 'ģĠĞ ĥęĖ ġĒĤĥ ĥĠ ĥęĖ ėĦĥĦģĖ
"T XF EJTDVTTFE JO 4FDUJPOT ǻǻ BOE ǻǼ XF IBWF B EFFQ XFMM PG RVFTUJPOT UIBU NPUJWBUF
GVSUIFS SFTFBSDI PO NVMUJQIBTF JOGFSFODF ɥFTF SBOHF GSPN UIF FYUSFNFMZ BQQMJFE 	FH
FOIBODJOH QSFQSPDFTTJOH JO BTUSPQIZTJDBM TZTUFNT
 UP UIF EFFQMZ UIFPSFUJDBM 	FH CPVOE
JOH NVMUJQIBTF QFSGPSNBODF JO UIF QSFTFODF PG OVJTBODF QBSBNFUFST BOE DPNQVUBUJPOBM
DPOTUSBJOUT
 8F PVUMJOF B GFX EJSFDUJPOT GPS UIJT SFTFBSDI CFMPX
#VU CFGPSF XF MPPL GPSXBSE XF UBLF B NPNFOU UP MPPL CBDL BOE QMBDF NVMUJQIBTF JO
GFSFODF XJUIJO UIF DPOUFYU PG CSPBEFS IJTUPSJDBM EFCBUFT 4VDI iOBWFM HB[JOHw IFMQT VT UP
VOEFSTUBOE UIF DPOOFDUJPOT BOE JNQMJDBUJPOT PG UIF UIFPSZ PG NVMUJQIBTF JOGFSFODF
ǻǽǹ )ĚĤĥĠģĚĔĒĝ ĔĠğĥĖĩĥ
0O B IJTUPSJDBM OPUF UIF TUVEZ PG NVMUJQIBTF JOGFSFODF UPVDIFT UIF MPOHSVOOJOH EFCBUF
PWFS UIF SPMF PG EFDJTJPO UIFPSZ JO TUBUJTUJDT 0OF TJEF PG UIJT EFCBUF DIBNQJPOFE CZ8BME
BOE -FINBOO 	BNPOH PUIFST
 IBT BSHVFE UIBU EFDJTJPO UIFPSZ MJFT BU UIF DPSF PG TUBUJTUJDBM
JOGFSFODF 3JTLNJOJNJ[JOH FTUJNBUPST BOE NPSF HFOFSBMMZ PQUJNBM EFDJTJPO SVMFT QMBZ B
DFOUSBM SPMF JO UIFJS OBSSBUJWF &WFO TVCKFDUJWJTUT TVDI BT 4BWBHF BOE EF 'JOFUUJ IBWF FN
CSBDFE UIF EFDJTJPO UIFPSFUJD GPSNVMBUJPO UP B MBSHF FYUFOU 0UIFS FNJOFOU TUBUJTUJDJBOT
IBWF PCKFDUFE UP TVDI B GPDVT PO EFDJTJPOT "T OPUFE CZ 4BWBHF 	ǹȁǿǾ
 'JTIFS JO QBSUJDVMBS
WFIFNFOUMZ SFKFDUFE UIF EFDJTJPO UIFPSFUJD GPSNVMBUJPO PG TUBUJTUJDBM JOGFSFODF 0OF JOUFS
QSFUBUJPO PG 'JTIFST PCKFDUJPOT JT UIBU IF DPOTJEFSFE EFDJTJPO UIFPSZ VTFGVM GPS FWFOUVBM
FDPOPNJD EFDJTJPONBLJOH CVU OPU GPS UIF HSPXUI PG TDJFOUJmD LOPXMFEHF
8F CFMJFWF UIBU UIF TUVEZ PG NVMUJQIBTF JOGFSFODF CSJOHT B VOJGZJOH QFSTQFDUJWF UP UIJT
EFCBUF 'JTIFST EJTUJODUJPO CFUXFFO JOUFSNFEJBUF QSPDFTTJOH BOE mOBM EFDJTJPOT JT GVOEB
NFOUBM UP UIF QSPCMFN PG NVMUJQIBTF JOGFSFODF )PXFWFS XF BMTP WJFX EFDJTJPO UIFPSZ BT
B WJUBM UIFPSFUJDBM UPPM GPS UIF TUVEZ PGNVMUJQIBTF JOGFSFODF 1BTTJOH POMZ SJTLNJOJNJ[JOH
ǹǻǹ
QPJOU FTUJNBUPST UP MBUFS BOBMZTUT JT DMFBSMZ OPU B SFDJQF GPS WBMJE JOGFSFODF ɥF LFZ JT UP
DPOTJEFS UIF VTF PG QSFWJPVTMZ HFOFSBUFE SFTVMUT FYQMJDJUMZ JO UIF mOBM EFDJTJPO QSPCMFN *O
UIF TUVEZ PG NVMUJQIBTF JOGFSFODF XF EP TP CZ GPDVTJOH PO UIF TFQBSBUJPO PG LOPXMFEHF
BOE PCKFDUJWFT CFUXFFO BHFOUT 4VDI TFQBSBUJPO CFUXFFO QSFQSPDFTTJOH BOE EPXOTUSFBN
JOGFSFODF NBQT OJDFMZ UP 'JTIFST EJTUJODUJPO CFUXFFO CVJMEJOH TDJFOUJmD LOPXMFEHF BOE
SFBDIJOH BDUJPOBCMF EFDJTJPOT
ɥVT XF JOUFSQSFU 'JTIFST MJOF PG PCKFDUJPOT UP EFDJTJPOUIFPSFUJD TUBUJTUJDT BT JO QBSU
B SFKFDUJPO PG BEPQUJOH B NZPQJD TJOHMFQIBTF QFSTQFDUJWF JO NVMUJQIBTF TFUUJOHT 8F DFS
UBJOMZ EP OPU CFMJFWF UIBU PVS XPSL XJMM CSJOH DMPTVSF UP TVDI BO JOUFOTF IJTUPSJDBM EFCBUF
)PXFWFS XF EP TFF NVMUJQIBTF JOGFSFODF BT BO JNQPSUBOU CSJEHF CFUXFFO UIFTF DPNQFU
JOH TDIPPMT PG UIPVHIU
ǻǽǺ 8ęĖģĖ ĔĒğ ĞĦĝĥĚġęĒĤĖ ĚğėĖģĖğĔĖ ĘĠ ėģĠĞ ęĖģĖü
8F TFF B XJEF SBOHF PG PQFO RVFTUJPOT JONVMUJQIBTF JOGFSFODF $BONPSF TZTUFNBUJD XBZT
UP MFWFSBHF UIF QPUFOUJBM PG QSFQSPDFTTJOH CF EFWFMPQFE *T JU QPTTJCMF UP DSFBUF B NBUIF
NBUJDBM iXBSOJOH TZTUFNw BMFSUJOH QSBDUJUJPOFST XIFO UIFJS JOGFSFODFT GSPN QSFQSPDFTTFE
EBUB BSF TVCKFDU UP TFWFSF EFHSBEBUJPO BOE TIPXJOH XIFSF BEEJUJPOBM GPSNT PG QSFQSP
DFTTJOH BSF SFRVJSFE "OE DBO NVMUJQIBTF JOGFSFODF JOGPSN EFWFMPQNFOUT JO EJTUSJCVUFE
TUBUJTUJDBM DPNQVUBUJPO BOE NBTTJWFEBUB JOGFSFODF 	BT PVUMJOFE CFMPX JO 4FDUJPO ǻǽǻ
 
"MM PG UIFTF QSPCMFNT DBMM GPS B TIBSFE DPMMFDUJPO PG TUBUJTUJDBM QSJODJQMFT UIFPSZ BOENFUI
PET #FMPX XF PVUMJOF B GFX EJSFDUJPOT GPS UIF EFWFMPQNFOU PG UIFTF UPPMT GPS NVMUJQIBTF
JOGFSFODF
1ĒĤĤĚğĘ ĚğėĠģĞĒĥĚĠğ ɥFNFDIBOJDT PG QBTTJOH JOGPSNBUJPO CFUXFFO QIBTFT DPOTUJ
UVUF B NBKPS EJSFDUJPO GPS GVSUIFS SFTFBSDI 0OF BQQSPBDI MFWFSBHFT UIF GBDU UIBU UIF MJLF
MJIPPE GVODUJPO JUTFMG JT BMXBZT B NJOJNBM TVċDJFOU TUBUJTUJD ɥVT B TFU PG 	DPNQVUBUJPO
ǹǻǺ
BMMZ
 FċDJFOU BQQSPYJNBUJPOT UP UIF MJLFMJIPPE GVODUJPO -(9, ξ; :) GPS (9, ξ) DPVME QSPWJEF
UIF GPVOEBUJPO GPS B XJEF SBOHF PG NVMUJQIBTF NFUIPET .BOZ QSPCBCJMJTUJD JOGFSFODF
UFDIOJRVFT GPS UIF EPXOTUSFBN NPEFM 	FH .$.$ TBNQMFST
 XPVME CF RVJUF TUSBJHIUGPS
XBSE UP VTF HJWFO TVDI BO BQQSPYJNBUJPO ɥF TUVEZ PG TVDI NVMUJQIBTF BQQSPYJNBUJPOT
BMTP PĊFST HSFBU EJWJEFOET GPS EJTUSJCVUFE TUBUJTUJDBM DPNQVUBUJPO BT EJTDVTTFE CFMPX 8F
CFMJFWF UIFTF BQQSPYJNBUJPOT BSF QSPNJTJOH EJSFDUJPO GPS HFOFSBMQVSQPTF QSFQSPDFTTJOH
)PXFWFS UIFSF BSF TUVNCMJOH CMPDLT
'JSTU OVJTBODF QBSBNFUFST SFNBJO BO JTTVF 8F XBOU UP IBSOFTT BOE VOEFSTUBOE UIF
SPCVTUOFTT CFOFmUT PĊFSFE CZ QSFQSPDFTTJOH CVU MJLFMJIPPE UFDIOJRVFT UIFNTFMWFT PĊFS
MJUUMF HVJEBODF JO UIJT EJSFDUJPO &WFO UIF XPSL PG $PY 	ǹȁǿǽ
 PO QBSUJBM MJLFMJIPPE GPDVTFT
PO UIF EFUBJMT PG FTUJNBUJPO PODF UIF MJLFMJIPPE IBT CFFO QBSUJUJPOFE 8F XPVME MJLF UP
JEFOUJGZ UIF TFU PG GPSNBM QSJODJQMFT VOEFSMZJOH UFDIOJRVFT TVDI BT QBSUJBM QJWPUJOH 	UP
NVUF UIF FĊFDU PG JOmOJUFEJNFOTJPOBM OVJTBODF QBSBNFUFST
 CVJMEJOH B NPSF SJHPSPVT
VOEFSTUBOEJOH PG UIF SPMF PG QSFQSPDFTTJOH JO QSPWJEJOH SPCVTU JOGFSFODFT "T EJTDVTTFE
JO 4FDUJPO ǻǼǺ JOWBSJBODF SFMBUJPOTIJQT NBZ CF B VTFGVM GPDVT GPS TVDI JOWFTUJHBUJPOT
HVJEJOH CPUI #BZFTJBO BOE BMHPSJUINJD EFWFMPQNFOUT
4FDPOE XF NVTU DPOTJEFS UIF CVSEFO QMBDFE PO EPXOTUSFBN BOBMZTUT CZ PVS DIPJDF
PG BQQSPYJNBUJPO 1SPCBCJMJTUJD NPEFMCBTFE UFDIOJRVFT DBO JOUFHSBUF TVDI JOGPSNBUJPO
XJUI MJUUMF BEEJUJPOBM EFWFMPQNFOU )PXFWFS JU XPVME CF EJċDVMU GPS B EPXOTUSFBN BOB
MZTU BDDVTUPNFE UP TBZ TUBOEBSE SFHSFTTJPO NFUIPET UP NBLF VTF PG B DPNQMFY FNVMBUPS
GPS UIF MJLFMJIPPE GVODUJPO ɥFCVSEFONBZ CF TVCTUBOUJBM GPS FWFO TPQIJTUJDBUFE BOBMZTUT
'PS JOTUBODF JU DPVME SFRVJSF B TJHOJmDBOU BNPVOU PG FĊPSU BOE DPNQVUBUJPOBM TPQIJTUJ
DBUJPO UP PCUBJO FTUJNBUFT PG 9 GSPN TVDI BO BQQSPYJNBUJPO BOE FTUJNBUFT PG 9 BSF PGUFO
PG JOUFSFTU UP EPXOTUSFBN BOBMZTUT JO BEEJUJPO UP FTUJNBUFT PG θ
ǹǻǻ
#ĠĦğĕĚğĘ ĖģģĠģĤ Ēğĕ ĥģĒĕĖĠėėĤ 8JUI UIFTF USBEFPĊT JO NJOE BOE UISPVHI UIF
GPSNBM BOBMZTJT PG XJEFMZBQQMJDBCMF NVMUJQIBTF UFDIOJRVFT XF DBO CFHJO UP FTUBCMJTI
CPVOET PO UIF FSSPS QSPQFSUJFT PG TVDI UFDIOJRVFT JO B CSPBE SBOHF PG QSPCMFNT VOEFS
SFBMJTUJD DPOTUSBJOUT 	JO CPUI UFDIOJDBM BOE IVNBO UFSNT
 .PSF HFOFSBM DPOTUSBJOUT
GPS JOTUBODF DBO UBLF UIF GPSN PG VQQFS CPVOET PO UIF SFHSFU BUUBJOBCMF XJUI B mYFE
BNPVOU PG JOGPSNBUJPO QBTTFE GSPN QSFQSPDFTTPS UP EPXOTUSFBN BOBMZTU GPS mYFE DMBTTFT
PG TDJFOUJmD NPEFMT &YUFOTJPOT UP OPOQBSBNFUSJD EPXOTUSFBN NFUIPET XPVME IBWF
CPUI QSBDUJDBM BOE UIFPSFUJDBM JNQMJDBUJPOT *O DBTFT XIFSF UIF PCTFSWBUJPO NPEFM JT XFMM
TQFDJmFE CVU UIF TDJFOUJmDNPEFM JT MFTT DMFBSMZ EFmOFENVMUJQIBTF UFDIOJRVFT DBO QSPWJEF
B VTFGVM BMUFSOBUJWF UP DPNQVUBUJPOBMMZFYQFOTJWF TFNJQBSBNFUSJD UFDIOJRVFT 'VTJOH
QSJODJQMFE QSFQSPDFTTJOH XJUI nFYJCMF EPXOTUSFBN JOGFSFODF NBZ QSPWJEF BO JOUFSFTUJOH
XBZ UP JODPSQPSBUF NPEFMCBTFE TVCKFDUNBUUFS LOPXMFEHF XIJMF FĊFDUJWFMZ NBOBHJOH
UIF CJBTWBSJBODF USBEFPĊ
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 JG
OPU UFDIOJDBM IJTUPSZ XJUI UIF EFWFMPQNFOU PG DPOHFOJBMJUZ 	.FOH ǹȁȁǼ
 #PUI UIF TUVEZ
PG DPOHFOJBMJUZ JO.* BOEPVS TUVEZ PGNVMUJQIBTF JOGFSFODF TFFL UP CPVOE BOENFBTVSF UIF
BNPVOU PG EFHSBEBUJPO JO JOGFSFODFT UIBU DBO PDDVS XIFO BHFOUT BUUFNQU 	JNQFSGFDUMZ
 UP
DPNCJOF JOGPSNBUJPO BOE JOGFSFODFT %FTQJUF UIFTF TJNJMBSJUJFT UIF USFBUNFOU PG OVJTBODF
QBSBNFUFST BSF SBUIFS EJĊFSFOU /VJTBODF QBSBNFUFST MJF BU UIF WFSZ IFBSU PG NVMUJQIBTF
JOGFSFODF EFmOJOH NBOZ PG JUT DPSF JTTVFT BOE UFDIOJRVFT 'PS .* UIF UZQJDBM BQQSPBDIFT
IBWF CFFO UP JOUFHSBUF UIFN PVU JO B #BZFTJBO BOBMZTJT 	FH 3VCJO ǹȁȁǾ
 PS BTTVNF UIBU
UIF mOBM BOBMZTU XJMM IBOEMF UIFN 	FH /JFMTFO ǺǸǸǻ
 3FDFOU XPSL CZ 9JF BOE .FOH
	ǺǸǹǺ
 IBT TIFE OFX MJHIU PO UIF SPMF PG OVJTBODF QBSBNFUFST JO .* CVU UIF SFTVMUT BSF
MBSHFMZ OFHBUJWF EFNPOTUSBUJOH UIBU OVJTBODF QBSBNFUFST BSF PGUFO B TUVNCMJOH CMPDL GPS
QSBDUJDBM .* JOGFSFODF 6OEFSTUBOEJOH UIF SPMF PG QSFQSPDFTTJOH JO BEESFTTJOH OVJTBODF
ǹǻǼ
QBSBNFUFST QSPWJEJOH SPCVTU BOBMZTFT BOE FĊFDUJWFMZ EJTUSJCVUJOH TUBUJTUJDBM JOGFSFODF
SFQSFTFOU GVSUIFS DIBMMFOHFT CFZPOE UIPTF QVSTVFE XJUI .* ɥFSFGPSF NVDI SFNBJOT UP
CF EPOF JO UIF TUVEZ PG NVMUJQIBTF JOGFSFODF CPUI UIFPSFUJDBM BOE NFUIPEPMPHJDBM
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8F BMTP TFFNVMUJQIBTF JOGFSFODF BT B TPVSDF GPS DPNQVUBUJPOBM UFDIOJRVFT ESBXJOH JOTQJ
SBUJPO GSPN UIF IJTUPSZ PG.*.*XBT JOJUJBMMZ EFWFMPQFE BT B TUSBUFHZ GPS IBOEMJOHNJTTJOH
EBUB JO QVCMJD EBUB SFMFBTFT )PXFWFS CFDBVTF .* TFQBSBUFT UIF UBTL PG EFBMJOH XJUI JO
DPNQMFUF EBUB GSPN UIF UBTL PG NBLJOH JOGFSFODFT JUT VTF TQSFBE *U IBT GSFRVFOUMZ CFFO
VTFE BT B QSBDUJDBM UPPM GPS EFBMJOHXJUINJTTJOHEBUB QSPCMFNTXIFSF UIF KPJOU JOGFSFODF PG
NJTTJOH EBUB BOE NPEFM QBSBNFUFST XPVME JNQPTF FYDFTTJWF NPEFMJOH PS DPNQVUBUJPOBM
CVSEFOT ɥBU JT JODSFBTJOHMZ UIF .* JOGFSFODF JT DBSSJFE PVU GSPN JNQVUBUJPO UISPVHI
BOBMZTJT CZ B TJOHMF BOBMZTU PS SFTFBSDI HSPVQ ɥJT JT GFBTJCMF BT B DPNQVUBUJPOBM TUSBU
FHZ POMZ CFDBVTF UIF FSSPS QSPQFSUJFT BOE DPOEJUJPOT OFDFTTBSZ GPS UIF WBMJEJUZ PG .* BSF
SFMBUJWFMZ XFMMVOEFSTUPPE 	FH .FOH ǹȁȁǼ 9JF BOE .FOH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
.VMUJQIBTFNFUIPET DBO TJNJMBSMZ HVJEF UIF EFWFMPQNFOU PG FċDJFOU TUBUJTUJDBMMZWBMJE
DPNQVUBUJPOBM TUSBUFHJFT 0ODF XF IBWF B UIFPSZ TIPXJOH UIF USBEFPĊT BOE QJUGBMMT PG
NVMUJQIBTF NFUIPET XF XJMM CF FRVJQQFE UP EFWFMPQ UIFN JOUP HFOFSBM DPNQVUBUJPOBM
UFDIOJRVFT *O QBSUJDVMBS PVS FYQFSJFODF TVHHFTUT UIBU NPEFMT XJUI B IJHI EFHSFF PG DPO
EJUJPOBM JOEFQFOEFODF 	FH FYDIBOHFBCMF EJTUSJCVUJPOT GPS 9
 DBO PGUFO QSPWJEF VTFGVM
JOQVUT GPS NVMUJQIBTF JOGFSFODFT FWFO XIFO UIF USVF PWFSBMM NPEFM IBT B HSFBUFS EFHSFF
PG TUPDIBTUJD TUSVDUVSF ɥF DPOEJUJPOBM JOEFQFOEFODF TUSVDUVSF PG TVDINPEFMT BMMPXT GPS
IJHIMZ QBSBMMFM DPNQVUBUJPO XJUI mSTUQIBTF QSPDFEVSFT QSPWJEJOH IVHF DPNQVUBUJPOBM
HBJOT PO NPEFSO EJTUSJCVUFE TZTUFNT DPNQBSFE UP NFUIPET CBTFE PO UIF KPJOU NPEFM
'PS FYBNQMF JO #MPDLFS BOE1SPUPQBQBT 	ǺǸǹǺ
 B GBDUPSFENPEFMXBT VTFE UP QSFQSPDFTT
B NBTTJWF DPMMFDUJPO PG JSSFHVMBSMZTBNQMFE BTUSPOPNJDBM UJNF TFSJFT ɥF NPEFM XBT TP
ǹǻǽ
QIJTUJDBUFE FOPVHI UP BDDPVOU GPS DPNQMFY PCTFSWBUJPO OPJTF ZFU JUT JOEFQFOEFODF TUSVD
UVSF BMMPXFE GPS FċDJFOU QBSBMMFMJ[BUJPO PG UIF OFDFTTBSZ DPNQVUBUJPO *UT PVUQVU XBT
UIFO DPNCJOFE BOE VTFE GPS QPQVMBUJPOMFWFM BOBMZTFT +VTU BT.BSLPW DIBJO.POUF$BSMP
	.$.$
 IBT QSPEVDFE B XJOEGBMM PG UPPMT GPS BQQSPYJNBUF IJHIEJNFOTJPOBM JOUFHSBUJPO
	TFF #SPPLT FU BM ǺǸǹǸ GPS NBOZ FYBNQMFT
 XF CFMJFWF UIBU UIJT UZQF PG QSJODJQMFE QSF
QSPDFTTJOH XJUI GVSUIFS UIFPSFUJDBM VOEFSQJOOJOHT IBT UIF QPUFOUJBM UP CFDPNF B DPSF
UPPM GPS UIF TUBUJTUJDBM BOBMZTJT PG NBTTJWF EBUBTFUT
"ĔĜğĠĨĝĖĕĘĞĖğĥĤ
8F XPVME MJLF UP BDLOPXMFEHF TVQQPSU GSPN UIF "SUIVS 1 %FNQTUFS "XBSE BOE QBSUJBM
mOBODJBM TVQQPSU GSPN UIF /4' 8F XPVME BMTP MJLF UP UIBOL "SUIVS 1 %FNQTUFS BOE
4UFQIFO #MZUI GPS UIFJS HFOFSPVT GFFECBDL ɥJT XPSL EFWFMPQFE GSPN UIF JOBVHVSBM XJO
OJOH TVCNJTTJPO GPS TBJE BXBSE 8F BMTP UIBOL %BWJE WBO %ZL #SBOEPO ,FMMZ /BUIBO
4UFJO "MFY %"NPVS BOE &EP "JSPMEJ GPS WBMVBCMF EJTDVTTJPOT BOE GFFECBDL BOE 4UFWFO
'JODI GPS QSPPGSFBEJOH 'JOBMMZ XF XPVME MJLF UP UIBOL PVS SFWJFXFST GPS UIFJS UIPSPVHI
BOE UIPVHIUGVM DPNNFOUT XIJDI IBWF TJHOJmDBOUMZ FOIBODFE UIJT QBQFS
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 i$I*14FR "EWBOUBHFT BOE DIBMMFOHFT PG BNBUVSJOH UFDIOPMPHZw/BUVSF
3FWJFXT (FOFUJDT (FOFU ǹǸ ǾǾȁoǾȀǸ
1FQLF 4 8PME # BOE .PSUB[BWJ " 	ǺǸǸȁ
 i$PNQVUBUJPO GPS $I*1TFR BOE 3/"TFR
TUVEJFTw /BUVSF NFUIPET Ǿ 4ǺǺoǻǺ
ǹǼǾ
1FSLJOT % / 1BQQJO % + $SFBTZ % . BOE $PUUSFMM + 4 	ǹȁȁȁ
 i1SPCBCJMJUZCBTFE
QSPUFJO JEFOUJmDBUJPO CZ TFBSDIJOH TFRVFODF EBUBCBTFT VTJOH NBTT TQFDUSPNFUSZ EBUBw
&MFDUSPQIPSFTJT ǺǸ ǻǽǽǹoǻǽǾǿ
1PMJTILP " 1POUT / -F 3PDI , ( BOE -POBSEJ 4 	ǺǸǹǺ
 i/03."- BDDVSBUF OVDMF
PTPNF QPTJUJPOJOH VTJOH B NPEJmFE (BVTTJBO NJYUVSF NPEFMw #JPJOGPSNBUJDT 	0YGPSE
&OHMBOE
 ǺȀ ǺǼǺoȁ
2VBDLFOCVTI + 	ǺǸǸǺ
 i.JDSPBSSBZ EBUB OPSNBMJ[BUJPO BOE USBOTGPSNBUJPOw/BUVSF (F
OFUJDT ǻǺ 4VQQM ǼȁǾoǽǸǹ
3BQQTJMCFS + 3ZEFS 6 -BNPOE " * BOE .BOO . 	ǺǸǸǺ
 i-BSHF4DBMF 1SPUFPNJD
"OBMZTJT PG UIF )VNBO 4QMJDFPTPNFw (FOPNF 3FTFBSDI ǹǺ ǹǺǻǹoǹǺǼǽ
3BTIJE /6 (JSFTJ 1 ( *CSBIJN +( 4VO8 BOE-JFC +% 	ǺǸǹǹ
 i;*/#" JOUFHSBUFT
MPDBM DPWBSJBUFT XJUI%/"TFR EBUB UP JEFOUJGZ CSPBE BOE OBSSPX SFHJPOT PG FOSJDINFOU
FWFO XJUIJO BNQMJmFE HFOPNJD SFHJPOTw (FOPNF CJPMPHZ ǹǺ 3Ǿǿ
3JUDIJF . & 4JMWFS + 0TIMBDL " )PMNFT . %JZBHBNB % )PMMPXBZ " BOE 4NZUI
( , 	ǺǸǸǿ
 i" DPNQBSJTPO PG CBDLHSPVOE DPSSFDUJPONFUIPET GPS UXPDPMPVSNJDSPBS
SBZTw #JPJOGPSNBUJDT Ǻǻ ǺǿǸǸoǺǿǸǿ
3VCJO % 	ǹȁǿǾ
 i*OGFSFODF BOE NJTTJOH EBUBw #JPNFUSJLB Ǿǻ ǽȀǹoǽȁǺ
3VCJO % # 	ǹȁȀǿ
.VMUJQMF *NQVUBUJPO GPS /POSFTQPOTF JO 4VSWFZT 8JMFZ
 	ǹȁȁǾ
 i.VMUJQMF JNQVUBUJPO BGUFS ǹȀ ZFBSTw +PVSOBM PG UIF "NFSJDBO 4UBUJTUJDBM "TTP
DJBUJPO ȁǹ ǼǿǻoǼȀȁ
4BWBHF - 	ǹȁǿǾ
 i0O SFSFBEJOH 3" 'JTIFSw "OOBMT PG 4UBUJTUJDT Ǽ ǼǼǹoǽǸǸ
ǹǼǿ
4DIXBSU[NBO " +BĊF " (BWSJMPW : BOE .FZFS $ " 	ǺǸǹǹ
 i.VMUJQMF 5FTUJOH PG
-PDBM .BYJNB GPS %FUFDUJPO PG 1FBLT JO $I*14FR %BUBw 
4DJHFMPWB . )PSOTIBX . (JBOOBLPQVMPT " BOE .BLBSPW " 	ǺǸǹǹ
 i'PVSJFS USBOT
GPSN NBTT TQFDUSPNFUSZw.PM $FMM 1SPUFPNJDT
4DJHFMPWB . BOE.BLBSPW " 	ǺǸǸǾ
 i0SCJUSBQNBTT BOBMZ[FSPWFSWJFX BOE BQQMJDBUJPOT
JO QSPUFPNJDTw 1SPUFPNJDT
4FHBM & 'POEVGF.JUUFOEPSG : $IFO - ɥBTUSPN " 'JFME : .PPSF * , 8BOH
+ ; BOE8JEPN + 	ǺǸǸǾ
 i" (FOPNJD $PEF GPS /VDMFPTPNF 1PTJUJPOJOHw/BUVSF ǼǺ
ǿǿǺoǿǿȀ
4IFUUZ 3 ,BVĊNBOO + 4DIOFF 4 (PPENBO " " BOE &SDPMBOP # 	ǺǸǸȁ
 iɥF FĊFDU
PG MJOFPGTJHIU UFNQFSBUVSF WBSJBUJPO BOE OPJTF PO EVTU DPOUJOVVN PCTFSWBUJPOTwɥF
"TUSPQIZTJDBM +PVSOBM ǾȁǾ ǺǺǻǼoǺǺǽǹ
4IJWBTXBNZ 4 #IJOHF " ;IBP : +POFT 4 )JSTU . BOE *ZFS 7 3 	ǺǸǸȀ
 i%ZOBNJD
SFNPEFMJOH PG JOEJWJEVBM OVDMFPTPNFT BDSPTT B FVLBSZPUJD HFOPNF JO SFTQPOTF UP USBO
TDSJQUJPOBM QFSUVSCBUJPOw 1-P4 CJPMPHZ Ǿ FǾǽ
4JMWB + $ 	ǺǸǸǽ
 i"CTPMVUF 2VBOUJmDBUJPO PG 1SPUFJOT CZ -$.4& " 7JSUVF PG 1BSBMMFM NT
"DRVJTJUJPOw.PM $FMM 1SPUFPNJDT ǽ ǹǼǼoǹǽǾ
4NZUI ( , 	ǺǸǸǽ
 i-JNNB  -JOFBS .PEFMT GPS .JDSPBSSBZ %BUBw JO #JPJOGPSNBUJDT BOE
$PNQVUBUJPOBM #JPMPHZ 4PMVUJPOT VTJOH 3 BOE #JPDPOEVDUPS FET (FOUFMNBO 3 $BSFZ 7
%VEPJU 4 *SJ[BSSZ 3 BOE )VCFS 8 4QSJOHFS OP ǺǸǸǽ QQ ǻȁǿoǼǺǸ
4UFFO ) BOE .BOO . 	ǺǸǸǼ
 iɥF "#$T 	BOE 9:;T
 PG QFQUJEF TFRVFODJOHw /BU 3FW
.PM $FMM #JPM
ǹǼȀ
4UPSFZ + BOE 5JCTIJSBOJ 3 	ǺǸǸǻ
 i4UBUJTUJDBM TJHOJmDBODF GPS HFOPNFXJEF TUVEJFTw 1SP
DFFEJOHT PG UIF /BUJPOBM "DBEFNZ PG 4DJFODFT PG UIF 6OJUFE 4UBUFT PG "NFSJDB ǹǸǸ ȁǼǼǸ
4VO 8 #VDL . + 1BUFM . BOE %BWJT * + 	ǺǸǸȁB
 i*NQSPWFE $I*1DIJQ BOBMZTJT CZ B
NJYUVSF NPEFM BQQSPBDIw #.$ CJPJOGPSNBUJDT ǹǸ ǹǿǻ
4VO 8 9JF 8 9V ' (SVOTUFJO . BOE -J ,$ 	ǺǸǸȁC
 i%JTTFDUJOH OVDMFPTPNF GSFF
SFHJPOT CZ B TFHNFOUBM TFNJ.BSLPW NPEFMw 1MP4 POF Ǽ FǼǿǺǹ
5BCC % - 7FHB.POUPUP - 3VEOJDL 1 " 7BSJZBUI " . )BN "+ - #VOL % .
,JMQBUSJDL - & #JMMIFJNFS % % #MBDLNBO 3 , $BSEBTJT ) - $BSS 4 " $MBVTFS
, 3 +BĊF + % ,PXBMTLJ , " /FVCFSU 5 " 3FHOJFS ' & 4DIJMMJOH # 5FHFMFS
5 + 8BOH . 8BOH 1 8IJUFBLFS + 3 ;JNNFSNBO - + 'JTIFS 4 + (JCTPO
# 8 ,JOTJOHFS $ 3 .FTSJ . 3PESJHVF[ ) 4UFJO 4 & 5FNQTU 1 1BVMPWJDI
" ( -JFCMFS % $ BOE 4QJFHFMNBO $ 	ǺǸǹǸ
 i3FQFBUBCJMJUZ BOE 3FQSPEVDJCJMJUZ JO
1SPUFPNJD *EFOUJmDBUJPOT CZ -JRVJE $ISPNBUPHSBQIZ¦5BOEFN .BTT 4QFDUSPNFUSZw +
1SPUFPNF 3FT
5BO " $ /BJNBO % 2 9V - 8JOTMPX 3 - BOE (FNBO % 	ǺǸǸǽ
 i4JNQMF EFDJTJPO
SVMFT GPS DMBTTJGZJOH IVNBO DBODFST GSPN HFOF FYQSFTTJPO QSPmMFTw #JPJOGPSNBUJDT Ǻǹ
ǻȀȁǾoǻȁǸǼ
ɥBLVS 4 4 (FJHFS 5 $IBUUFSKFF # #BOEJMMB 1 'SPFIMJDI ' $PY + BOE .BOO
. 	ǺǸǹǹ
 i%FFQ BOE IJHIMZ TFOTJUJWF QSPUFPNF DPWFSBHF CZ -$.4.4 XJUIPVU QSF
GSBDUJPOBUJPOw.PM $FMM 1SPUFPNJDT
5JSPTI * 	ǺǸǹǺ
 i$PNQVUBUJPOBM BOBMZTJT PG OVDMFPTPNF QPTJUJPOJOHw.FUIPET JO NPMFD
VMBS CJPMPHZ 	$MJGUPO /+
 Ȁǻǻ ǼǼǻoȁ
ǹǼȁ
5TBOLPW ".ɥPNQTPO % " 4PDIB " 3FHFW " BOE 3BOEP 0 + 	ǺǸǹǸ
 iɥF SPMF PG
OVDMFPTPNF QPTJUJPOJOH JO UIF FWPMVUJPO PG HFOF SFHVMBUJPOw 1-P4 CJPMPHZ Ȁ FǹǸǸǸǼǹǼ
5VTIFS 7 ( 5JCTIJSBOJ 3 BOE $IV ( 	ǺǸǸǹ
 i4JHOJmDBODF BOBMZTJT PG NJDSPBSSBZT BQ
QMJFE UP UIF JPOJ[JOH SBEJBUJPO SFTQPOTFw 1SPDFFEJOHT PG UIF /BUJPOBM "DBEFNZ PG 4DJFODFT
PG UIF 6OJUFE 4UBUFT PG "NFSJDB ȁȀ ǽǹǹǾoǽǹǺǹ
WBO %ZL % $POOPST " &TDI % 'SFFNBO 1 ,BOH ) ,BSPWTLB . ,BTIZBQ 7
4JFNJHJOPXTLB " BOE ;F[BT " 	ǺǸǸǾ
 i%FDPOWPMVUJPO JO IJHIFOFSHZ BTUSPQIZTJDT
4DJFODF JOTUSVNFOUBUJPO BOE NFUIPETw #BZFTJBO "OBMZTJT ǹ ǹȀȁoǺǻǾ
8FJOFS " )VHIFT " :BTTPVS . 3BOEP 0 + BOE 'SJFENBO / 	ǺǸǹǸ
 i)JHI
SFTPMVUJPO OVDMFPTPNFNBQQJOH SFWFBMT USBOTDSJQUJPOEFQFOEFOU QSPNPUFS QBDLBHJOHw
(FOPNF SFTFBSDI ǺǸ ȁǸoǹǸǸ
8FJTT . 4DISJNQG 4 )FOHBSUOFS . 0 -FSDIFS . + BOE WPO .FSJOH $ 	ǺǸǹǸ

i4IPUHVO QSPUFPNJDT EBUB GSPN NVMUJQMF PSHBOJTNT SFWFBMT SFNBSLBCMF RVBOUJUBUJWF
DPOTFSWBUJPO PG UIF FVLBSZPUJD DPSF QSPUFPNFw 1SPUFPNJDT
9JF 9 BOE .FOH 9- 	ǺǸǹǺ
 i&YQMPSJOH NVMUJQBSUZ JOGFSFODFT XIBU IBQQFOT XIFO
UIFSF BSF UISFF VODPOHFOJBM NPEFMT JOWPMWFE w 4VCNJUUFE
9JF : 8BOH 9 BOE 4UPSZ . 	ǺǸǸȁ
 i4UBUJTUJDBM NFUIPET PG CBDLHSPVOE DPSSFDUJPO GPS
*MMVNJOB #FBE"SSBZ EBUBw #JPJOGPSNBUJDT Ǻǽ ǿǽǹoǿǽǿ
:BTTPVS. ,BQMBO 5 +BJNPWJDI " BOE 'SJFENBO / 	ǺǸǸȀ
 i/VDMFPTPNF1PTJUJPOJOH
GSPN 5JMJOH .JDSPBSSBZ %BUBw #JPJOGPSNBUJDT ǺǼ ǺǼ JǹǻȁoǹǼǾ
:VBO ($ BOE -JV + 4 	ǺǸǸȀ
 i(FOPNJD TFRVFODF JT IJHIMZ QSFEJDUJWF PG MPDBM OVDMFP
TPNF EFQMFUJPOw 1-P4 DPNQVUBUJPOBM CJPMPHZ Ǽ Fǹǻ
ǹǽǸ
:VBO ($ -JV :+ %JPO . ' 4MBDL . % 8V - ' "MUTDIVMFS 4 + BOE 3BOEP 0 +
	ǺǸǸǽ
 i(FOPNFTDBMF JEFOUJmDBUJPO PG OVDMFPTPNF QPTJUJPOT JO 4 DFSFWJTJBFw 4DJFODF
ǻǸȁ ǾǺǾoǻǸ
;IBOH 9 3PCFSUTPO ( 8PP 4 )PĊNBO # ( BOE (PUUBSEP 3 	ǺǸǹǺ
 i1SPCBCJMJTUJD
JOGFSFODF GPS OVDMFPTPNF QPTJUJPOJOH XJUI ./BTFCBTFE PS TPOJDBUFE TIPSUSFBE EBUBw
1MP4 POF ǿ FǻǺǸȁǽ
;IBOH : -JV 5 .FZFS $ B &FDLIPVUF + +PIOTPO % 4 #FSOTUFJO # & /VTCBVN
$ .ZFST 3 . #SPXO . -J 8 BOE -JV 9 4 	ǺǸǸȀ
 i.PEFMCBTFE BOBMZTJT PG
$I*14FR 	."$4
w (FOPNF CJPMPHZ ȁ 3ǹǻǿ
;IPV 9 #MPDLFS " 8 "JSPMEJ & . BOE 04IFB & , 	ǺǸǹǺ
 i" HFOPNFXJEF BOBMZTJT
PG DISPNBUJOF SFNPEFMJOH BGUFS QIPTQIBUF TUBSWBUJPOw .BOVTDSJQU
;IV $ #ZSE 3 ) -V 1 BOE /PDFEBM + 	ǹȁȁǿ
 i"MHPSJUIN ǿǿȀ -#'(4# 'PSUSBO
TVCSPVUJOFT GPS MBSHFTDBMF CPVOEDPOTUSBJOFE PQUJNJ[BUJPOw "$.5SBOT .BUI 4PGUX
Ǻǻ ǽǽǸoǽǾǸ
ǹǽǹ
AǹǽǺ
4VQQMFNFOUBM BMHPSJUINT BOE mHVSFT GPS
i5FNQMBUFCBTFE FTUJNBUJPO PG HFOPNFXJEF
OVDMFPTPNF QPTJUJPOJOH WJB EJTUSJCVUFE ).$w
"ǹ "ĝĘĠģĚĥęĞĚĔ ĕĖĥĒĚĝĤ Ġė ĚğėĖģĖğĔĖ
"ǹǹ %ĚĤĥģĚēĦĥĖĕ ).$ ĤĒĞġĝĖģ
3FDBMM UIBU UIF NPEFM TQFDJmFE JO 4FDUJPO Ǻ JT
ZL|λL ∼ 1PJTTPO (λL) 	"ǹ

λ(/×ð) ≡ 9(/×(/−!ï)) β((/−!ï)×ð), 	"Ǻ

βL > ï GPS L = $&ï/ñ%+ ð . . ./− $&ï/ñ%
MPH βL ∼ /PSNBM (TL , σñTL) 	"ǻ

HJWFO B TFHNFOUBUJPO GVODUJPO T : {ð . . ./} → {ð . . . 4} XIJDI NBQT UIF / CBTF QBJS
MPDBUJPOT UP 4 SFHJPOT JO XIJDI DPFċDJFOUT βL DBO CF BTTVNFE UP CF JEFOUJDBMMZ EJTUSJCVUFE
9 TQFDJmFT UIF DPOUSJCVUJPO PG B OVDMFPTPNF QPTJUJPOFE BU CBTF QBJS L UP UIF FYQFDUFE
OVNCFS PG SFBET BU CBTF QBJS N EVF UP EJHFTUJPO WBSJBCJMJUZ BOE T(L) JT EFOPUFE BT TL GPS
ǹǽǻ
DPNQBDUOFTT ɥJT TQFDJmDBUJPO JT DPNQMFUFE XJUI JOEFQFOEFOU QSJPST PO FBDI (T, σñT )
σñT ∼ *OW(BNNB(αï, γï) , 	"Ǽ

T|σñT ∼ /(ï,
σñT
OTτï
) , 	"ǽ

XIFSF OT JT UIF MFOHUI PG TFHNFOU T
0VS .$.$ TBNQMFS BMUFSOBUFT CFUXFFO UXP DPOEJUJPOBM VQEBUFT
ǹ %SBX (!(S),!σñ (S))|!β(S−ð) EJSFDUMZ UIFO
Ǻ 6QEBUF !β(S)|(!(S),!σñ (S)) WJB B EJTUSJCVUFE ).$ TUFQ
ɥF GPSNFS JT B TUBOEBSE DPOKVHBUF ESBX XIJMF UIF MBUUFS JT EPOF WJB B EJTUSJCVUFE WFSTJPO
PG UIF TUBOEBSE )BNJMUPOJBO .POUF $BSMP 	).$
 SPVUJOF
)ĪġĖģġĒģĒĞĖĥĖģ ĦġĕĒĥĖĤ
*O EFUBJM TUFQ ǹ DPOTJTUT PG UIF GPMMPXJOH ESBXT GPS FBDI (T, σñT ) EFmOJOH !θ = MPH !β
σñ (S)T |!β(S−ð) ∼ *OW(BNNB
(
OT
ñ
+ αï,
ð
ñ
∑
L:TL=T
(θ(S−ð)L − θ¯(S−ð)T )ñ 	"Ǿ

+
τïOT
ñ(ð+ τï)
(θ¯(S−ð)T − ï)ñ + γï
)
,
(S)T |σñ (S)T , !β(S−ð) ∼ /
(
θ¯(S−ð)T + τïï
ð+ τï
,
σñ (S)T
OT(ð+ τï)
)
, 	"ǿ

XIFSF θ¯(S−ð)T = ðOT
∑
L:TL=T θ
(S−ð)
L  ɥFTF BSF TUBOEBSE DPOKVHBUF VQEBUFT BOE IBWF DPNQVUB
UJPOBM BOE NFNPSZ DPNQMFYJUZ 0(/)
ǹǽǼ
%ĚĤĥģĚēĦĥĖĕ ).$ ĦġĕĒĥĖ ėĠģ !β
ɥF ESBXT JO TUFQ Ǻ QSPDFFE JO UXP TUBHFT VTJOH UXP QBSUJUJPOT PG !β ɥF mSTU TUBSUT BU UIF
CFHJOOJOH PG !β BOE QSPDFFET GPSXBSE XJUI TVCWFDUPST PG MFOHUI BUNPTU # TFQBSBUFE CZ ñX
ZJFMEJOH
%ð = !β[ð:#], !β[#+ñX+ð:ñ#+ñX], . . . , !β[OC(#+ñX)+ð:/] , 	"Ȁ

%ñ = !β[#/ñ+ð:ò#/ñ], !β[ò#/ñ+ñX+ð:ô#/ñ+ñX], . . . , !β[OC(#+ñX)#/ñ+ð:/] . 	"ȁ

ɥF TVCWFDUPST XJUIJO FBDI QBSUJUJPO BSF DPOEJUJPOBMMZJOEFQFOEFOU HJWFO UIF (!,!σñ) BOE
UIF FOUSJFT PG !β TFQBSBUJOH UIFN )FODF XF DBO VQEBUF UIFN JO QBSBMMFM BDSPTT NVMUJQMF
QSPDFTTPST ɥF CBTJD TUSVDUVSF PG UIFTF VQEBUFT GPMMPXT "MHPSJUIN Ǽ
ɥF JOEJWJEVBM XPSLFSMFWFM ).$ VQEBUFT BSF EPOF PO !θ = MPH !β BOE GPMMPX UIF TUBO
EBSE MFBQGSPHCBTFE ).$ QSPDFEVSF PVUMJOFE JO /FBM 	ǺǸǹǸ
 5P DPNQVUF UIFTF ).$ VQ
EBUFT XF SFRVJSF UIF MPHQPTUFSJPS EFOTJUZ PG FBDI TVCWFDUPS PG !θ BOE JUT HSBEJFOU 'JSTU
EFmOF !λ = 9!β !N = (TL GPS L = ð, . . . ,/)
* BOE !W = (σñTL GPS L = ð, . . . ,/)
* "MTP
GPS WFDUPST PG FRVBM EJNFOTJPO MFU / EFOPUF FOUSZXJTF EJWJTJPO BOE ∗∗ EFOPUF FOUSZXJTF
QPXFST ɥFO
MPH Q(!θ|!,!σñ) = −!ð*9!β +
∑
L
ZL MPH
(
!Y5L !β
)
	"ǹǸ

− ð
ñ
∑
L
(θL − TL)ñ
σñTL
+ DPOTU ,
∇,θ MPH Q(!θ|!,!σñ) = −EJBH
(
!β
)
9*(!ð−!Z/!λ)− (!θ − !N)/!W , 	"ǹǹ

∇,θ∇,θ# MPH Q(!θ|!,!σñ) = −EJBH
(
!β
)
9′89EJBH
(
!β
)
	"ǹǺ

− EJBH
(
!β
)
9′(!ð−!Z/!λ)− EJBH (!ð/!σñ) ,
ǹǽǽ
%JTUSJCVUFE ).$ VQEBUF
f a2M/ +QM/BiBQMBM; BM7Q`KiBQM  f
#SPBEDBTU !(U−ð) BOE !σñ (U−ð) UP BMM XPSLFST 
GPS PĊTFU JO 	Ǹ #/ñ

f a2M/ 7B`bi `QmM/ Q7 DQ#b iQ rQ`F2`b  f
GPS X JO `M;2UNJO	O8PSLFST O#MPDLT
V
TUBSU = NBY(ï, (X− ð)(#+ ñX)− ñX+ PĊTFU) + ð
FOE = NJO(/,X(#+ ñX) + ñX+ PĊTFU)
4FOE !θ[TUBSU : FOE] UP XPSLFS QSPDFTT X XJUI XPSL UBH BUUBDIFE 
JG MFO	TUBSU7FD
< O8PSLFST
1BVTF SFNBJOJOH XPSLFST 
f *QHH2+i `2bmHib  f
4FU O$PNQMFUF  Ǹ O4UBSUFE  NJO	O8PSLFST O#MPDLT

XIJMF O$PNQMFUF< O#MPDLT
3FDFJWF SFTVMU !θ[TUBSU : FOE] GSPN BSCJUSBSZ XPSLFS XJUI UBH Cð 
*ODPSQPSBUF SFTVMU JOUP XPSLJOH DPQZ PG !θ(U) 
O$PNQMFUF 
JG O4UBSUFE< O#MPDLT
f a2M/ //BiBQMH DQ#b b M22/2/  f
X = O4UBSUFE+ ð
TUBSU = NBY(ï, (X− ð)(#+ ñX)− ñX+ PĊTFU) + ð
FOE = NJO(/,X(#+ ñX) + ñX+ PĊTFU)
4FOE !θ[TUBSU : FOE] UP MBTU DPNQMFUFE XPSLFS QSPDFTT XJUI XPSL UBH BUUBDIFE
O4UBSUFE
mOUR
"MHPSJUIN Ǽ %JTUSJCVUFE ).$ VQEBUF
ǹǽǾ
XIFSF8 = EJBH
(
!Z/!λñ
)
 %VF UP UIF DPOWPMVUJPO TUSVDUVSF PG 9 BMM NBUSJYWFDUPS QSPE
VDUT JOWPMWJOH9 BOE9* DBO CF SFEVDFE UP DPOWPMVUJPOT PG WFDUPSTXJUI UIF UFNQMBUF WFDUPS
!U ɥJT BMTP FOBCMFT FċDJFOU DPNQVUBUJPO PG UIF )FTTJBOT EJBHPOBM BT
!λ = 9!β = (!ï*#!ï/ñ$ !β
* !ï*#!ï/ñ$)
* ∗!U 	"ǹǻ

9*(!ð− Z/!λ) = (!ð− Z/!λ) ∗!U , 	"ǹǼ

EJBH (9′89) = (!Z/!λñ) ∗!Uñ . 	"ǹǽ

ɥJT SFEVDFT UIF DPNQVUBUJPOBM DPNQMFYJUZ PG UIFTF FWBMVBUJPOT UP0(# MPH#) GPS FBDI VQ
EBUF PG FBDI TVCWFDUPS PG !β 0VS CMPDLMFWFM ).$ TUFQT BSF EFUBJMFE JO "MHPSJUIN ǽ *O
QSBDUJDF XF mY 4NJO = ï.ïïð 4NBY = ï.ð BOE - = ðïï 8F BMTP VTF B mYFE EJBHPOBM
NBTT NBUSJY BMUIPVHI UIF BMHPSJUIN DBO BDDPNNPEBUF FTUJNBUJOH JU BU FWFSZ JUFSBUJPO JG
OFFEFE )PXFWFS UP NBJOUBJO UIF 0(# MPH#) TDBMJOH PG PVS BMHPSJUINT DPNQMFYJUZ XJUI
CMPDL TJ[F.NVTU SFNBJO EJBHPOBM *G OPOEJBHPOBM. JT VTFE BOEPS FTUJNBUFE PVS).$
VQEBUF JOTUFBE TDBMFT BT0(#ñ) *O FJUIFS DBTF UIF PWFSBMM BMHPSJUIN TDBMFT0(/) GPS HJWFO B
mYFE CMPDL TJ[F # .FNPSZ SFRVJSFNFOUT BSF0(/) GPS UIF NBTUFS QSPDFTT SVOOJOH UIF IZ
QFSQBSBNFUFS ESBXT BOE DPPSEJOBUJOH UIF EJTUSJCVUFE ).$ VQEBUFT &BDI XPSLFS QSPDFTT
SFRVJSFT 0(# MPH#) NFNPSZ UP SVO UIF EJTUSJCVUFE ).$ VQEBUFT GPS EJBHPOBM . XIJMF
VTJOH B OPOEJBHPOBM NBTT NBUSJY. SFRVJSFT 0(#ñ)NFNPSZ QFS XPSLFS
"ǹǺ "ġġģĠĩĚĞĒĥĖ &. ĒĝĘĠģĚĥęĞ
8F EFWFMPQ BO BQQSPYJNBUF &. BMHPSJUIN CBTFE PO B (BVTTJBO BQQSPYJNBUJPO PG UIF
DPOEJUJPOBM QPTUFSJPS PG !θ BT UP PCUBJO TUBSUJOH WBMVFT GPS UIF .$.$ TBNQMFS HJWFO JO
"ǹǹ *U QSPWJEFT B IJHIRVBMJUZ JOJUJBMJ[BUJPO GPS !β ! BOE !σñ 4JNQMFS JOJUJBMJ[BUJPOT
BSF QPTTJCMF CVU PCUBJOJOH IJHIRVBMJUZ JOJUJBM FTUJNBUFT DBO HSFBUMZ SFEVDF UIF OVNCFS PG
ǹǽǿ
%BUB 5SBKFDUPSZ MFOHUI - ! !σñ !θ[TUBSU : FOE] 4NJO 4NBY CMPDL TUBSU C UFNQMBUF!U
DISPNPTPNF MFOHUI /
f am#b2i !θ[TUBSU : FOE] iQ "@H2M;i? bm#p2+iQ` iQ mT/i2 M/ #m772`b  f
!˜θ = !θ[C : NJO(C+ #− ð,/)]
!˜θï =
!˜θ!θ = (!θ[TUBSU : C], !θ[NJO(C+ #− ð,/) : FOE])
%SBX TUFQ TJ[F 4 ∼ 6OJG[4NJO, 4NBY]
f PTiBQMHHv 2biBKi2 Kbb Ki`Bt 7`QK >2bbBMc /27mHi Bb
B/2MiBiv  f
JG &TUJNBUJOH NBTT NBUSJY
.BYJNJ[F MPH DPOEJUJPOBM QPTUFSJPS UP PCUBJO!ˆθ
. = −∇,˜θ∇,ˆθ# MPH Q(
!ˆθ|!,!σñ,!θ)
JG 6TJOH EJBHPOBM NBTT NBUSJY
. = EJBH (.)
FMTF
. = *FOE−TUBSU
f .`r KQK2MimK  f
%SBX!Q ∼ /(!ï,.)
!Qï = !Q
f _mM H2T7`Q; BMi2;`iBQM  f
!Q+ = 4∇,˜θ MPH Q(
!˜θ|!,!σñ,!θ)/ñ
GPS J JO `M;2U-V
!˜θ+ = 4.−ðQ
JG J < -− ð
!Q+ = 4∇,˜θ MPH Q(
!˜θ|!,!σñ,!θ)
!Q+ = 4∇,˜θ MPH Q(
!˜θ|!,!σñ,!θ)/ñ
f J2i`QTQHBb@>biBM;b bi2T iQ +Q``2+i 7Q` BMi2;`iBQM 2``Q`b  f
MPH S = MPH Q(!˜θ|!,!σñ,!θ)− MPH Q(!˜θï|!,!σñ,!θ)− ð/ñ(!Q*.−ð!Q−!Q*ï.−ð!Qï)
%SBX V 6OJG[ï, ð]
JG V ≤ S
SFUVSO (!˜θ, ð)  f ++2Ti mT/i2  f
FMTF
SFUVSO (!˜θï, ï)  f _2D2+i mT/i2  f
"MHPSJUIN ǽ8PSLFSMFWFM ).$ VQEBUF
ǹǽȀ
.$.$ JUFSBUJPOT SFRVJSFE GPS SFMJBCMF JOGFSFODFT
$ęĠĚĔĖ ĚğĚĥĚĒĝ ĖĤĥĚĞĒĥĠģ
8F VTF θˆL = &
[
θL|!Z, ˆTL , σˆñTL
]
BT BO JOJUJBM QPJOU FTUJNBUF PG θL ɥF EJTUSJCVUFE ).$ TBN
QMFS QSFTFOUFE JO 4FDUJPO "ǹǹ ZJFMET JOGPSNBUJPO PO UIF DPNQMFUF NBSHJOBM QPTUFSJPS PG
!θ WJB TJNVMBUJPO CVU HJWFO UIF TDBMF PG UIJT QSPCMFN BO PQUJNJ[BUJPOCBTFE BQQSPBDI JT
VTFGVM BT B GBTU JOJUJBMJ[BUJPONFUIPE ɥF BQQSPYJNBUF &. BMHPSJUIN EFTDSJCFE JO 4FDUJPO
"ǹǺ QSPWJEFT CPUI BQQSPYJNBUFNBSHJOBM."1 FTUJNBUFT PG UIF QBSBNFUFST! BOE !σñ BOE
FTUJNBUFT PG UIF UBSHFU DPOEJUJPOBM FYQFDUBUJPOT θˆL
"ġġģĠĩĚĞĒĥĖ &. ĒĝĘĠģĚĥęĞ ħĚĒ -ĒġĝĒĔĖ ĒġġģĠĩĚĞĒĥĚĠğ
8F JNQMFNFOU BO BQQSPYJNBUF &. BMHPSJUIN UP QSPWJEF JOJUJBM FTUJNBUFT PG (!θ,!,!σ) *O
UIF &TUFQ XF CVJME BO BQQSPYJNBUJPO PG UIF DPOEJUJPOBM QPTUFSJPS PG !θ HJWFO (!Z, !ˆ, !ˆσñ) UP
FTUJNBUF UIF 2 GVODUJPO EFUBJMFE CFMPX ɥF .TUFQ VQEBUFT UIF FTUJNBUFT PG ! BOE !σñ
UPXBSE UIF NBSHJOBM QPTUFSJPS NPEF PG Q(!,!σñ|!Z)
"ġġģĠĩĚĞĒĥĖ &ĤĥĖġ *O UIF &TUFQ UIF PCKFDUJWF JT UP DPNQVUF
2U(!,!σñ) = &
[
MPH Q(!θ,!,!σñ|!Z)|!Z,!(S−ð),!σñ (S−ð)
]
. 	"ǹǾ

ǹǽȁ
ɥF MPH KPJOU QPTUFSJPS GPS (!,!σñ, !θ) JT HJWFO CZ
MPH Q(!θ,!,!σñ|!Z,!T, τï) = −
∑
L
!Y5LβL +
∑
L
ZL MPH
(
!Y5LβL
)
	"ǹǿ

−ð
ñ
∑
L
MPHσñTL −
ð
ñ
∑
L
(θL − TL)ñ
σñTL
−ð
ñ
∑
T
MPH
(
σñT
OTτï
)
− ð
ñ
∑
T
(T − ï)ñ
σñT/OTτï
−
∑
T
MPH σñT + DPOTU.
ɥVT XF DBO XSJUF UIF SFMFWBOU QPSUJPO PG UIF FYQFDUFE MPH DPOEJUJPOBM QPTUFSJPS GPS !θ
HJWFO {TL , σñTL} BT
2U(!,!σñ) = −ðñ
∑
L
MPHσñTL −
ð
ñ
∑
L
(θˆL − TL)ñ
σñTL
− ð
ñ
∑
L
7ˆL
σñTL
	"ǹȀ

−ð
ñ
∑
T
MPH
(
σñT
OTτï
)
− ð
ñ
∑
T
(T − ï)ñ
σñT/OTτï
−
∑
T
MPHσñT .
XIFSF θˆL = &[θL|!(U−ð),!σñ(U−ð)] BOE 7ˆL = 7BS[θL|!(U−ð),!σñ(U−ð)]
8IJMF UIF DPOEJUJPOBM QPTUFSJPS Q(!θ|!Z,!,!σñ) JT BWBJMBCMF JO DMPTF GPSN UIF OFDFTTBSZ FY
QFDUBUJPOT θˆL BOE WBSJBODFT 7ˆL BSF OPU )PXFWFS VOEFS UIF QSPQPTFE MPH/PSNBM1PJTTPO
NPEFM TUSVDUVSF UIF VOJWBSJBUF DPOEJUJPOBM QPTUFSJPST PG θL HJWFO {TL , σñTL} BSF VOJNPEBM
MPHDPODBWF OFBSMZ TZNNFUSJD BOE IBWF UBJMT UIBU HP UP [FSP BT FYQ(−DθñL) ɥVT UIFTF
DPOEJUJPOBM QPTUFSJPST BSF OFBSMZ (BVTTJBO BOE B -BQMBDF BQQSPYJNBUJPO JT BQQSPQSJBUF
5P DPNQVUF UIF -BQMBDF BQQSPYJNBUJPO XF mSTU mOE UIF QPTUFSJPS NPEF PG θL HJWFO
(!(S−ð),!σñ (S−ð)) ɥJT BNPVOUT UP NBYJNJ[JOH
H(!θ) = −
∑
L
!Y5LβL +
∑
L
ZL MPH
(
!Y5LβL
)− ð
ñ
∑
L
(θL − TL)ñ
σñTL
	"ǹȁ

ǹǾǸ
XJUI SFTQFDU UP !θ ɥJT NPEF JT OPU BWBJMBCMF JO DMPTFE GPSN CVU UIF HJWFO PCKFDUJWF GVOD
UJPO JT DPODBWF BOE IBT B DPOUJOVPVT HSBEJFOU TP OVNFSJDBM PQUJNJ[BUJPO JT GFBTJCMF
ɥF -BQMBDF BQQSPYJNBUJPO UIFO DPOTJTUT PG TVCTUJUVUJOH B (BVTTJBO EJTUSJCVUJPO XJUI
NFBO!ˆθU FRVBM UP UIF NPEF PG H BOE WBSJBODF 7ˆL = −EJBH ()−ð)L GPS UIF DPOEJUJPOBM QPT
UFSJPS Q(θL|!Z, TL , σñTL)
.ĤĥĖġ ɥF .TUFQ DPOTJTUT PG NBYJNJ[JOH 2U(!,!σñ) XJUI SFTQFDU UP TL BOE σ
ñ
TL  8F
PCUBJO UXP TJNQMF DMPTFEGPSN TPMVUJPOT TVNNBSJ[FE JO &RVBUJPOT "ǺǸ BOE "Ǻǹ
ˆT =
ð
ð+ τï
( ð
OT
∑
L:TL=T
θˆL
)
+
τï
ð+ τï
ï 	"ǺǸ

σˆñT =
ð
OT
∑
L:TL=T(θˆL − ˆT)ñ + ðOT
∑
L:TL=T 7ˆL + τï(ˆT − ï)ñ
ð+ τï + ñ/OT
	"Ǻǹ

ɥF UFSN 7ˆL EJĊFSFOUJBUFT UIF.TUFQ VQEBUF PG σT GSPN UIF VQEBUF PCUBJOFE GSPN KPJOU
NBYJNJ[BUJPO PG UIF MPHQPTUFSJPS ɥF KPJOU NPEF PG UIJT MPHQPTUFSJPS JT SFBDIFE BU !σñ =
!ï BOE θL = TL ∀L BT UIFTF WBMVFT XPVME BMMPX UIF KPJOU MPHQPTUFSJPS EFOTJUZ UP JODSFBTF
XJUIPVU CPVOE "MHPSJUINJDBMMZ UIF 7ˆL UFSN JOUSPEVDFE CZ UIF &. BMHPSJUIN QSFWFOUT σˆñ
GSPN DPMMBQTJOH UP ï QSPWJEJOH OPOEFHFOFSBUF JOGFSFODFT
%ĚĤĥģĚēĦĥĖĕ ĒġġģĠĩĚĞĒĥĖ &ĤĥĖġ
8FVTF UIF DPOEJUJPOBM JOEFQFOEFODF TUSVDUVSF PG !β HJWFO (!,!σñ) BOE QBSUJUJPOT EJTDVTTFE
JO 4FDUJPO "ǹǹ UP EJTUSJCVUF PVS BQQSPYJNBUF &TUFQ BDSPTT NVMUJQMF QSPDFTTPST (JWFO
FBDI QBSUJUJPO PG !θ XF VQEBUF UIF -BQMBDF BQQSPYJNBUJPOT JO QBSBMMFM CZ mOEJOH UIFNPEF
PG UIF DPOEJUJPOBM QPTUFSJPS TVCWFDUPSCZTVCWFDUPS ɥF PWFSBMM BMHPSJUIN JT CMPDLXJTF
DPPSEJOBUF BTDFOU XJUIJO FBDI BQQSPYJNBUF &TUFQ XJUI FBDI &TUFQ DPOTJTUJOH PG JUFSBUJWF
NBYJNJ[BUJPO PG MPH Q(!θ|!Z,!,!σñ) VTJOH EJĊFSFOU TVCTFUT PG !θ 	DPSSFTQPOEJOH UP EJĊFSFOU
CMPDLT
 JO FBDI JUFSBUJPO ɥJT DPOWFSHFT UP UIF NBYJNVN PG H(!θ) HJWFO !(S−ð) BOE !σñ (S−ð)
ǹǾǹ
ɥF BQQSPYJNBUF &TUFQ DPOTJEFST FBDI CMPDL JO FBDI PG UIF GPVS DPOmHVSBUJPOT EVS
JOH POF JUFSBUJPO .PSF EFUBJMT BSF HJWF JO 4FDUJPO "ǹǺ 8JUIJO FBDI CMPDL Nð : Nñ XF
NBYJNJ[F MPH Q(!θNð:Nñ |!Z,!,!σñ, !θ−(Nð:Nñ)) OVNFSJDBMMZ WJB -#'(4# PS B USVODBUFE /FXUPO
BMHPSJUIN 	;IV FU BM ǹȁȁǿ /BTI ǺǸǸǸ
 UIF MBUUFS JT UZQJDBMMZ NPSF FċDJFOU JO UIJT BQQMJ
DBUJPO 8F DBSSZ PVU UIJT NBYJNJ[BUJPO EJSFDUMZ BWPJEJOH UIF EBUB BVHNFOUBUJPO UZQJDBMMZ
VTFE JO BEEJUJWF 1PJTTPONPEFMT PG UIJT UZQF 	FH WBO%ZL FU BM ǺǸǸǾ
 4VDI EBUB BVHNFO
UBUJPO XPVME SFRVJSF TUPSJOH BOE DPNQVUJOH BU MFBTU (ñX + ð)/ BEEJUJPOBM WBSJBCMFT QSP
WJEF TMPXFS DPOWFSHFODF BOE TMPX UIF PWFSBMM DPNQVUBUJPO TVCTUBOUJBMMZ #Z DPOUSPMMJOH
UIF TJ[F PG UIF CMPDLT XF DBO LFFQ UIF TDBMF PG FBDI PQUJNJ[BUJPO QSPCMFN TNBMM FOPVHI
UIBU EJSFDU OVNFSJDBM NBYJNJ[BUJPO PG UIFTF DPOEJUJPOBM QPTUFSJPST JT OPU B MJNJUJOH GBDUPS
GPS UIF BMHPSJUIN 	MFTT UIBO ǹǸǸNT UZQJDBMMZ

8F DPNQVUF UIF )FTTJBO PG UIF DPOEJUJPOBM MPHQPTUFSJPS MPH Q(!θ|!Z,!,!σñ) BGUFS FBDI
DPNQMFUF TDBO UISPVHI UIF QBSUJUJPOT DPNQMFUJOH UIF BQQSPYJNBUF &TUFQ BOE QSPWJE
JOH UIF JOGPSNBUJPO OFDFTTBSZ GPS PVS .TUFQ ɥF )FTTJBO JT TQBSTF CVU JUT JOWFSTJPO
JT DPNQVUBUJPOBMMZJOUFOTJWF FWFO XJUI NPEFSO TQBSTFNBUSJY TPMWFST ɥVT XF UZQJDBMMZ
VTF B EJBHPOBM BQQSPYJNBUJPO UP UIF )FTTJBO ɥF EJBHPOBM BQQSPYJNBUJPO XPSLT XFMM JO
PVS TFUUJOH FWFO UIPVHI POF XPVME FYQFDU UIF TUSPOH MPDBM EFQFOEFODF HFOFSBUFE CZ UIF
EJHFTUJPO NBUSJY UP QSPEVDF B )FTTJBO XJUI MBSHF PĊEJBHPOBM FMFNFOUT )PXFWFS EVF UP
UIF VTF PG FYDIBOHFBCMF MPDBM SFHVMBSJ[BUJPO UIF)FTTJBO JT UZQJDBMMZ EJBHPOBMMZEPNJOBOU
ɥF EJBHPOBM BQQSPYJNBUJPO JT RVJUF BDDVSBUF XF PCTFSWFE GFX EJĊFSFODFT UP Ǻǻ TJHOJm
DBOU EJHJUT JO DPNQBSJTPOT PG UIF FTUJNBUFE )FTTJBO BOE JUT JOWFSTF PO TNBMM QPSUJPOT PG
UIF HFOPNF 	TJOHMF 03'T XJUI QSPNPUFST BQQSPYJNBUFMZ ǹǸǸǸ UP ǹǸǸǸǸCQ JO MFOHUI

8F MBZ PVU UIF PWFSBMM TUSVDUVSF PG UIJT BQQSPYJNBUF &. BMHPSJUIN JO "MHPSJUIN Ǿ
ǹǾǺ
0VUMJOF PG "QQSPYJNBUF &. "MHPSJUIN
XIJMF OPU DPOWFSHFE
f 1@bi2T  f
GPS 1BSUJUJPO JO (%ð,%ñ)
6QEBUF !ˆθ WJB OVNFSJDBM NBYJNJ[BUJPO PG H(!θ) XJUIJO FBDI TVCWFDUPS
"QQSPYJNBUF 7BS
[
θL|!Z, TL , σñTL
]
CZ JOWFSUJOH )FTTJBO PG Q(!θ|!Z,!,!σñ)
f J@bi2T  f
6QEBUF ! BOE !σñ BT NBYJNJ[FST PG &
[
Q(!θ,!,!σñ|!Z,!T, τï)|!(U−ð),!σñ(U−ð),!T,!τï
]
mOUR
"MHPSJUIN Ǿ "QQSPYJNBUF &. "MHPSJUIN
"ĝĘĠģĚĥęĞĚĔ ĕĖĥĒĚĝĤ
ɥF BMHPSJUIN PVUMJOFE JO 4FDUJPO "ǹǺ DBO CF JNQMFNFOUFE PO EJTUSJCVUFE TZTUFNT XJUI
.1* VTJOH UIF TBNF UFDIOJRVFT BT UIF .$.$ BMHPSJUIN QSFTFOUFE JO 4FDUJPO "ǹǹ %VF
UP UIF VTF PG B RVBTJ/FXUPO PQUJNJ[BUJPO BMHPSJUINXJUIJO FBDI XPSLFST BQQSPYJNBUF &
TUFQ JUT DPNQVUBUJPOBM DPNQMFYJUZ TDBMFT 0(#ñ) GPS FBDI TVDI VQEBUF )PXFWFS JU TDBMFT
0(/) JO UIF MFOHUI PG HFOPNF HJWFO B mYFE CMPDL TJ[F # .FNPSZ SFRVJSFNFOUT BSF 0(/)
GPS UIF NBTUFS QSPDFTT SVOOJOH UIF .TUFQ BOE DPPSEJOBUJOH UIF BQQSPYJNBUF &TUFQ BOE
0(#ñ) 	JOEFQFOEFOU PG /
 GPS UIF XPSLFS QSPDFTTFT SVOOJOH UIF BQQSPYJNBUF &TUFQ VQ
EBUFT 8F MBZ PVU UIF EFUBJMT PG UIJT QBSBMMFM BQQSPYJNBUF &TUFQ JO "MHPSJUIN ǿ
8F UIJT BMHPSJUIN QSPDFTT B DISPNPTPNFXJUI ð.ôFõ CBTF QBJST JO POMZ ǹǹNJOVUFT VTJOH
ǺǽǾ UISFBET PO "NB[PO &$Ǻ B DISPNPTPNF XJUI ñ.óFô CBTF QBJST SFRVJSFT POMZ ǹ NJOVUF
ɥJTNFUIPEXJMM FBTJMZ TDBMF UP HFOPNFT PG GBS HSFBUFS TJ[F 	FH NJDF
 XJUI UIJT EJTUSJCVUFE
TUSVDUVSF FTQFDJBMMZ VTJOH SFTPVSDFT TVDI BT &$Ǻ ɥF POFUPPOF TVCTUJUVUJPO PG UJNF BOE
QSPDFTTPST QPTTJCMF PO UIF DMPVE NBLFT JU BO JEFBM JOGSBTUSVDUVSF GPS SVOOJOH UIJT UZQF PG
NFUIPE
ǹǾǻ
1BSBMMFM *NQMFNFOUBUJPO PG "QQSPYJNBUF &4UFQ
f a2M/ +QM/BiBQMBM; BM7Q`KiBQM  f
#SPBEDBTU !(U−ð) BOE !σñ (U−ð) UP BMM XPSLFST 
GPS PĊTFU JO 	Ǹ #/ñ

f a2M/ 7B`bi `QmM/ Q7 DQ#b iQ rQ`F2`b  f
GPS X JO `M;2UNJO	O8PSLFST O#MPDLT
V
TUBSU = NBY(ï, (X− ð)(#+ ñX)− ñX+ PĊTFU) + ð
FOE = NJO(/,X(#+ ñX) + ñX+ PĊTFU)
4FOE !θ[TUBSU : FOE] UP XPSLFS QSPDFTT X XJUI XPSL UBH BUUBDIFE 
JG MFO	TUBSU7FD
< O8PSLFST
1BVTF SFNBJOJOH XPSLFST 
f *QHH2+i `2bmHib  f
4FU O$PNQMFUF  Ǹ O4UBSUFE  NJO	O8PSLFST O#MPDLT

XIJMF O$PNQMFUF< O#MPDLT
3FDFJWF SFTVMU !θ[TUBSU : FOE] GSPN BSCJUSBSZ XPSLFS XJUI UBH Cð 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ǹǿǹ
BǹǿǺ
4VQQMFNFOUBM BMHPSJUINT BOE mHVSFT GPS
i"CTPMVUF QSPUFJO RVBOUJUBUJPO *OGFSFODF XJUI
OPOJHOPSBCMF NJTTJOH EBUB JO IJHI
UISPVHIQVU QSPUFPNJDTw
#ǹ 1ģĚĠģ ġĒģĒĞĖĥĖģ ĤĖĥĥĚğĘĤ
ɥF QBSBNFUFST PG BMM QSJPST VTFE JO PVS JOGFSFODF XFSF TFMFDUFE UP QSPWJEF XFBLMZ
JOGPSNBUJWF SFHVMBSJ[BUJPO 0VS SFTVMUT XFSF HFOFSBMMZ JOTFOTJUJWF UP QFSUVSCBUJPOT JO
UIFTF QBSBNFUFS WBMVFT CZ B GBDUPS PG UXP PS NPSF 'PS ασ BOE ατ  UIF DPOWPMVUJPO QB
SBNFUFST PG PVS JOWFSTF(BNNB QSJPS XF UBLF MPH(α·) ∼ /(ñ.õô, ð) XIJDI JNQMJFT B QSJPS
QSPCBCJMJUZ PG Ǹȁǽ PG GBMMJOH CFUXFFO ñ BOE ðïï ɥJT SFnFDUT B QMBVTJCMF SBOHF PG WBSJBUJPO
XIJMF FĊFDUJWFMZ SVMJOH PVU EFHFOFSBUF DBTFT 'PS UIF TDBMF QBSBNFUFST βσ BOE βτ  XF VTF
JOEFQFOEFOU (BNNB(ð, ð) QSJPST 8F QMBDF VOJGPSN 	#FUB(ð, ð)
 QSJPST PO ǊSOE BOE λ BOE
UBLF MPH(S) ∼ /(ñ.õô, ð)
ǹǿǻ
#Ǻ %ĖĥĒĚĝĤ Ġė .$.$ ĒĝĘĠģĚĥęĞ
#Ǻǹ (ĚēēĤ ĦġĕĒĥĖĤ ėĠģ ! Ēğĕ !γ
$POEJUJPOBM PO UIFNJTTJOH EBUB !. BOE BMM PUIFS QBSBNFUFST UIF DPOEJUJPOBM QPTUFSJPS EJT
USJCVUJPO PG UIF QFQUJEF BOE QSPUFJOMFWFM NFBO QBSBNFUFST! BOE !γ BSF TUBOEBSE /PSNBM
ESBXT ɥF DPOEJUJPOBM QPTUFSJPS PG UIF QFQUJEFMFWFM NFBOT JT
IγJL|!., !Θ−γ ∼ /PSNBM
( J
τ ñJ
+ Z¯JLσñJ /TJL
ð
τ ñJ
+ TJLσñJ
,
(
ð
τ ñJ
+
TJL
σñJ
)−ð)
4JNJMBSMZ UIF DPOEJUJPOBM QPTUFSJPS EJTUSJCVUJPO PG UIF QSPUFJOMFWFM NFBO QBSBNFUFST JT
J|!., !Θ− ∼ /PSNBM
(∑
L γJL
NJ
,
τ ñJ
NJ
)

#ǺǺ 6ġĕĒĥĖĤ ėĠģ ħĒģĚĒğĔĖ ġĒģĒĞĖĥĖģĤ Ēğĕ ęĪġĖģġĒģĒĞĖĥĖģĤ
(ĚēēĤ ĦġĕĒĥĖĤ ėĠģ ġĖġĥĚĕĖ Ēğĕ ĤĥĒĥĖĝĖħĖĝ ħĒģĚĒğĔĖ ġĒģĒĞĖĥĖģĤ !τ ñ Ēğĕ !σñ
ɥF QFQUJEF BOE TUBUF MFWFM QSFDJTJPOT IBWF TUBOEBSE DPOKVHBUF DPOEJUJPOBM QPTUFSJPS EJT
USJCVUJPOT ɥF DPOEJUJPOBM QPTUFSJPS EJTUSJCVUJPO PG UIF QFQUJEFMFWFM QSFDJTJPOT JT
ð
τ ñJ
|!., !Θ−τ ñ ∼ (BNNB
(
ατ +
NJ
ñ
, βτ +
ð
ñ
∑
L
(γJL − J)ñ
)
.
4JNJMBSMZ UIF DPOEJUJPOBM QPTUFSJPS EJTUSJCVUJPO GPS UIF TUBUFMFWFM QSFDJTJPOT JT
ð
σñJ
|!., !Θ−σñ ∼ (BNNB
(
ασ +
ð
ñ
∑
L
TJL, βσ +
ð
ñ
∑
LM
(ZJLM − γJL)ñ
)
.
ǹǿǼ
.ĖĥģĠġĠĝĚĤ)ĒĤĥĚğĘĤ ĦġĕĒĥĖĤ ėĠģ ħĒģĚĒğĔĖ ęĪġĖģġĒģĒĞĖĥĖģĤ
"T B SFTVMU PG PVS XFBLMZJOGPSNBUJWF MPHOPSNBM QSJPST PO UIF TIBQF QBSBNFUFST ασ BOE
ατ  UIFJS DPOEJUJPOBM QPTUFSJPS JT OPU BWBJMBCMF JO DMPTFEGPSN 5P IBOEMF UIFTF VQEBUFT XF
VTF DPOEJUJPOBM JOEFQFOEFODF DIBJO .FUSPQPMJT)BTUJOHT ESBXT ɥSPVHIPVU UIF CFMPX
EJTDVTTJPO XF XJMM GPDVT FYDMVTJWFMZ PO (ατ , βτ ) BT UIF DPSSFTQPOEJOH VQEBUF GPS (ασ, βσ)
JT PG JEFOUJDBM GPSN
8F CVJME PVS QSPQPTBM CBTFE PO B NVMUJWBSJBUF OPSNBM BQQSPYJNBUJPO UP UIF MPH
USBOTGPSNFE QBSBNFUFST 4QFDJmDBMMZ XF QSPQPTF GSPN B NVMUJWBSJBUF MPHU EJTUSJCVUJPO
HJWFO CZ
(MPHα∗σ, MPH β∗σ) | !σ ∼
 M̂PHασ
M̂PH βσ
+√ ν
ν − ñ Iˆ(M̂PHασ, M̂PH βσ)
−ð/ñ!Uν 	#ǹ

XIFSF M̂PHασ BOE M̂PH βσ BSF UIF DPOEJUJPOBM QPTUFSJPSNPEFT PG MPHασ BOE MPH βσ Iˆ(MPHασ, MPH βσ)
JT UIF OFHBUJWF )FTTJBO PG UIF MPHDPOEJUJPOBM QPTUFSJPS FWBMVBUFE BU UIF QPTUFSJPS NPEF
BOE !Uν JT B WFDUPS PG JOEFQFOEFOU BOE JEFOUJDBMMZ EJTUSJCVUFE Uν SBOEPN WBSJBCMFT
5P CVJME UIJT QSPQPTBM XF NVTU NBYJNJ[F Q(MPHασ, MPH βσ | !σ) PWFS (MPHασ, MPH βσ)
ɥJT SFRVJSFT POMZ VOJWBSJBUF PQUJNJ[BUJPO BT UIF NPEF PG MPH βσ HJWFO MPHασ JT BWBJMBCMF
JO DMPTFE GPSN
βˆσ =
Oασ + αïσ∑O
J=ð σ
−ñ
J
. 	#Ǻ

8F QSPWJEF BO FYBNQMF PG UIJT BQQSPYJNBUJPOT CFIBWJPS JO 'JHVSF #ǹ
ǹǿǽ
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6B;m`2 "XR, LQ`KH TT`QtBKiBQM iQ i?2 +QM/BiBQMH TQbi2`BQ` Q7 (MPHασ, MPHβσ)X *QMiQm`b
Q7 i?2 HQ;@+QM/BiBQMH TQbi2`BQ` M/ T`QTQbH 7Q` ασ = ðï M/ βσ = ô rBi? O = ðïïï Q#b2`p@
iBQMbX
ǹǿǾ
#Ǻǻ 6ġĕĒĥĖĤ ėĠģ ĔĖğĤĠģĚğĘ ĞĠĕĖĝ ġĒģĒĞĖĥĖģĤ
(ĚēēĤ ĦġĕĒĥĖ ėĠģ ǊSOE
ɥF DPOEJUJPOBM QPTUFSJPS EJTUSJCVUJPO PG UIF SBOEPN DFOTPSJOH QSPCBCJMJUZ JT TUSBJHIUGPS
XBSE BOE DPOKVHBUF FOBCMJOH B EJSFDU VQEBUF
ǊSOE|!., !Θ−ǊSOE ∼ #FUB
(∑
JLM
3JLM,
∑
JLM
(ð− 3JLM)
)
.
.ĖĥģĠġĠĝĚĤ)ĒĤĥĚğĘĤ ĦġĕĒĥĖ ėĠģ ĚğĥĖğĤĚĥĪēĒĤĖĕ ĔĖğĤĠģĚğĘ ġĒģĒĞĖĥĖģĤ
ɥF QBSBNFUFST PG UIF JOUFOTJUZCBTFE DFOTPSJOH NPEFM !η BSF VQEBUFE VTJOH BO JOEFQFO
EFODF DIBJO .FUSPQPMJT)BTUJOHT TBNQMFS 8F mSTU PCUBJO UIF NPEF PG UIF DPOEJUJPOBM
QPTUFSJPS PG !η !ˆη VTJOH TUBOEBSE (-. FTUJNBUJPO UFDIOJRVFT 	'JTIFS TDPSJOH
 ɥJT FTUJ
NBUJPO OBUVSBMMZ ZJFMET UIF FYQFDUFE OFHBUJWF )FTTJBO PG UIJT DPOEJUJPOBM QPTUFSJPS I(!ˆη)
8F UIFO ESBX QSPQPTBM BT
!η∗ = !ˆη +
√
ν
ν − ñI(!ˆη)
−ð/ñ!Uν ,
XIFSF!Uν JT EFmOFE BT CFGPSF
#ǺǼ .ĖĥģĠġĠĝĚĤ)ĒĤĥĚğĘĤ ĦġĕĒĥĖ ėĠģ ğĦĞēĖģ Ġė ĤĥĒĥĖĤ ġĒģĒĞĖĥĖģĤ (S,λ)
ɥF DPOEJUJPOBM QPTUFSJPS EJTUSJCVUJPO PG (S,λ) JT OPU PG DPOKVHBUF GPSN SFHBSEMFTT PG UIF
QSJPS EJTUSJCVUJPO 'PS PVS JOGFSFODF XF UBLF S ∼ -PH/PSNBM(ïS, σñïS) JOEFQFOEFOU PG λ ∼
#FUB(αïλ, βïλ) B QSJPSJ 8F DPOTUSVDU B QSPQPTBM GPS UIFTF QBSBNFUFST CZ mSTU USBOTGPSNJOH
UIFN UP (MPH S, MPHJUλ) 8F UIFO FTUJNBUF B OPSNBM BQQSPYJNBUJPO UP UIF KPJOU DPOEJUJPOBM
QPTUFSJPS PG UIFTF USBOTGPSNFE QBSBNFUFST
"T JO 4FDUJPO #ǺǺ XF DBO BOBMZUJDBMMZ NBYJNJ[F UIF DPOEJUJPOBM QPTUFSJPS PWFS POF
ǹǿǿ
QBSBNFUFS HJWFO UIF PUIFS .BYJNJ[JOH PWFS MPH S ZJFMET
M̂PHJUλ =
∑
JL S+ αïS∑
JL S+
∑
JL(TJL − ð) + αïS + βïS
.
ɥJT SFEVDFT FTUJNBUJPO PG UIF DPOEJUJPOBM QPTUFSJPS NPEF UP VOJWBSJBUF PQUJNJ[BUJPO
PWFS MPHJU S 'PMMPXJOH UIJT PQUJNJ[BUJPO XF DPNQVUF UIF OFHBUJWF )FTTJBO PG UIF MPH
DPOEJUJPOBM QPTUFSJPST Iˆ(M̂PH S, M̂PHJUλ) BOE QSPQPTF BT
(MPH S∗, MPHJUλ∗) |!T ∼
 M̂PH S
M̂PHJUλ
+√ ν
ν − ñ Iˆ(M̂PH S, M̂PHJUλ)
−ð/ñ!Uν .
ǹǿȀ
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ǹȀǻ
h#H2 "X9, *Qp2`;2 Q7 >S. TQbi2`BQ` BMi2`pHb 7Q` ζJ BM bBKmHiBQM bim/v- NyK ;`/B2Mi
(SBE ζJ NJ ǾȀǶ ȁǸǶ ȁǽǶ ȁȁǶ
ȁǸN ǻ ǺǸ ǸǾȁ ǸȁǼ Ǹȁǿ ǸȁȀ
ȁǸN ǻ ǻǸ Ǹǿǹ ǸȁǺ Ǹȁǽ Ǹȁȁ
ȁǸN ǻ ǼǸ Ǹǿǽ ǸȁǺ ǸȁǾ Ǹȁȁ
ȁǸN ǻ ǽǸ Ǹǿȁ Ǹȁǻ Ǹȁǽ ǸȁȀ
ȁǸN ǻ ǾǸ Ǹǿǽ ǸȁǼ Ǹȁǿ Ǹȁȁ
ȁǸN Ǽ ǺǸ ǸǿǼ Ǹȁǽ Ǹȁǿ Ǹȁȁ
ȁǸN Ǽ ǻǸ ǸǿǸ ǸȁǺ ǸȁǾ ǸȁȀ
ȁǸN Ǽ ǼǸ ǸǾǿ ǸȀȀ Ǹȁǻ ǸȁȀ
ȁǸN Ǽ ǽǸ ǸǾǻ ǸȀȀ Ǹȁǻ Ǹȁǿ
ȁǸN Ǽ ǾǸ ǸǿǸ Ǹȁǹ Ǹȁǽ Ǹȁǿ
ȁǸN ǽ ǺǸ ǸǾǿ ǸȀȀ ǸȁǼ Ǹȁȁ
ȁǸN ǽ ǻǸ ǸǾǻ ǸȀǾ ǸȁǺ Ǹȁȁ
ȁǸN ǽ ǼǸ Ǹǿǹ Ǹȁǻ ǸȁǾ ǹǸǸ
ȁǸN ǽ ǽǸ Ǹǿǹ ǸȁǸ Ǹȁǿ Ǹȁȁ
ȁǸN ǽ ǾǸ ǸǾǼ ǸȀǽ Ǹȁǹ ǸȁȀ
ȁǸN Ǿ ǺǸ ǸǾǻ ǸȀǾ Ǹȁǻ Ǹȁȁ
ȁǸN Ǿ ǻǸ ǸǾǽ ǸȀȁ ǸȁǼ ǸȁȀ
ȁǸN Ǿ ǼǸ ǸǾǽ ǸȀǾ ǸȁǺ ǸȁȀ
ȁǸN Ǿ ǽǸ ǸǾǿ ǸȁǸ ǸȁǾ Ǹȁȁ
ȁǸN Ǿ ǾǸ ǸǾǿ Ǹȁǹ Ǹȁǽ ǸȁȀ
ȁǸN ǿ ǺǸ ǸǾǾ ǸȁǸ ǸȁǼ Ǹȁȁ
ȁǸN ǿ ǻǸ ǸǾǻ ǸȀǾ ǸȁǸ ǸȁȀ
ȁǸN ǿ ǼǸ ǸǾǹ ǸȀǽ Ǹȁǻ ǸȁȀ
ȁǸN ǿ ǽǸ ǸǾǽ ǸȀȀ ǸȁǼ Ǹȁȁ
ȁǸN ǿ ǾǸ ǸǾǽ ǸȀǿ Ǹȁǻ Ǹȁǿ
ȁǸN Ȁ ǺǸ ǸǾǽ ǸȀȀ Ǹȁǻ Ǹȁȁ
ȁǸN Ȁ ǻǸ ǸǾǻ ǸȀȀ Ǹȁǻ Ǹȁȁ
ȁǸN Ȁ ǼǸ ǸǾǽ ǸȀȁ ǸȁǼ ǸȁȀ
ȁǸN Ȁ ǽǸ ǸǾǽ ǸȀȁ ǸȁǺ ǸȁȀ
ȁǸN Ȁ ǾǸ ǸǾǼ ǸȀǿ ǸȁǺ ǸȁȀ
ǹȀǼ
h#H2 "X8, *Qp2`;2 Q7 >S. TQbi2`BQ` BMi2`pHb 7Q` ζJ BM bBKmHiBQM bim/v- R3yK ;`/B2Mi
(SBE ζJ NJ ǾȀǶ ȁǸǶ ȁǽǶ ȁȁǶ
ǹȀǸN ǻ ǺǸ Ǹǿǹ Ǹȁǹ Ǹȁǿ Ǹȁȁ
ǹȀǸN ǻ ǻǸ ǸǿȀ Ǹȁǹ ǸȁǾ Ǹȁȁ
ǹȀǸN ǻ ǼǸ Ǹǿǿ Ǹȁǻ Ǹȁǿ Ǹȁȁ
ǹȀǸN ǻ ǽǸ ǸǿǺ ǸȁǺ ǸȁǾ Ǹȁȁ
ǹȀǸN ǻ ǾǸ ǸǾǾ ǸȁǸ Ǹȁǻ ǸȁȀ
ǹȀǸN Ǽ ǺǸ ǸǾǾ ǸȀȁ Ǹȁǽ Ǹȁȁ
ǹȀǸN Ǽ ǻǸ ǸǾǾ ǸȀȁ Ǹȁǽ ǸȁȀ
ǹȀǸN Ǽ ǼǸ ǸǾȀ ǸȀȀ Ǹȁǻ Ǹȁǿ
ǹȀǸN Ǽ ǽǸ ǸǾǻ ǸȀǿ Ǹȁǻ Ǹȁǿ
ǹȀǸN Ǽ ǾǸ Ǹǽȁ ǸȀǾ Ǹȁǹ Ǹȁǿ
ǹȀǸN ǽ ǺǸ ǸǾǿ ǸȀǿ Ǹȁǻ Ǹȁǿ
ǹȀǸN ǽ ǻǸ ǸǾȀ ǸȁǸ ǸȁǼ ǸȁȀ
ǹȀǸN ǽ ǼǸ ǸǾȁ ǸȁǸ Ǹȁǽ Ǹȁȁ
ǹȀǸN ǽ ǽǸ ǸǾȁ ǸȁǸ ǸȁǼ Ǹȁȁ
ǹȀǸN ǽ ǾǸ ǸǾǾ ǸȀǿ ǸȁǼ ǸȁȀ
ǹȀǸN Ǿ ǺǸ ǸǾǽ ǸȀȀ ǸȁǼ ǸȁȀ
ǹȀǸN Ǿ ǻǸ ǸǾǽ ǸȁǺ Ǹȁǽ ǹǸǸ
ǹȀǸN Ǿ ǼǸ Ǹǿǹ ǸȀȀ ǸȁǼ Ǹȁȁ
ǹȀǸN Ǿ ǽǸ ǸǾȀ ǸȀǾ ǸȁǼ ǸȁȀ
ǹȀǸN Ǿ ǾǸ Ǹǿǹ ǸȀȁ Ǹȁǻ ǹǸǸ
ǹȀǸN ǿ ǺǸ ǸǾȀ Ǹȁǹ Ǹȁǿ Ǹȁȁ
ǹȀǸN ǿ ǻǸ ǸǾȁ ǸȀȀ ǸȁǼ Ǹȁǿ
ǹȀǸN ǿ ǼǸ ǸǾǼ ǸȀǿ Ǹȁǻ ǸȁȀ
ǹȀǸN ǿ ǽǸ ǸǾǽ ǸȀǿ ǸȁǺ Ǹȁǿ
ǹȀǸN ǿ ǾǸ ǸǾǾ ǸȀȀ Ǹȁǻ ǸȁȀ
ǹȀǸN Ȁ ǺǸ ǸǾǽ ǸȀȀ ǸȁǼ Ǹȁȁ
ǹȀǸN Ȁ ǻǸ ǸǾǺ ǸȀǿ Ǹȁǻ ǸȁȀ
ǹȀǸN Ȁ ǼǸ ǸǾȀ ǸȁǸ ǸȁǼ ǸȁȀ
ǹȀǸN Ȁ ǽǸ ǸǾȀ ǸȀǿ Ǹȁǻ Ǹȁǿ
ǹȀǸN Ȁ ǾǸ ǸǾǸ ǸȀǾ ǸȁǼ ǸȁȀ
ǹȀǽ
h#H2 "Xe, *Qp2`;2 Q7 >S. TQbi2`BQ` BMi2`pHb 7Q` ζJ BM bBKmHiBQM bim/v- jeyK ;`/B2Mi
(SBE ζJ NJ ǾȀǶ ȁǸǶ ȁǽǶ ȁȁǶ
ǻǾǸN ǻ ǺǸ Ǹǿǽ Ǹȁǹ Ǹȁǽ Ǹȁȁ
ǻǾǸN ǻ ǻǸ Ǹǿǻ ǸȁǸ Ǹȁǻ ǸȁȀ
ǻǾǸN ǻ ǼǸ ǸǿǺ Ǹȁǻ Ǹȁǿ Ǹȁȁ
ǻǾǸN ǻ ǽǸ ǸǾȀ ǸȀȁ ǸȁǼ ǸȁȀ
ǻǾǸN ǻ ǾǸ ǸǾǼ ǸȀǽ Ǹȁǹ Ǹȁǿ
ǻǾǸN Ǽ ǺǸ ǸǾǼ ǸȀȀ Ǹȁǻ ǸȁȀ
ǻǾǸN Ǽ ǻǸ ǸǾǺ ǸȀȀ ǸȁǼ Ǹȁȁ
ǻǾǸN Ǽ ǼǸ ǸǾǺ ǸȀǽ Ǹȁǹ Ǹȁǿ
ǻǾǸN Ǽ ǽǸ ǸǾǿ ǸȀȀ ǸȁǼ Ǹȁȁ
ǻǾǸN Ǽ ǾǸ ǸǾǸ ǸȀǿ Ǹȁǻ ǸȁȀ
ǻǾǸN ǽ ǺǸ ǸǿǸ ǸȀȁ Ǹȁǽ Ǹȁȁ
ǻǾǸN ǽ ǻǸ ǸǾȁ Ǹȁǹ ǸȁǼ Ǹȁȁ
ǻǾǸN ǽ ǼǸ ǸǾȀ ǸȁǸ Ǹȁǽ ǸȁȀ
ǻǾǸN ǽ ǽǸ ǸǾǺ ǸȀȁ Ǹȁǽ Ǹȁȁ
ǻǾǸN ǽ ǾǸ ǸǾǿ ǸȀǾ ǸȁǼ ǸȁȀ
ǻǾǸN Ǿ ǺǸ ǸǾǽ ǸȀȁ Ǹȁǽ Ǹȁȁ
ǻǾǸN Ǿ ǻǸ ǸǾǿ ǸȀȀ ǸȁǼ Ǹȁȁ
ǻǾǸN Ǿ ǼǸ ǸǾǾ ǸȀǿ ǸȁǼ Ǹȁȁ
ǻǾǸN Ǿ ǽǸ ǸǾǻ ǸȀȁ Ǹȁǻ ǸȁȀ
ǻǾǸN Ǿ ǾǸ Ǹǽȁ ǸȀǾ ǸȁǺ ǸȁǾ
ǻǾǸN ǿ ǺǸ ǸǾǼ ǸȀǿ ǸȁǼ ǸȁȀ
ǻǾǸN ǿ ǻǸ ǸǾȁ Ǹȁǹ Ǹȁǽ Ǹȁȁ
ǻǾǸN ǿ ǼǸ ǸǾǿ ǸȀǿ ǸȁǼ Ǹȁǿ
ǻǾǸN ǿ ǽǸ ǸǾȀ ǸȀȁ Ǹȁǻ ǸȁȀ
ǻǾǸN ǿ ǾǸ ǸǾǽ ǸȀȁ Ǹȁǻ ǸȁȀ
ǻǾǸN Ȁ ǺǸ ǸǾǼ ǸȁǺ ǸȁǾ Ǹȁȁ
ǻǾǸN Ȁ ǻǸ ǸǾǾ ǸȀȀ Ǹȁǻ ǸȁȀ
ǻǾǸN Ȁ ǼǸ ǸǾǾ Ǹȁǹ ǸȁǼ ǸȁȀ
ǻǾǸN Ȁ ǽǸ ǸǾǽ ǸȀȁ ǸȁǼ Ǹȁǿ
ǻǾǸN Ȁ ǾǸ ǸǾǹ ǸȀǾ ǸȁǺ Ǹȁȁ
ǹȀǾ
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